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Chapter 1

Introduction

“The top 1% of the population controls 35% of the wealth. On Twitter, the top 2% of users
send 60% of the messages. In the health care system, the treatment for the most expensive fifth
of patients create four-fifths of the overall cost. These figures are always reported as shocking,
as if the normal order of things has been disrupted, as if [it] is a surprise of the highest order.
It’s not. Or rather, it shouldn’t be.” — Clay Shirky, in response to the question “What scientific
concept would improve everybody’s cognitive toolkit?” [173]

Introductory probability courses often leave the impression that the Gaussian distribution is what we
should expect to see in the world around us. It is referred to as the “Normal” distribution after all! As a
result, statistics like the ones in the quote above tend to be treated as aberrations, since they would never
happen if the world were Gaussian. The Gaussian distribution has a “scale”, a typical value (the mean)
around which individual measurements are centered and do not deviate from by too much. For example,
if we consider human heights, which are approximately Gaussian, the average height of an adult male in
the US is 5°9” and most people’s heights do not differ by more than 10” from this. In contrast, there are
order-of-magnitude differences between individuals in terms of wealth, twitter followers, health care costs,
etc.

However, statistics like those above are not new and should not be surprising. Over a century ago, Italian
economist Vilfredo Pareto discovered that the richest 20% of the population controlled 80% of the property
in Italy. This is now termed the “Pareto Principle,” a.k.a. the “80-20”, rule and variations of this principle
have shown up repeatedly in widely disparate areas in the time since Pareto’s discovery. For example, in
2002 Microsoft reported that 80% of the errors in Windows are caused by 20% of the bugs and 20% of
customers [168] and similar versions of the Pareto principle apply (though not always with 80/20) to many
aspects of business, e.g.,; most of the profit is made from a small percentage of the customers and most of
the sales are made by a small percentage of the sales team.

Statistics related to the Pareto principle make for compelling headlines, but they are typically an indi-
cation of something deeper. When we see such figures, it is likely that there is not a Gaussian distribution
underlying them, but rather a heavy-tailed distribution is the reason for the “surprising” statistics. The most
celebrated such distribution again carries Vilfredo Pareto’s name: the Pareto distribution.

Because of the prominent role of the central limit theorem in introductory probability and statistics
courses, such courses leave the impression that we should expect to see the Gaussian distribution everywhere
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in the world around us. Indeed, the Gaussian distribution is common; however, heavy-tailed distributions
such as the Pareto distribution are just as (if not more) prominent. The Pareto distribution, in particular,
has been observed in hundreds of applications in physics, biology, computer science, the social sciences,
and beyond over the past century. Some examples include the sizes of cities [80, 145], the file sizes in
computer systems and networks [50, 130], the size of avalanches and earthquakes [95, 128], the length
of protein sequences in genomes [115, 129], the size of meteorites [11, 144], the degree distribution of
the web graph [34, 102], the returns of stocks [47, 82], the number of copies of books sold [12, 96], the
number of households affected during blackouts in power grids [100], the frequency of word use in natural
language [67,202], and many more.

Given the breadth of areas where heavy-tailed phenomena have been observed, one might guess that,
by now, observations of heavy-tailed phenomena in new areas are expected — that heavy tails are treated as
“more normal than the Normal.” After all, it has been more than a century since Pareto’s work. However,
despite a century of history, statistics related to the Pareto Principle and, more broadly, heavy-tailed distribu-
tions are still typically presented as surprising curiosities — anomalies that could not have been anticipated.
Even in scientific communities, observations of heavy-tailed phenomena are often viewed as mysteries to be
explained rather than something to be expected a priori. In many cases, there is even a significant amount of
controversy and debate that follows the identification of heavy-tailed phenomena in data.

Surprising? Mysterious? Controversial? Given the century of mathematical and statistical work around
heavy tails, it certainly should not be the case that heavy tails are still surprising, mysterious, and controver-
sial. In fact, there are many reasons why one should expect to see heavy-tailed distributions arise. Perhaps
the main reason why they are still viewed as surprising is that the version of the central limit theorem taught
in introductory probability courses gives the impression that the Gaussian will occur everywhere. However,
this introductory version of the central limit theorem does not tell the whole story. There is a “generalized”
version of the central limit theorem that states that either the Gaussian or a heavy-tailed distribution will
emerge as the limit of sums of random variables. Unfortunately, the technical nature of this result makes it
so that it is typically not presented in introductory courses, which leads to unnecessary surprises about the
presence of heavy-tailed distributions. Going beyond sums of random variables, when random variables are
combined in other natural ways (e.g., products, or max/min) then heavy tails are even more likely to emerge,
whereas the Gaussian distribution is no longer prominent.

So heavy-tailed phenomena should not be considered surprising. What about mysterious? The view
of heavy tails as mysterious is, to some extent, a consequence of unfamiliarity. People are familiar with
the Gaussian distribution because of its importance in introductory probability courses, and when some-
thing emerges that has qualitatively and quantitatively different properties it seems mysterious and counter-
intuitive. The Pareto Principle is one illustration of the counter-intuitive properties that make heavy-tailed
distributions seem mysterious, but there are many others. For example, while the Gaussian distribution has a
clear ”scale” — most samples will be close to the mean — samples from heavy-tailed distributions frequently
differ by orders of magnitude and may even be “scale free,” e.g., in the case of the Pareto distribution. An-
other example is that, while the moments (i.e., the mean, variance, etc.) of the Gaussian distribution are all
finite, it is not uncommon to see data that fits a heavy-tailed distribution having an infinite variance, or even
an infinite mean! For example, the degree distribution of many complex networks tends to have a tail that
matches that of a Pareto with infinite variance (see, for example, [24]). This can potentially lead to mind-
bending challenges when trying to apply statistical tools, which often depend on averages and variances.



The combination of surprise and mystery that accompanies heavy-tailed phenomena means that there
is often considerable excitement that follows the discovery of data that fits a heavy-tailed distribution in
a new field. Unfortunately, this excitement often leads to debate and controversy. At this point, there is
an unfortunate pattern that has emerged. A heavy-tailed phenomenon is discovered in a new field. The
excitement over the discovery leads researchers to search for heavy tails in other parts of the field. Heavy
tails are then discovered in many places and are claimed to be a universal property. However, the initial
excitement of discovery and lack of previous background in statistics related to heavy tails means that
the first wave of research identifying heavy tails uses intuitive, but flawed statistical tools. As a result, a
controversy emerges — which places where heavy tails have been observed really have heavy tails? Are they
really universal? Over time, more careful statistical analyses are used, showing that some places really do
exhibit heavy tails while others were false discoveries. By the end, a mature view of heavy tails emerges,
but the whole process can take decades.

At this point, the pattern has been replicated in many areas, including computer science [61], biology
[106], chemistry [143], ecology [9], astronomy [191]. Maybe the most prominent example of this story is
still ongoing in the area of network science. Near the turn of the century, the study of complex networks
began to explode in popularity due to the growing importance of networks in our lives and the increasing
ease of gathering data about large networks. Initial results in the area were widely celebrated and drove
an enormous amount of research to look at the universality of scale free networks. However, as the field
matured and the statistical tools became more sophisticated, it became clear that many of the initial results
were flawed. For example, claims that the internet graph [69] and the power network [21] are heavy-tailed
were refuted [3, 197], among others. This led to a controversy in the area that continues to this day, twenty
years later [35, 187].

Demystifying heavy tails. The goal of this book is to demystify heavy-tailed phenomena. Heavy tails are
not mysterious anomalies — and their emergence should not be surprising or controversial either! Heavy tails
are an unavoidable part of our lives and viewing statistics like the ones that started this chapter as anomalies
prevents us from thinking clearly about the world around us. Further, while properties of heavy-tailed
phenomena like the Pareto Principle may initially make heavy-tailed distributions seem counter-intuitive,
they need not be. This book strives to provide tools and techniques that can make heavy tails as easy and
intuitive to reason about as the Gaussian, to highlight when one should expect the emergence of heavy-tailed
phenomena, and to help avoid controversy when identifying heavy tails in data.

