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Background: High-Dimensional Portfolio Selection

▶ Modern equity universes are high-dimensional: hundreds to
thousands of stocks (d large), while historical samples are
limited (n moderate).

▶ Two practical challenges:
▶ Estimation error: sample mean/covariance are noisy when

d ≈ n or d > n.
▶ Unrealistic portfolios: classical optimizers often output

dense portfolios with many tiny positions ⇒ high
transaction/management costs.

▶ Real investors prefer sparse portfolios with at most s active
stocks (cardinality constraint).

▶ Key question: How to construct sparse portfolios that remain
efficient out-of-sample in high dimensions?

Goal: robust risk–return tradeoff and controllable number of hold-
ings.
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Baseline I: Markowitz Mean–Variance Model

Step 1: Portfolio return is a weighted sum.
Let X ∈ Rd be the random return vector of d assets. Portfolio
return:

Rp = w⊤X.

Step 2: Expected return is linear in weights.

Let µ = E[X]. Then

E[Rp] = E[w⊤X] = w⊤µ.

Step 3: Risk is measured by variance.

Let Σ = Cov(X). Then

Var(Rp) = Var(w⊤X) = w⊤Σw.

Thus the risk–return tradeoff becomes a clean optimization: small
variance vs. large expected return.
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Baseline I: Markowitz Mean–Variance Model

Mean–variance portfolio selection:

min
w

w⊤Σw

s.t. w⊤µ ≥ r,

1⊤w = 1,

w ≥ 0.

Interpretation of constraints

▶ w⊤µ ≥ r: achieve at least a target expected return r.

▶ 1⊤w = 1: fully invested (weights sum to 100%).

▶ w ≥ 0: long-only (no short selling).

Among all portfolios with expected return ≥ r, choose the one with
minimal variance (risk).



Baseline II: Why It Fails in High Dimensions
1) Estimation error dominates.

▶ Mean–variance relies on estimating

µ̂ =
1

n

n∑
t=1

Xt, Σ̂ =
1

n

n∑
t=1

(Xt − µ̂)(Xt − µ̂)⊤.

▶ In high dimensions:
▶ µ̂ is extremely noisy ⇒ weights overfit sample returns.
▶ Σ̂ ill-conditioned / singular ⇒ optimization unstable.

2) Dense solutions.

▶ MV typically outputs dense portfolios with many tiny positions ⇒
high turnover and transaction/management costs.

▶ A natural fix is to enforce a cardinality constraint:

∥w∥0 ≤ s,

but this yields an NP-hard combinatorial problem.

Motivation: need a sparse and scalable method that avoids directly
estimating (µ,Σ) in high dimensions.
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Proposed Method
▶ Problem 1: Unstable estimation of (µ,Σ) in high dimensions

⇒ Switch objective: Expected Utility Maximization (EUM)

max
w≥0

E
[
u(w⊤X)

]
and approximate expectation by Sample Average Approximation
(SAA):

max
w≥0

1

n

n∑
i=1

u(w⊤Xi)

▶ Problem 2: Need sparsity but ℓ0 is NP-hard
⇒ enforce sparsity via a convex ℓ1-regularized SAA:

min
w≥0

− 1

n

n∑
i=1

u(w⊤Xi) + λ∥w∥1

(this paper proves ℓ1-SAA is equivalent to ℓ0 sparsity after
normalization).

Roadmap: EUM ⇒ SAA ⇒ ℓ1 equivalence ⇒ scalable algorithm.
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Proposed Method I: Expected Utility Maximization (EUM)
EUM formulation.

max
w≥0

E
[
u(w⊤X)

]
s.t. 1⊤w = 1.

Notation and intuition

▶ X ∈ Rd: random return vector of d assets.

▶ w⊤X: portfolio return (random variable).

▶ u(·): concave utility encoding risk aversion:

▶ more concave ⇒ more risk-averse;
▶ utility evaluates the whole return distribution, not only

mean/variance.

Risk–return tradeoff is handled implicitly through u(·).



Proposed Method I: Expected Utility Maximization (EUM)
Utility choices used in the paper

▶ Log utility:
u(z) = log(z)

(growth-oriented; strongly penalizes downside).

▶ Exponential utility:
u(z) = − exp(−az)

(CARA risk aversion; a > 0 controls risk aversion).

