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Motivation: Exploring Inter-variable Relationships

The Scientific Need
Exploring linear relationships between two sets of variables is a core
task in modern science.
Biostatistics: Interactions between groups of genes [4].
Finance: Correlation structures between different types of stocks (e.g.,
cyclical vs. non-cyclical) [2].

The Classical Solution: Canonical Correlation Analysis (CCA)
[3]

Introduced as a technique to find pairs of linear projections that
maximize correlation.
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Classical CCA

Optimization Framework [3]
For two random vectors y ∈ Rq and x ∈ Rp, CCA seeks successive pairs of
canonical vectors (αk, βk) to maximize the k-th canonical correlation ρk:

ρk = max
αk,βk

α⊤
k Σyxβk√

α⊤
k Σyyαk

√
β⊤
k Σxxβk

subject to unit variance and orthogonality constraints:

α⊤
k Σyyαk = 1, β⊤

k Σxxβk = 1; α⊤
k Σyyαl = 0, β⊤

k Σxxβl = 0 (∀l < k)

Σyy,Σxx: Within-set covariance matrices of y and x.
Σyx: Between-set covariance matrix.
Successive pairs (αk, βk) capture diminishing levels of association.
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Challenges in Modern Data Analysis

Classical CCA faces significant hurdles when applied to high-dimensional
and complex datasets.

High-Dimensionality (p, q > n)
Singularity: Sample covariance matrices become singular, making the
classical solution infeasible.
Interpretability: Linear combinations include all variables, making it
hard to distinguish important variables from noise.

Non-normality and Heavy Tails
Model Violation: Most sparse CCA methods rely on multivariate
normal assumptions, which are often violated in practice.
Financial Reality: Asset returns are typically skewed and exhibit heavy
tails (kurtosis > 3).

The Research Gap
A robust method is needed to handle high-dimensionality and
non-normality simultaneously.
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Proposed Methodology

To bridge the gap between non-normality and CCA, the authors adopt a
Semiparametric Gaussian Copula Model.

Model Assumption
(y, x) = (Y1, . . . , Yq, X1, . . . , Xp) follows a (q + p)-dimensional
nonparametric normal distribution if there exist unknown monotone
increasing functions (f, g) such that:

(f(y), g(x)) = (f1(Y1), . . . , fq(Yq), g1(X1), . . . , gp(Xp)) ∼ Nq+p(0,Σ)

where the covariance matrix is partitioned as Σ =

(
Σff Σfg

Σgf Σgg

)
.
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Step 1: Coordinatewise Gaussianization
To estimate the unknown monotone functions (f, g), the authors utilize a
normal score estimator to ensure the transformed variables follow a
standard normal distribution.

Normal Score Transformation:

f̂j = Φ−1 ◦
(

n

n+ 1
F̂j

)
, ĝl = Φ−1 ◦

(
n

n+ 1
Ĝl

)
where F̂j and Ĝl represent the empirical CDFs of variables Yj and Xl,
and the factor n

n+1 is an adjustment to avoid the boundary issue
where Φ−1(1) = ∞.

Key Property: Invariance
The estimated canonical pairs are invariant against monotone
transformations of any variable. This makes SGCCA highly robust to
heavy-tailed distributions common in financial asset returns.
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Step 2: Sparse Optimization Objective

Let F̂ and Ĝ be the Gaussianized data matrices. SGCCA identifies the
k-th pair of vectors (α̂k, β̂k) through the following penalized framework:

SGCCA Objective Function

(α̂k, β̂k) = arg min
αk,βk

{
1

2n
∥F̂αk − Ĝβk∥22 + α⊤

k

(∑
l<k

ρ̂lΣ̂ff α̂lβ̂
⊤
l Σ̂gg

)
βk︸ ︷︷ ︸

Orthogonal Correction

+ λαk∥αk∥1 + λβk∥βk∥1

}
subject to: α⊤

k Σ̂ffαk = 1 and β⊤
k Σ̂ggβk = 1.

Orthogonal Correction: Incorporates info from the previous k − 1
pairs (ρ̂l, α̂l, β̂l) to yield nested solutions.
Sparsity: ℓ1 penalties enable variable selection in high dimensions.
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Methodology: Algorithm 1

Algorithm 1: An Iterative Algorithm for Solving SGCCA
1. Deflation and Initialization
For k = 1, set Ω1 = In. For k ≥ 2, compute the deflation matrix:
Ωk = In − F̂Ak−1Rk−1B

⊤
k−1Ĝ

⊤/n. Initialize {α̂(0)
k , β̂

(0)
k }.

2. Iterative Updates (Repeat for m = 1, . . . until convergence)

a) Update βk: Set Ŷ (m)
k = Ω⊤

k F̂ α̂
(m−1)
k . Solve the Lasso-type problem:

β̆
(m)
k = argmin

βk

{
1

2n
∥Ŷ (m)

k − Ĝβk∥22 + λβk
∥βk∥1

}
Set β̂(m)

k = [{β̆(m)
k }⊤Σ̂ggβ̆

(m)
k ]−1/2 · β̆(m)

k .
b) Update αk: Set X̂(m)

k = ΩkĜβ̂
(m)
k . Solve:

ᾰ
(m)
k = argmin

αk

{
1

2n
∥X̂(m)

k − F̂αk∥22 + λαk
∥αk∥1

}
Set α̂(m)

k = [{ᾰ(m)
k }⊤Σ̂ff ᾰ

(m)
k ]−1/2 · ᾰ(m)

k .
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Theoretical Properties of SGCCA

Theorem 3: Estimation Consistency
Under mild regularity conditions and s

√
log(p ∨ q)/n → 0, the SGCCA estimator

{α̂k, β̂k} satisfies:

∥β̂k − βk∥2 = Op

(√
s log(p ∨ q)

n

)
where s is the sparsity level. This guarantees that the estimation error vanishes even
when p, q grow exponentially with n.

Theorem 4: Variable Selection Consistency
Suppose the minimum signal strength satisfies minj∈A |βk,j | ≫

√
log(p∨q)

n
. With a

properly chosen penalty λ, we have:

P
(

supp(β̂k) = supp(βk)
)
→ 1, as n → ∞

Summary: These theorems provide a solid mathematical foundation for SGCCA in
ultra-high dimensional and non-normal settings.
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Simulation Settings and Competing Methods

The performance of SGCCA is evaluated through extensive simulations, repeated
200 times for each scenario, with dimensions p, q ranging from 25 to 1600.

Comprehensive List of Competing Methods
1 convSCCA: Conventional sparse CCA with SCAD penalty [5].
2 PMDSCCA: Penalized matrix decomposition sparse CCA [8].
3 robustSCCA: Robust sparse CCA designed for outliers [9].
4 mixedSCCA: Mixed sparse CCA for hybrid data types [10].
5 SCCA: A modern sparse CCA framework [11].

Dimensions: High-dimensional settings where p, q grow up to 1600.
Robustness Test: Scenarios include heavy-tailed distributions
(t-distribution) and skewed data (Lognormal) to challenge the normality
assumption of conventional methods.
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Simulation Results
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Simulation Results
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Application to Portfolio Analysis
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