Because of the ubiquitousness and seductive nature of heavy-tailed phenomena, they are a topic that
has permeated wide ranging fields, from astronomy and physics to biology and physiology to social sci-
ence and economics. However, despite their ubiquity, they are also, perhaps, one of the most misused and
misunderstood mathematical areas, shrouded in both excitement and controversy. It is easy to get excited
about heavy-tailed phenomena as you start to realize the important role they play in the world around us and
become exposed to the beautiful and counter-intuitive properties they possess. However, as you start to dig
into the topic, it quickly becomes difficult. The mathematics that underlie the analysis of heavy-tailed distri-
butions are technical and advanced, often requiring prerequisites of graduate level probability and statistics
courses. This is the reason why introductory probability courses typically do not present much, if any,
material related to heavy-tailed distributions. If they are mentioned, they are typically used as examples
illustrating that “strange” things can happen, e.g., distributions can have an infinite mean. Thus, a scientist
or researcher in a field outside of mathematics who is interested in learning more about heavy tails may find
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it difficult, if not impossible, to learn from the classical texts on the topic.

It is exactly this difficulty that led us to write this book. In this book we hope to introduce the funda-
mentals of heavy-tailed distributions using only tools that one learns in an introductory probability course.
The book intentionally does not spend much time on describing everywhere heavy tails come up — there are
simply too many different areas to do justice to even a small subset of them. Instead, we assume that if you
have found your way to this book, then heavy tails are important to you. Given that, our goal is to provide
an introduction to how to think about heavy tails both intuitively and mathematically.

The book is divided into three parts, which focus on three of the most foundational questions about
heavy tails.

o Part I: Properties. What leads to the counter-intuitive properties of heavy-tailed phenomena?
o Part II: Emergence. Why do heavy-tailed phenomena occur so frequently in the world around us?
o Part III: Estimation How can we identify and estimate heavy-tailed phenomena using data?

In Part I of the book we provide insight into some of most mysterious and elegant properties of heavy-
tailed distributions, connecting these properties to formal definitions of subclasses of heavy-tailed distribu-
tions. We focus on three foundational properties: ‘“scale-invariance” (a.k.a., scale-free), the “catastrophe
principle”, and “increasing residual life.” We illustrate that these properties provide qualitatively different
behaviors than what is seen under light-tailed distributions like the Gaussian, and provide intuition underly-
ing the properties. The three chapters that make up Part I strive to demystify some of the particularly exotic
properties of heavy-tailed distributions, and to provide a clear view of how these properties interact with
each other and with the broader class of heavy-tailed distributions.

In Part IT of the book we seek to explore simple laws that can “explain” the emergence of heavy-tailed
distributions similarly to the way in which the central limit theorem “explains” the prominence of the Gaus-
sian distribution. We study three foundational stochastic processes in order to understand when one should
expect the emergence of heavy-tailed distributions as opposed to light-tailed distributions. Our discussions
in the three chapters that make up Part II highlight that heavy-tailed distributions should not be viewed as
anomalies. In fact, heavy tails should not be surprising at all, in many cases they should treated as something
as natural as, if not more natural than, the emergence of the Gaussian distribution.

In Part III of this book we focus on providing an introduction to the statistical tools used for the estima-
tion of heavy-tailed phenomena. Unfortunately, there is no perfect recipe for how to “properly” detect and
estimate heavy-tailed distributions in data. Thus, our treatment seeks to highlight a handful of important ap-
proaches, and to provide insight into when each approach is appropriate and when each may be misleading.
Combined, the three chapters that make up Part III highlight a crucial point: one must proceed carefully
when seeking to estimate heavy-tailed phenomena in real-world data. It is typically naive to seek to estimate
exact heavy-tailed distributions in data. Instead, the focus should be on estimating the tail of heavy-tailed
phenomena. However, even in doing this, one should not rely on a single method for estimation. Instead, it
is a necessity to build confidence through the use of multiple, complementary estimation approaches.

1.1 Defining heavy-tailed distributions

Before we can move to study of the questions discussed above, the starting point for a book that seeks to
demystify heavy-tailed phenomena has to be the basic question: What is a heavy-tailed distribution?
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One of the reasons for the mystique that surrounds heavy-tailed distributions is that if you ask five
people from different communities this question, you are likely to get five different answers. Depending on
the community, the term heavy-tailed may be used interchangeably with terms like scale-free, power-law,
fat-tailed, long-tailed, subexponential, self-similar, stable, etc. Or, each of these terms may be used to mean
something different. Further, the names may mean different things to different communities!

Sometimes the term “heavy-tailed” may be used to refer to specific distributions such as Pareto or Zipf
distributions. Other times it may be used to refer to particular properties of a distribution, such as the fact
that a distribution is scale-free, has an infinite (or very large) variance, a decreasing failure rate, etc. As a
result, there is often a language barrier when discussing heavy-tailed distributions that stems from different
associations with the same terms across communities.

Hopefully, by reading this book, the zoo of terminology related to heavy-tailed distributions will not be
as difficult for you to navigate. Each of the terms mentioned above does have a concrete, precise, established
mathematical definition. It is just that these terms are often used carelessly, which leads to confusion. It will
take us most of the book to get through the definitions of all the terms mentioned in the previous paragraph,
but we start in this section by laying the foundation — defining the term “heavy-tailed” and discussing some
of the most celebrated examples.

The term “heavy-tailed” is inherently relative — heavier than what? A Gaussian distribution has a heav-
ier tail than a Uniform distribution and an Exponential distribution has a heavier tail than a Gaussian dis-
tribution, but none of these are considered “heavy-tailed”. Thus, the key feature of the definition is the
comparison point chosen.

The comparison point that is used to define the class of heavy-tailed distributions is the Exponential dis-
tribution. That is, a distribution is considered to be heavy-tailed if it has a heavier tail than any Exponential
distribution. Formally, this is stated in terms of the cumulative distribution function (c.d.f.) F' of a random
variable X, i.e., F((z) = Pr(X > ), and the complementary cumulative density function (c.c.d.f) F, i.e.,
F(z)=1- F(x).

Definition 1.1. A distribution function F' is said to be heavy-tailed if and only if, for all ;i > 0,
1— F(x)

lim sup = lim sup
T—00 e HT T—$00

e KT

= OQ.

Otherwise; F' is light-tailed. A random variable X is said to be heavy-tailed (light-tailed) if its distribution
function is heavy-tailed (light-tailed).

Note that the definition of heavy-tailed distributions given above applies to the right tail of the distribu-
tion, i.e., it is concerned with the behavior of the probability of taking values larger than x as z — oo. In
some applications, one might also be interested in the left tail. In such cases, the definition of heavy-tailed
can be applied to both the right tail (without change) and the left tail (by considering the right tail of —X).

The definition of heavy-tailed is, in some sense, quite natural. It explicitly looks at the “tail” of the distri-
bution, i.e., the complementary cumulative distribution function (c.c.d.f.) F(z) = 1 — F(z) = Pr(X > x)
for large =, and it is easy to see from the definition that the tails of distributions that are heavy-tailed are
“heavier”, i.e., decay more slowly, than the tails of distributions that are light-tailed; see Figure 1.1.

The particular choice of the Exponential distribution as the boundary between heavy-tailed and light-
tailed may, at first, seem arbitrary. In fact, without detailed study of the class of heavy-tailed distributions it
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Figure 1.1: Contrasting heavy-tailed and light-tailed distributions: The plots show the c.c.d.f. of the
exponential distribution (with mean 1) and a heavy-tailed Pareto distribution (with x,, = 1, scale parameter
a = 2). While the contrast in tail behavior is difficult to discern on a linear scale (Fig (a)), it is quite evident
when the probabilities are plotted on a logarithmic scale (Fig (b)).

is difficult to justify this particular choice. But, as we will see throughout this book, the Exponential distri-
bution serves to separate two classes of distributions that have qualitatively different behavioral properties
and require fundamentally different mathematical tools to work with.