Connection to Mean–Variance (comparability)

▶ Under standard conditions (e.g., normal returns or 2nd-order
approximation), EUM reduces to a mean–variance tradeoff:

max
w

w⊤µ− γ

2
w⊤Σw.

▶ Hence EUM is an upper-level framework that includes MV as a
special case.

Takeaway: EUM generalizes MV while remaining comparable.
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Proposed Method II: Sample Average Approximation
(SAA)

Challenge: expectation is unknown.

▶ EUM objective depends on the true return distribution:

max
w≥0

E
[
u(w⊤X)

]
.

▶ In practice we only observe historical samples X1, . . . , Xn.

SAA replaces expectation by a sample average:

max
w≥0

1

n

n∑
i=1

u(w⊤Xi) s.t. 1⊤w = 1.

▶ Directly optimizes utility on data ⇒ avoids estimating (µ,Σ).

▶ Still need to enforce sparsity (next step).

Next: add sparsity (ℓ0) and show an equivalent convex ℓ1-
regularized SAA.
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Proposed Method III: Sparse SAA with Cardinality (ℓ0)

Goal: enforce sparsity in the SAA problem.

Cardinality-constrained SAA:

max
w≥0

1

n

n∑
i=1

u(w⊤Xi)

s.t. 1⊤w = 1,

∥w∥0 ≤ s.

▶ ∥w∥0 ≤ s: hold at most s assets (true sparsity).

▶ This directly matches investor preference, but ℓ0 makes the problem
NP-hard.

Key challenge: solve sparse SAA scalably in high dimensions.



Proposed Method IV: ℓ1–ℓ0 Equivalence

Theorem. ℓ1–ℓ0 equivalence after normalization

Assume utility u(·) is strictly increasing and strictly concave. If port-
folio returns from any two feasible weights satisfy the single-crossing
property (their survival functions cross at most once), then there exists
λ > 0 such that for any minimizer wλ of (P1), its normalized version

w̃λ =
wλ

1⊤wλ

is an optimal solution of (P0).

Single-crossing schematic (one intersection)

t

P(Z > t)

Z1
Z2

c



Proposed Method IV: Equivalent Convex ℓ1-Regularized
SAA

Equivalent convex formulation:

min
w≥0

− 1

n

n∑
i=1

u(w⊤Xi) + λ∥w∥1.

▶ ∥w∥1 =
∑

i |wi| induces sparsity and keeps convexity.

▶ λ controls sparsity level (larger λ ⇒ fewer active stocks).

▶ Normalize the solution to satisfy 1⊤w = 1:

w̃ =
w

1⊤w
.

▶ The normalized w̃ matches the ℓ0-constrained optimum.

Result: true sparsity + global optimum + scalability.



Algorithm Overview

Algorithm 1: Portfolio Selection with Feature Screening

Input: utility u, relative price matrix X ∈ Rn×d, regularization λ, step size ι,
initial w(0).
Output: portfolio allocation ŵ.

Initialization. Set t = 1, screening set S(0) = ∅, active set A(0) = [d].
Define primal/dual objectives

Pλ(w) = h(w) + λ∥w∥1, Dλ(θ) = h∗(θ),

where h(w) = − 1
n

∑n
i=1 u(w

⊤Xi). Let α = maxi
[
−∇2Dλ(0n)

]
ii
.

Repeat until termination:

1. Primal (proximal-gradient) update on active set.

w
(t)

A(t) = proxλĝ

(
w

(t−1)

A(t) − ι∇w
A(t)

h(w(t−1))
)
.



Algorithm Overview

Algorithm 1: Portfolio Selection with Feature Screening

2. Dual evaluation and gap. Compute

θ(t) = Γ
(
−∇zH(Xw(t))/λ

)
,

then
Gap

(t)
λ = Pλ(w

(t))−Dλ(θ
(t)).

3. Screening. Let

r(t) =

√
2Gap

(t)
λ /α.

Update screening set

S(t) = S(t−1) ∪
{
i ∈ A(t−1) : ∥ϕ(X⊤

·i θ
(t))∥∞ + r(t)∥X·i∥2 < 1

}
.

Update active set A(t) = [d] \ S(t).

4. Stop if converged; else set t← t+ 1.

5. Post-loop normalization. Return ŵ =
w(t)

1⊤w(t)
.



Experiments I: Safe Screening Improves Scalability



Experiments II: Out-of-Sample Performance and Sparsity



Experiments III: Generalization to Russell 2000



Experiments IV: Return Stability Over Time