To begin to highlight the distinction between heavy-tailed and light tailed distributions, it turns out to be
useful to consider two alternative, but equivalent, definitions of “heavy-tailed”.

Lemma 1.1. Consider a random variable X. The following statements are equivalent.
(i) X is heavy-tailed.

(ii)) M(s):=E [eSX] = oo for all s > 0.

(iii) liminfg, o, — 822l g

The proof of this lemma provides useful intuition about heavy-tailed distribution; however, before prov-
ing this result, let us interpret the two new, equivalent definitions of heavy-tailed that it provides.

First, consider (ii), which states that a random variable is heavy-tailed if and only if its moment generat-
ing function M (s) is infinite for all s > 0. This definition highlights that heavy-tailed distributions require a
different analytic approach than light-tailed distributions. For light-tailed distributions the moment generat-
ing function often provides an important tool for characterizing the distribution. It can be used to derive the
moments of the distribution, but it also can be inverted to characterize the distribution itself. Further, it is a
crucial tool for analysis because of the simplicity of handling convolutions, etc., via the moment generating
function, for example, when deriving concentration inequalities such as Chernoff bounds. In contrast, the
definition given by (ii) highlights that such techniques are not possible for heavy-tailed distributions.

Next, consider (iii), which states that a random variable X is heavy-tailed if and only if the log of
its tail, log Pr(X > x), decays sub-linearly. This again highlights that heavy-tailed distributions require
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a different analytic approach than light-tailed distributions. In particular, when studying the tail of light-
tailed distributions it is typical to use concentration inequalities such as Chernoff bounds, which inherently
have an exponential decay. As a result, such bounds focus on determining the optimal decay rate, which
is characterized by deriving a maximal y such that Pr(X > x) < Ce #*. However, the definition given
by (iii) highlights that the maximum possible ; for heavy-tailed distributions is zero, and so fundamentally
different analytic approaches must be used.

To build more intuition for the relationship between these three equivalent definitions of “heavy-tailed”,
as well as to get practice working the definition of heavy-tailed distribution, it is useful to consider the proof
of Lemma 1.1.

Proof of Lemma 1.1. To prove Lemma 1.1 we need to show the equivalence of each of the three definitions
of heavy-tailed. We do this by showing that () implies (i), that (i¢) implies (44¢), and finally that (ii7)
implies (7).

(¢) = (¢¢). Suppose that X is heavy-tailed, with distribution F. By definition, this implies that for any
s > 0, there exists a strictly increasing sequence (zy)x>1 satisfying limy,_, x}, = 0o, such that

lim e F(z}) = oo. (1.1)

k—o00

We can now bound E [eSX ] as follows.
o
E [e5¥] = / e**dF(x)
0

> / e**dF ()

k
> 57k F(zp).

Since the above inequality holds for all k, it now follows from (1.1) that E [eSX ] = 0. Therefore,
Condition () implies Condition (7).

(i2) = (2¢2). Suppose that X satisfies Condition (7). For the purpose of obtaining a contradiction, let us

log Pr(X>z) > 0, this means that

assume that Condition (i77) does not hold. Since — -

i inf ~logPr(X > x)

T—00 T

> 0.

The above statement implies that there exists ;x > 0 and g > 0 such that

logPr(X > x)
T

>u <= Pr(X >z)<e ™ Vaz>ux. (1.2)

Now, pick s such that 0 < s < pu. We may now bound the moment generating function of X at s as



8 CHAPTER 1: INTRODUCTION

follows:

M(s)=E [eSX] = /OOOPr(eSX > z) dx

— / Pr (6SX > x) dz +/ Pr <X > og(m)) dz.
0 e S

sz

Here, we have used the following representation for the expectation of any non-negative random
variable Y: E[Y] = [ Pr(Y > y)dy. While the first term above can be bounded from above by
e**0 we may bound the second using (1.2), since z > €% is equivalent to log(x)/s > xo.

o log(x)

M(s) < e®¥ —I—/ e s T da

esT0

o0
= %0 —|—/ 73,
€

sz

Since /s > 1, we have [° x~M/3dgz < oo, which implies that M (s) < oo, giving us a contradiction.
Therefore, Condition (i7) implies Condition (7).

(i) = (¢). Suppose that the random variable X, having distribution F} satisfies Condition (7). Thus,
there exists a strictly increasing sequence (xy)>1 satisfying limy_,o, 2, = 00, such that

EPE). < o5 V> ko
— BTp
= (xg) >e 2 YV k> ko
= 5_(;"’;“2 >e'2 V k> k.

The last assertion above implies that limg_ f,(%’“g = oo, which implies limsup,,_, ., 5,(—;’;2 = 0.

Since this is true for any x> 0, we conclude that Condition (7i7) implies Condition ().

O

1.2 Examples of heavy-tailed distributions

At this point we have three equivalent definitions of heavy-tailed distributions and, through the proof, we
understand how these three definitions are related. But, even with these restatements, the definition of
heavy-tailed is still opaque. It is difficult to get behavioral intuition about the properties of heavy-tailed
distributions from any of the definitions. Further, it is very hard to see much about what makes heavy-tailed
distributions have the mysterious properties that are associated with them using these definitions alone.
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In part, this is due to the breadth of the definition of heavy-tailed. The important properties of heavy-
tailed distributions that are most often used and cited are not easily seen to be consequences of this definition
because, in fact, many properties such as scale invariance, infinite variance, the Pareto principle, etc., do not
hold for all heavy-tailed distributions; they hold only for subclasses of heavy-tailed distributions.

As a result, it is important to build intuition for the class of heavy-tailed distributions by looking specific
examples. That is the goal of the remainder of this chapter. In particular, we focus in detail on the Pareto
distribution, the Weibull distribution, and the LogNormal distribution with the goal of providing both the
mathematical formalism for these distributions and some insight in their important properties and applica-
tions. Additionally, we briefly introduce some of the other important examples of heavy-tailed distributions
that come up frequently in applications, including the Cauchy, Fréchet, Lévy, Burr, and Zipf distributions.

Perhaps the most important thing to keep in mind as you read these sections is the contrast between the
properties of the heavy-tailed distributions that we discuss and the properties of light-tailed distributions,
such as the Gaussian and Exponential distributions, with which you are likely more familiar. For the ease of
the reader, we summarize the important formulas for these two distributions below and illustrate the contrast
between Gaussian and Exponential distributions and the Pareto distribution in Figure 1.2 before moving to
the heavy-tailed distributions that are our focus.

The Gaussian Distribution. The Gaussian distribution, a.k.a., the Normal distribution or the bell curve,
is perhaps the most widely recognized distribution and is extremely important in statistics and beyond. It is
defined using two parameters: the mean ;. and the variance o and is expressed most conveniently through
its probability density function (p.d.f.), f(x), or its moment generating function (m.g.f.), M(s). Given a
random variable Z ~ Gaussian(u, o), we have

1 _(e—w?
e 202

b
oV 2T

faz(x) =
Mz(s) — E[ESZ] — eus+%a252‘

Since Mz(s) < oo forall s > 0, it follows that the Gaussian distribution is light-tailed. The light-tailedness
of the Gaussian distribution can also be deduced directly by bounding its c.c.d.f. (see Exercise 2).

The Exponential Distribution. The Exponential distribution is a widely known and broadly applicable
distribution that serves as the light-tailed distribution on the boundary between light-tailed and heavy-tailed
distributions. It is a nonnegative distribution defined in terms of one parameter: A, which is referred to as the
“rate” since the mean of the distribution is 1/A. Given a random variable X ~ Exponential()\), the p.d.f.,
c.c.d.f., and m.g.f., can be expressed as:
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Figure 1.2: Contrasting Pareto distribution with the Exponential and the Gaussian: The plots show
the c.c.d.f. (Fig. (a)) and p.d.f. (Fig. (b)) corresponding to different Pareto distributions with x,, = 1 with
different values of o, alongside the Exponential distribution (with unit mean) and the standard Gaussian.

1.2.1 The Pareto distribution

Vilfredo Pareto originally presented the Pareto distribution, and coined the idea of the Pareto Principle, in
the study of the allocation of wealth, but since then it has been used as-a model for numerous other settings
including the sizes of cities, the file sizes in computer systems and networks, the price returns of stocks, the
size of meteorites, causalities and damages due to natural disasters, frequency of works, and many more.
It is perhaps the most celebrated example of a heavy-tailed distribution, and as a result, it is sometimes,
unfortunately, used interchangeably with the term heavy-tailed.

Formally, a random variable X follows a Pareto(z;,, ) distribution if

—

X x

Pr(XZa:):F(ac)—<> , fora >0,z > x, > 0.
T

Here, « is the shape parameter of the distribution and is also commonly referred to as the fail index, while

Ty, 1s the minimum value of the distribution, i.e., X > z,,. Given the c.c.d.f. above, it is straightforward to

differentiate and obtain the p.d.f.

ax®
fl@) =35 @2 am

It is easy to see from the c.c.d.f. that the Pareto is heavy-tailed. In particular, using Definition 1.1, we
can compute

limn sup 2 &) — (x—m)ae/” _— (1.3)
r—o0 €THT x
since the exponential e** grows more quickly than the polynomial .
This highlights the key contrast between the Pareto distribution and common light-tailed distributions
like the Gaussian and Exponential distributions: the distribution decays polynomially, as x~, instead of
exponentially (as e ") in the case of the Exponential distribution, or superexponentially (as e=2°/ 2"2) in
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Figure 1.3: A clearer contrast between the Pareto distribution and the Exponential/Gaussian: The
plots show the c.c.d.f. corresponding to different Pareto distributions with x,, = 1 with different values
of o, alongside the Exponential distribution (with unit mean) and the standard Gaussian, on a log-log scale.
Notice how this scaling demonstrates clearly how the Pareto tail (linear on a log-log plot) is heavier than
that of the Exponential and the Gaussian.

the case of the Gaussian distribution. This means that large values are much more likely to occur under
a Pareto distribution than under a Gaussian or Exponential distribution. For example, you are much more
likely to meet someone who’s income is 10 times the average than someone who’s height is ten times the
average.

This contrast is present visually too. Figure 1.2 highlights that the tail of the Pareto is considerably
heavier. The figure illustrates the p.d.f. and c.c.d.f. of the Pareto for different values of the tail index .. Note
that the tail index is typically the parameter of interest since it controls the degree of the polynomial decay
in the Pareto, and thus determines the “weight” of the tail. As « decreases the tail becomes heavier, while
as a — oo the Pareto distribution approaches the Dirac delta function centered around xy,.

While Figure 1.2 highlights a contrast between the Pareto, Gaussian, and Exponential distributions; we
can present the figure in a different way to emphasize the contrast much more dramatically. By scaling the
axes of the figure in different ways important properties and contrasts between the distributions emerge. In
particular, Figure 1.3 shows the same c.c.d.f.s but presents the data on a log-log scale, i.e., with logarithmic
horizontal and vertical axes. With this change, a remarkable pattern emerges — the Pareto c.c.d.f. becomes
a straight line, while the Gaussian and Exponential distributions quickly drop off a cliff and disappear. This
viscerally highlights the heaviness of the Pareto’s tail as compared to the tails of the Exponential and the
Gaussian.

To understand why the Pareto is linear when viewed on a log-log scale, let us do a quick calculation.
Letting C1 = xf,, we can write

F(z) = (9“’) o
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Empirical c.c.d.f.

10°
City population
Figure 1.4: Visualizing data on a log-log plot: The figure shows the empirical c.c.d.f. of the populations
of U.S. cities as per the 2010 census (data sourced from [2]). Note that on a log-log scale, the data beyond
population 10* looks approximately linear. The least squares regression line on this data yields a estimate
& = 1.02 of the power law exponent.

Taking logarithms of both sides then gives

log F(z) = logCy + (—a)log ,
N—_—— N——— N~~~

1y y-intercept  slope 'z’

which highlights that, in log-log scale, the c.c.d.f. is simply a linear function with y-intercept log C; and
slope —a. Not only that, the p.d.f. is also of the same form, i.e., f(x) = Coz= (1) where Cy = axsy, and
so it also is linear in the log-log scaling.

This property — being (approximately) linear in log-log scale — is important enough that it has received
a few different names from different communities. Distributions of the form F(x) = Cx~® for some
constant C' are referred to as power law distributions. A quite related set of distributions are far-tailed
distributions, which are distributions with F'(z) ~ 2~ as x — oo, where we use a(x) ~ b(x) as x — 00
as shorthand forlim,_,~, a(z)/b(x) = 1. Finally, the class of regularly varying distributions we introduce in
Chapter 2 generalizes both power law and fat-tailed distributions and has strong connections to the concept
of scale-invariance.

The fact that the Pareto distribution, and more generally power law distributions, are approximately
linear on a log-log plot leads to a number of important properties. Maybe the most prominent is that it
provides an intuitive exploratory tool for use in the identification of power laws in data. Specifically, when
presented with data, it is possible to look at the empirical p.d.f. and c.c.d.f. on a log-log scale and see if it is
approximately linear. If so, then there is the potential that the data is coming from a power-law distribution.
One can even go further and hope to use such an approach to estimate the tail index o using linear regression
on the empirical p.d.f. and c.c.d.f. This is a common approach across fields, and we illustrate it in Figure 1.4
using population data for US cities as per the 2010 census. Notice that the empirical c.c.d.f. (on a log-log
scale) looks roughly linear for large populations. It is therefore tempting to postulate that the distribution of
city populations (asymptotically) follows a power law, and further to estimate the tail index by fitting a least
squares regression line to the empirical c.c.d.f. beyond, say 10* (since the tail ‘looks linear’ beyond this
point), as shown in Figure 1.4. However, as we discuss in Chapter 8, this approach is not statistically sound
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and may lead to incorrect conclusions. In fact, the temptation to make conclusions based on such simple
approaches is one of the most common reasons for the controversy that often surrounds the identification of
heavy-tailed phenomena.

Moments. One of the biggest contrasts between the Pareto distribution and light-tailed distributions such
as the Gaussian and Exponential distribution is the fact that the Pareto distribution can have infinite moments.
In fact, for X ~ Pareto(z,,, ), E[X"] = coif n > a. More specifically, the mean of the Pareto distribution
is:

0, a<l;
E[X]—{ oty o> 1,

The variance is:

Var [X]| = 2
{ (22) 22 @>2

And, in general, the nth moment is:

E[Xn]:{ O‘_T;l“ n<a

Importantly, it is not just a curiosity that the Pareto distribution can have infinite moments. In many cases
where data has been modeled using the Pareto distribution, the distribution that is fit has an infinite variance
and/or mean. For example, file sizes in computer systems and networks [50] and the degree distributions of
complex networks such as the web [61] suggest infinite variance. Additionally, the logarithmic returns on
stocks in finance tend to have a finite variance, but infinite fourth moment [65], leading to values of « in the
range (2,4).

The Pareto principle. We began this chapter with a quote about the Pareto principle, so it is important to
return to it now that we have formally introduced the Pareto distribution. The classical version of the Pareto
principle is that the wealthiest 20% of the population holds 80% of the wealth. Mathematically, we can ask
a more general question about what fraction of the wealth the largest P fraction of the population holds.

To compute an analytic version of the Pareto principle, we consider the fraction of the population whose
wealth exceeds z. Call this fraction P(z), and then we can calculate P () in the case of a Pareto distribution

as follows: Y
P(z) =/ f(t)dt = a:c%/ t=(etgt = <x> :
z z Tm

Then, the fraction of wealth that is in the hands of such people, which we denote by W (z), is

tf(t)dt a [op—adt —otl
W(x):fwoo 1) :O‘f”;nfgo (X 7
Lootft)dt  axg, [Zt=edt  \zm
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Figure 1.5: Lorenz curves for the Pareto distribution: Lorenz curves for different values of .. Note that
the smaller the value of o, the more pronounced the concentration of wealth within a small fraction of the
population. The black line represents perfect equality, i.e., the utopian scenario where all individuals have
exactly the same wealth.

assuming that o > 1. Combining the above equations then gives that, regardless of x, the fraction of wealth
W owned by the richest P fraction of the population is

W = pla=l/e,

We illustrate the curve of W as a function of P in Figure 1.5. It is always concave and increasing, and
when « is close to 1, it highlights that wealth is concentrated in a very small fraction of the population. This
is an example of a more general phenomenon called the “catastrophe principle”, which we discuss in detail
in Chapter 3.

Curves like those in Figure 1.5 are referred to as Lorenz curves, after Max Lorenz, who developed them
in 1905 as a way to represent the inequality of wealth distribution. The Gini coefficient, which is typically
used to quantify income inequality today, is the ratio of the area between the line of perfect equality (the 45
degree line) and the Lorenz curve, and the area above the line of perfect equality. The greater the value of
the Gini coefficient, the more pronounced the asymmetry in wealth distribution.

Relationship to the Exponential distribution. While heavy-tailed distributions often behave qualitatively
differently than light-tailed distributions, there are still some connections between the two that can be useful.
In particular, often, a heavy-tailed distribution can be viewed as an exponential transformation of a light-
tailed distribution. In the case of the Pareto, this connection is to the Exponential distribution. Specifically,

X ~ Pareto(x,, ) <= log(X/zy,) ~ Exponential ()

Or, equivalently,
Y ~ Exponential(a) <= z,,¢Y ~ Pareto(x,,, ).

To see why this is true requires a simple change of variables. In particular, let Y = log(X/z,,) where
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X ~ Pareto(z,, «). Then,

Tme\
Pr(Y > z) =Pr(log(X/zp) > y) =Pr(X > x,eY) = ( = ) =e
Tm
where the last expression is the c.c.d.f. of an Exponential distribution with rate «.. This transformation turns
out to be a powerful analytic tool, and we make use of it on multiple occasions in this book, e.g., Chapter 6,
to study multiplicative processes, and Chapter 8, to derive properties of the maximum likelihood estimator
for data from a Pareto distribution.

1.2.2 The Weibull distribution

We just saw that the Pareto distribution has an intimate connection to the Exponential distribution — it is an
exponential of the Exponential. The second heavy-tailed distribution we introduce has a similar connection
to the Exponential distribution — it is a polynomial of the Exponential. Specifically, for o, 8 > 0,

1
X ~ Exponential(1) <= EXl/O‘ ~ Weibull(a, 3).

From the above relationship, one would expect that when 0 < o < 1, the Weibull distribution has a heavier
tail than the Exponential (though lighter than the Pareto), making it heavy-tailed. On the other hand, when
a > 1, one would expect that the Weibull has a lighter tail than the Exponential.

It is straightforward to see what this transformation means for the c.c.d.f. of the Weibull distribution. In
particular, a random variable follows a Weibull(«, /3) distribution if,

F(x) = e*(ﬁz)a,for x> 0.
Differentiating the c.c.d.f.'gives that the p.d.f. is
fl@) = apf (Bz)* e B2 forz > 0.

In these, « is referred to as the shape parameter of the distribution and S is the scale parameter. Note that
when a = 1 the Weibull is equivalent to an Exponential(/3).

In fact, the Weibull distribution is an especially helpful distribution when seeking to contrast heavy tails
with light-tails because it can be either heavy-tailed or light-tailed depending on the shape parameter cv. If
a < 1 then the Weibull is heavy-tailed, while if & > 1 the Weibull is light-tailed. Mathematically, this can
be seen using a quick calculation based on the definition of heavy-tailed distributions.

lim sup Fl) = lim sup e#*~(82)%
z—o0 €K T—00

If a < 1 this limit equals oo for any > 0, while if @ < 1 itis 0 for any p > 0. (If « = 1 the Weibull is
equivalent to an Exponential distribution, which if of course light-tailed.)

Figure 1.6(a) illustrates the tail of the Weibull distribution for different values of «, contrasting the
c.c.d.f. with that of the Gaussian and Exponential distributions. Like for the Pareto, the heaviness of the tail
is clearly visible when we look at the distribution of a log-log plot; see Figure 1.6(b). While the Weibull
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Figure 1.6: Illustration of Weibull c.c.d.f.: Plots show the c.c.d.f. of the Weibull distribution with scale
parameter 3 = 1 and different values of shape parameter «, alongside the Exponential distribution (with
unit mean, which corresponds to o = 3 = 1) and the standard Gaussian. Fig. (a) shows the c.c.d.f.s on a
linear scale, while Fig. (b) plots them on a log-log scale.

looks nearly linear on a log-log plot when « is small, i.e., when the tail is heaviest, it is not perfectly linear
like the Pareto distribution. To see why, we can take logarithms of both sides of (1.2.2) to obtain

log F(z) = <()°.

While x® gets close to logx as « shrinks to zero, it never entirely matches. However, if we move the
negative to the other side and take logarithms again, we see that the Weibull looks linear according to a
different scaling:

log(=log F(z)) = alogB +_a logz.

—_—— ——

g y-intercept slope 74/

This highlights that the Weibull c.c.d.f. is linear on a log(— log F'(z)) vs. log x plot. Like with the Pareto
distribution, this is useful tool for exploratory analysis of data, but one which needs to be used with care and
should not be relied on for estimation.

The hazard rate. Not only does varying o change the tail behavior, varying o impacts other important
properties of the Weibull as well. One that is of particular interest is the hazard rate, a.k.a., failure rate, of
the distribution. We study the hazard rate in detail in Chapter 4, and the Weibull is a particularly important
distribution for that chapter because its hazard rate can have widely varying properties.

The hazard rate is defined as ¢(t) = f(t)/F(t) and has the following interpretation. Thinking of
the distribution as capturing the time to failure (lifetime) of a component, ¢(t) captures the instantaneous
likelihood of a failure at time ¢ of a component that entered into use at time 0, given that failure has not
occurred until time ¢. Interestingly, when o« > 1, the hazard rate of the Weibull is increasing, meaning
the likelihood of an impending failure increases with the age of the component; when @ < 1, the hazard
rate is decreasing, meaning the likelihood of an impending failure actually decreases with the age of the
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Figure 1.7: Weibull hazard rate for scale parameter 3 = 1 and different values of shape parameter o

component; and when oo = 1 the hazard rate is constant. We illustrate this in Figure 1.7.

The properties of the Weibull with respect to its hazard rate make it an extremely important distribution
for survival analysis, reliability analysis, and failure analysis in a variety of areas. Additionally, the Weibull
plays an important role in weather forecasting, specifically related to wind speed distributions and rainfalls.
As we discuss in Chapter 7, the Weibull is an “extreme value distribution”, which means that it is deeply
connected to extreme events, such as the maximal rainfall in a day or year, the maximal overvoltage in an
electrical system, or the maximal size of insurance claims. However, its first usage was in the context of
describing the particle size distribution by milling and crushing operations in the 1930s [169]. Interest-
ingly, though the distribution is named after Waloddi Weibull, who studied it in detail in the 1950s, it was
introduced much earlier by Fréchet in 1927 in the context of extreme value theory [79].

Moments. An important contrast between the Weibull distribution and the Pareto distribution is that all
the moments of the Weibull distribution are finite. They can be large, especially when « is small, but they
are not infinite.

To express the moments, we need to use the gamma function, I', which is a continuous extension of the
factorial function. Specifically, I'(n) = (n — 1)!, for integer n. More generally,

oo
I'(z) = / " te " dx, for z > 0.
0
Using the gamma function, we can write the mean and variance of the Weibull as

E[X] = <;> T(1+1/a),

2
Var [X] = <;> [T(1+2/a) — (T(1+1/a))?].

Notice that the mean grows quickly as o« — 0: it grows like the factorial of 1/«. More generally, the raw
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moments of the Weibull are given by

E[X"] = (;)n (1 +n/a).

1.2.3 The LogNormal distribution

While both the Pareto and the Weibull can be viewed as transformations of the Exponential distribution,
as the name would suggest, the LogNormal distribution is a transformation of the Normal, a.k.a., Gaussian
distribution. In fact, the transformation of the Gaussian distribution that leads to the logNormal distribu-
tion is the same transformation that creates the Pareto distribution from the Exponential distribution — the
LogNormal distribution is an exponential of the Gaussian distribution. Specifically,

X ~ LogNormal(y,0?) <= log(X) ~ Gaussian(yu,o?).

Or, equivalently,
Z ~ Gaussian(p,02) <= ¢? ~ LogNormal(u, 02).

This means that the LogNormal distribution can be specified in terms of the Gaussian distribution via a
logarithmic transformation. For example, the p.d.f. of a LogNormal(, 02) distribution is
fla) = 1 _ ¢~ (logz—p)?/(20%)
2mox

Note that the change of variables of log « introduces a 1/ term outside of the exponential in the p.d.f. as
compared to the Gaussian distribution. This connection with the Gaussian distribution can also be used to
show that the LogNormal distribution is heavy-tailed; this is left as an exercise for the reader (see Exercise 3).

While it is not evident from the form of the p.d.f., the LogNormal distribution has a shape that it ex-
tremely similar to that of the Pareto distribution. We illustrate the p.d.f. and c.c.d.f. in Figure 1.8. In fact,
even when viewed on a log-log plot the LogNormal and the Pareto look similar. Specifically, when the
variance parameter o> is large, the LogNormal looks linear on the log-log plot. To see why, let us take
logarithms of both sides of (1.2.3):

1 _ 2
log f (z) = = log & — log(v/2m) — (8L 1)
20

YU

Yy
2

_ (logz)* rp f
= 552 +(; 1) log z —log(ov2m) 257"

!l

x

This highlights that, when o is sufficiently large, the quadratic term above will be small for a large range
of x and so the log-log plot will look nearly linear. Consequently, it is nearly impossible to distinguish the
LogNormal from a Pareto using the log-log plot. Hence, one should be very careful when using the log-log
plot as a statistical tool. We emphasize this point further in Chapter 8.
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Figure 1.8: Illustration of LogNormal distribution: The c.c.d.f. and p.d.f. of LogNormal distributions
with i = 0 and different values of o are depicted. The p.d.f.s are plotted on a linear scale in Fig. (a), and
on a log-log scale in Fig. (b). The corresponding c.c.d.f.s are plotted on a linear scale in Fig. (c), and on a
log-log scale in Fig. (d). Note that the p.d.f. as well as the c.c.d.f. appears nearly linear on a log-log plot
when o is large.

Properties. The LogNormal maintains many of the useful properties of the Gaussian distribution, they are
just adjusted a bit due to the exponential transformation between the distributions.

Perhaps the most important property of the Gaussian is that the sum of independent Gaussians is a
Gaussian. Because of the exponential transformation, for the LogNormal, this property holds for the product
rather than the sum. In particular, suppose Y; ~ LogNormal(u;, 03) are n independent random variables,

Then . . .
Y = HY; — Y ~ LogNormal (Z i Za?) .

i=1 i=1 =1
This suggests that the LogNormal distribution is intimately tied to the growth of multiplicative processes.
In particular, if a process grows multiplicatively then it is additive on a logarithmic scale and, by the central
limit theorem, it is likely to be Gaussian on the logarithmic scale. This, in turn, means that it is a LogNormal
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in the original scale. As a consequence, the LogNormal is a very common distribution in nature and human
behavior. It has been used to model phenomena in finance, computer networks, hydrology, biology, medicine
and more. In fact, the LogNormal distribution was first studied by Robert Gibrat in the context of deriving
a multiplicative version of the central limit theorem, which is sometimes termed “Gibrat’s Law”. Gibrat
formulated this law during his study of the dynamics of firm sizes and industry structure [181]. We devote
Chapter 6 to a discussion of multiplicative versions of the central limit theorem, and their connections to
heavy-tailed distributions.

Beyond products, LogNormal distributions also behave pleasantly with respect to other transformations.
An important example is that

X ~ LogNormal(y,0%) = X ~ LogNormal(au;a’c?) for a # 0. (1.4)

Moments. Like the Weibull distribution, the moments of the LLogNormal are always finite. They can
be quite large, but are never infinite. Perhaps the most counterintuitive thing about the moments of the
LogNormal distribution is that, while we adopt the same parameter names as for the Gaussian, y and o? do
not refer to the mean and variance of the LogNormal. Instead, they refer to the mean and variance of the
Gaussian that is obtained by taking the log of the LogNormal. The mean and variance of the LogNormal are
as follows:

E[X] = et/
Var [X] = e2hto’ (602 - 1) .

The fact that mean and variance are exponentials of the distribution’s parameters emphasizes that one should
expect them to be large. More generally, the raw moments of the LogNormal distribution are given by

EX7] = enit %0,

1.2.4 Other heavy-tailed distributions

The Pareto, Weibull, and LogNormal are the most commonly used heavy-tailed distributions, but there are
many other heavy-tailed distributions that appear frequently. We end this chapter by briefly introducing a
few other distributions that come up later in the book as important examples of the concepts we discuss.

The Cauchy distribution. The Cauchy distribution is an important distribution in statistics, and is strongly
connected to the central limit theorem, as we discuss in Chapter 5. However, it is most often used as a
pathological example as‘a result of the fact that it does not have a well defined mean (or variance). In fact,
though it is named after Cauchy, the first explicit analysis of it was conducted by Poisson in 1824 in order
to provide a counterexample showing that the variance condition in the central limit theorem cannot be
dropped.
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The c.d.f. and p.d.f. of a Cauchy(xg, y) distribution are given, for = € R, by

1 — 1
F(x) = — arctan (:z: :EO) + 2
™ v

1 2
0= (emarr):
with location parameter z( € I and scale parameter v > 0. The distribution is plotted in Figure 1.9.

While the distribution function looks complicated, the Cauchy has a simple representation as the ratio of
two Gaussian random variables. Specifically, if U and V' are independent Gaussian random variables with
mean 0 and variance 1, then U/V ~ Cauchy(0, 1) (see Exercise 12). A Cauchy(0, 1) is referred to as the
standard Cauchy and is important its own right because it coincides with the Student’s t-distribution, which
is crucially important for estimating the mean and variance of a Gaussian distribution from data.

The Cauchy distribution’s emergence in the context of the central limit theorem is a result of the fact that
sums of Cauchy distributions have a similar property as sums of Gaussian distributions: if X1, ..., X, are
i.i.d. Cauchy(0, 1) random variables, then the sum is also a Cauchy. Specifically, % Yo, Xi ~ Cauchy(0,1);
we prove this property in Chapter 5 using characteristic functions.

Finally, a related distribution to the Cauchy is the LogCauchy, which has the same relationship to the
Cauchy distribution that the LogNormal has to the Gaussian distribution, i.e.,

X ~ Cauchy(zg,7) <= eX ~ LogCauchy(z,"),

or, equivalently,
Y ~ LogCauchy(zp,y) <= log(Y) ~ Cauchy(zo,").

The LogCauchy is important because it is one of the few common distributions that has a heavier tail that
the Pareto distribution—it has a logarithmically decaying tail. For this reason, it is sometimes referred to as
a super-heavy-tailed distribution.

The Fréchet distribution. The Fréchet distribution is an important distribution for extreme value theory,
as we discuss in Chapter 7. It is commonly used in hydrology when studying the extremes of rainfall
distributions.

The distribution is named after Maurice Fréchet, who introduced it in 1927; however it is also referred
to as the inverse Weibull distribution, which is a much more descriptive name since it is defined as exactly
that. Specifically,

X ~ Weibull(er, 5) <= 1/X ~ Fréchet(c, 3,0).

More generally, the c.d.f. and p.d.f. of the Fréchet(«, 3, x,,,) distribution are given, for x > x,,, by

—a

F(z) = e~ Ba=zm))™
f(@) = aB (Blw =)~ em Pl

—a

Here, o > 0 is the shape parameter, 5 > 0 is the scale parameter, and x,, is the minimum value taken by
the distribution. The distribution is plotted in Figure 1.9.



22 CHAPTER 1: INTRODUCTION

1 ‘ 10°
—— Cauchy
0.8 ——Frechet| ]
Levy
= 0.6 —Burr .
8 B
\E/ IS
0.4 ——Cauchy
——Frechet
0.2 Levy
—Burr
0 ‘ ‘ : ‘
-10 5 0 5 10 10° 10t 102
(a) c.c.dfss (b) c.c.d.f.s on log-log scale

Figure 1.9: The plots show the c.c.d.f. of the standard Cauchy(xy = 0,y = 1), the Fréchet (with x,, = 0,
B =1, a =2), the Lévy (with u = 0, ¢ = 1), and the Burr distribution (with c = A\ = 1, k = 2). Fig. (a)
shows the plots on a linear scale, and Fig. (b) on a log-log scale. Note that all c.c.d.f.s look (asymptotically)
linear on a log-log scale; we will formalize this property in Chapter 2.

The Lévy distribution. The Lévy distribution is used most prominently in the study of financial models
to explain stylized phenomena such as volatility clustering. Within mathematics and physics, it also plays
an important role in the study of Brownian motion: the hitting time of a single point at a fixed distance from
the starting point of a Brownian motion has a Lévy distribution. But, perhaps its most prominent use is in
the context of the generalized central limit theorem, which we discuss in Chapter 5.

Like the Cauchy distribution and the LogNormal distribution, the Lévy distribution is most conveniently
defined as a transformation of the Gaussian distribution. In particular, a Lévy distribution coincides with the
square of the inverse of a Gaussian distribution (and is therefore sometimes also called the inverse Gaussian):

1

Z ~ Gaussian(p,0?) — ——— ~ Lévy(0,1/0?).
(Z = p)?

More directly, the p.d.f. of the a Lévy(y, c) distribution is given, for z € R, by

c 62@_75#)
fz) = Vor @ (1.5)

From this equation, it is straightforward to see that the Lévy distribution is not just heavy-tailed, it is more
specifically a power law distribution, since f(z) ~ /ﬁx_?’/ 2. A plot of the distribution is shown in
Figure 1.9.

The Burr distribution. The Burr distribution is a generalization of the Pareto distribution that often ap-
pears in statistics and econometrics. It is most frequently used in the study of household incomes and related
wealth distributions. It was introduced by Irving Burr in 1942 as one of a family of 12 distributions, of which
it is the Burr Type XII distribution. The c.c.d.f. and p.d.f. of a Burr(c, k, A) distribution are given, for z > 0,
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by
F(z) =1+ \z%)~* (1.6)
k c—1
1) = T4 ey (1.7)

where ¢, k, A > 0. The distribution is illustrated in Figure 1.9. When ¢ = 1 the Burr corresponds to a
so-called "Type II" Pareto distribution, and it is easy to see that it is a power law distribution, like the
Cauchy, Fréchet, and Lévy distributions. Interestingly, in Chapter 7 we discuss a connection between the
Burr distribution and the residual life of the Pareto distribution. The hazard rate of the Burr distribution
itself serves as an important counterexample in the same chapter.

The Zipf distribution. We conclude by mentioning the Zipf distribution, which is a discrete version of
the Pareto distribution. The Zipf distribution rose to prominence because of “Zipf’s law”, which states
that, given a natural language corpus, the frequency of any word is inversely proportional to its rank in the
frequency table of the corpus. That is, the most common word occurs twices as often as the second most
common word, three times more common than the third most common word, and so on. This law is named
after George Zipf, who popularized it in 1935; however the observation of the phenomenon predated his
work by more than fifty years.

The Zipf(s, N) distribution is one example of a distribution that would explain Zipf’s law, and is defined
in terms of its probability mass function (p.m.f.):

1/n®
SN 1 s’
Y11/
where IV can be thought of as the number of elements in the corpus and s is the exponent characterizing the
power law.

While the Zipf distribution is not heavy-tailed, given that it has a finite support, its generalization to the
case N = oo, which is called the Zeta distribution, is heavy-tailed (for s > 1).

p(n;s,N) = (1.8)

1.3 How to use this book

In this chapter we have introduced the definition of the class of heavy-tailed distributions, along with a
few examples of common heavy-tailed distributions. Through these examples, you have already seen some
illustrations of how the behavior of heavy-tailed distributions contrasts with light-tailed distributions, but
we have not yet sought to build intuition for these differences or to explain why heavy-tailed distributions
are so common in the world around us. We have mentioned that controversy often surrounds heavy-tailed
distributions because intuitive statistical approaches for identifying heavy tails in data are flawed, but we
have not yet provided tools for correct identification and estimation of heavy-tailed phenomena.

The remainder of this book is organized to first provide intuition, both qualitative and mathematical,
for the defining properties of heavy-tailed distributions (Part I: Properties), then explain why heavy-tailed
distributions are so common in the world around us (Part II: Emergence), and finally develop the statistical
tools for the estimation of heavy-tailed distributions (Part III: Estimation).



24 CHAPTER 1: INTRODUCTION

Given the mystique and excitement that surrounds the discovery of heavy-tailed phenomena, the detec-
tion and estimation of heavy tails in data is a task that is often (over)zealously pursued. While reading this
book, you may be tempted to skip directly to Part III on estimation. However, the book is written so that
the tools used in Part II are developed in Part I, and the tools used in Part III are developed in Parts I and I1.
Thus, we encourage readers to work through the book in order. That said, we have organized the material
in each chapter so that there is a main body that presents the core ideas that are important for later chapters,
followed by sections that present examples and/or variations of the main topic. These later sections can be
viewed as enrichment opportunities that can be skipped as desired if the goal is to'move quickly to Part III.
Additionally, if one is looking for the quickest path to understand the background needed before digging
into Part III, then we recommend focusing on Chapter 2 from Part I, then Chapters 5 and 7 from Part II
before moving to Part III.

Finally, we would like to emphasize that the aim of this book is to present the fundamentals of heavy-
tailed distributions in a way that is accessible to readers who have an introductory undergraduate back-
ground in probability. Given that the theory of heavy tails uses advanced mathematical tools and is typically
presented in a way that is accessible only to upper-level graduate students in mathematics, our target has
required us to rethink and reprove many classical results in the area with the goal of providing a simple,
intuitive presentation. This often means presenting theorems that are more restrictive in terms of their as-
sumptions than the most general results known and presenting proofs that convey the key ideas but gloss
over some of the more technical details via either an assumption or a reference to a technical lemma in
another source. To provide interested readers with references to the full generality of the results we discuss,
each chapter ends with an “Additional Notes” section that includes references to more detail on the topics
presented in the chapter. We encourage readers to follow up on the references in these sections. Addition-
ally, many of the exercises at the end of the chapters ask the reader to derive extensions or fill in technical
details that we have left out of the main body of the chapters, so we encourage readers to work through the
exercises.

Our goal for this book is that, through reading it, heavy-tailed distributions will be demystified for you.
That their properties will be intuitive, not mysterious. That their emergence will be expected, not surprising.
And, that you will have the proper statistical tools for studying heavy-tailed phenomena and so will you will
help resolve (or avoid) controversies rather than feed them. Happy reading!

1.4 Exercises

1. For a standard Gaussian random variable /N, show that for = > 0,

—z2/x

Pr(N >z) < S

o

Note: In fact, the above bound can be shown to be asymptotically tight, i.e., it can be shown that
ac2

Pr(N >z)~ %; see [70, Chapter 7].

2. Use the bound of Exercise 1 to prove that the Gaussian(u, o) distribution is light-tailed.

3. Prove that the LogNormal(j, 02) distribution is heavy-tailed.
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4.

o

10
11

12.

Consider a distribution F' over R with finite mean p. The excess distribution corresponding to F' is
defined as

Prove that F' is heavy-tailed if and only if F, is heavy-tailed.
Let X ~ Exponential(x) and Y = 1/X. Prove that Y is heavy-tailed.

The random variable N takes values in N. The distribution of /N, conditioned on a uniformly dis-
tributed random variable U taking values in (0, 1), is given by Pr (N >n | U) = U™. Assuming U is
uniformly distributed, show that IV is heavy-tailed.

Note: Even though the conditional distribution of N given the value of U is light-tailed (in fact,
Geometrically distributed), N itself is heavy-tailed!

In the above problem, you do not need U to be uniformly distributed for NV to be heavy-tailed. Prove
that, so long as Pr (U > z) > 0 forall x € (0,1), N is heavy-tailed.

Derive an expression for the Gini coefficient corresponding to the Pareto distribution. Show that the
Gini coefficient converges to 1 as tail index « | 1.

Compute the Lorenz curve corresponding to the Exponential distribution. Prove that the Gini coeffi-
cient in this case equals 1/2.

Prove the property (1.4) of the LogNormal distribution.

The goal of this exercise is to prove the following geometric interpretation of the standard Cauchy
distribution: On the Cartesian plane, draw a random line passing through the origin making an angle ©
with the z-axis as shown in the following figure, where © is uniformly distributed over (—m /2, 7/2).
Let (1,Y") denote the point where this random line intersects the vertical line x = 1. Prove that Y is
a standard Cauchy random variable.

yAL

(LY)

h
v
8

(0,0) (1,0)

Prove that if U and V' are independent, standard Gaussian random variables, then U/V is a standard
Cauchy.
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13.

Hint: The geometric interpretation from Exercise 11 might help. Interpreting (U, V') as the Cartesian
coordinates of a random point on the Cartesian plane, what is the joint distribution of the polar
coordinates (R, ©)?

The goal of this exercise is to compare the ‘heaviness’ of the tails of the Pareto, Weibull, and Log-
Normal distributions. Let X ~ Pareto(z,,, a1), Y ~ LogNormal(y, 02), and Z ~ Weibull(az, B2).
Prove that

Pr(Z>x)_O Pr(Y > x)

il Sl el Sl | )
oo Pr(Y > ) w00 Pr(X > 1)

Note: This exercise shows that the Pareto has a heavier tail than the LogNormal, which has a heavier
tail than the Weibull.
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The mystique that surrounds heavy-tailed distributions follows, in part, from
the ambiguous nature of the term “heavy-tailed”. As we have seen, the precise
mathematical definition is too opaque to provide insight and, often, too broad to
correspond to the properties that are of interest in specific applications. Further,
terms such as power-law, scale-free, self-similar, fat-tailed, long-tailed, stable,
subexponential, etc. are often used synonymously with “heavy-tailed” when in fact
they refer to particular properties of some heavy-tailed distributions. The result is
a confusing and, at times, conflicting zoo of informal and formal terminology.

In Part I of this book we provide insight into some of most mysterious and
elegant properties of heavy-tailed distributions, connecting these properties to
formal definitions of subclasses of heavy-tailed distributions. We focus on three
illustrative properties: ‘“‘scale-invariance” (a.k.a., scale-free), the ‘“catastrophe
principle”, and “increasing residual life.,” ~We illustrate that these properties
provide qualitatively different behaviors than what is seen under light-tailed
distributions, and we describe how to formalize these properties mathematically as
subclasses of heavy-tailed distributions. Combined, the following chapters help to
demystify some of the particularly exotic properties of heavy-tailed distributions,
and to provide a clear view of how these properties interact with each other and
with the broader class of heavy-tailed distributions.

Specifically, we introduce the classes of regularly varying distributions, subexpo-
nential distributions, and long-tailed distributions, which are perhaps the three most
prominent classes of heavy-tailed distributions. These formalizations are particu-
larly noteworthy because, while the general class of heavy-tailed distribution is
difficult to work with, each of these subclasses has properties that make them ap-
pealing to work with analytically. These three classes also form the building blocks
that allow us to study the emergence and estimation of heavy-tailed distributions in
Parts II and III of this book.







Chapter 2

Scale invariance, power laws, and regular
variation

In our daily lives, many things that we come across have a size, or scale, that we associate with them. For
example, people’s heights and weights differ, but they are not that different — they rarely differ by more than
a factor of two or three and do not differ much from the population average. In contrast, the incomes of
people we encounter in our daily lives do not have a typical size or scale — they may differ by a factor of
100 or more and can be very far from the population average! This contrast is a consequence of the fact
that many heavy-tailed phenomena, such as incomes, are scale invariant, a.k.a., scale-free, while light-tailed
phenomena, such as heights and weights, are not.

Scale invariance is a property that seems particularly magical the first time you observe it. An object
is scale invariant if it looks the same regardless of what scale you look at it. Perhaps the easiest way to
understand scale invariance is using fractals, like the one shown in Figure 2.1. If you zoom in or out, the
picture will look the same. It turns out that Pareto distributions have the same property (see Figure 2.2). But,
Pareto distributions are even more special than fractals. With fractals, you have to zoom in or out a specific,
discrete amount for the picture to look the same, with Pareto distributions, no matter how much you change
the scale, the picture does not change.

Scale invariance is a particularly mysterious aspect of heavy-tailed phenomena. It is natural to think
of the average of a distribution as a good predictor of what samples will occur, but for scale invariant
distributions the average is actually a very poor predictor. This fact leads to many of the counter-intuitive
properties of heavy-tailed distributions. For example, consider the old economics joke: “If Bill Gates walks
into a bar... on average, everybody in the bar is a millionaire.”

Though initially mysterious and counter-intuitive, scale invariance is a beautiful and widely observed
phenomenon that has received attention broadly beyond mathematics and statistics, e.g., in physics, com-
puter science, economics, and even art. For example, scale invariance is an important phenomena in both
classical and quantum field theory as well as statistical mechanics. In fact, it is closely tied to the notion of
“universality” in physics, which relates to the fact that widely different systems can be described by the same
underlying theory. Further, in the context of network science, scale invariance has received considerable at-
tention. Widely varying networks have been found to have scale invariant degree distributions (and are thus
termed “scale-free networks” [23,39]) and this observation has had dramatic impacts for our understand-
ing of the structural properties of networks. For a discussion of scale invariance broadly, we recommend
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Figure 2.1: Illustration of the Sierpinski fractal [135].

referring to [195]. Here, we focus on scale invariance in the context of probability and statistics.

In particular, in this chapter we explore the mathematics of the property of scale invariance and its con-
nections with Pareto distributions and so-called power law distributions. Note that both “scale invariance”
and “power law” are often used synonymously with “heavy-tailed”, and thus it is important to point out
that not all heavy-tailed distributions are scale invariant or have a power law (though all scale invariant
distributions are heavy-tailed, as are all power law distributions). The goal of this chapter is to describe
how to formalize and generalize the notions of scale invariance and power laws as a subclass of heavy-tailed
distributions termed “regularly varying distributions” that is particularly appealing from a mathematical per-
spective. The properties of this class shed light on many of the counter-intuitive properties of heavy-tailed
distributions; highlighting what properties of heavy-tailed distributions can be viewed as simple conse-
quences of scale invariance. Further, in order to illustrate the usefulness of the class, we highlight how
to apply properties of regular variation in order analyze heavy-tailed phenomenon more broadly. These
examples illustrate that it is not much more challenging to analyze the entire class of regularly varying
distributions than it is to work with the specific case of the Pareto distribution.

2.1 Scale invariance and power laws

To this point we have only introduced scale invariance informally as the property that something looks
the “same” regardless of the scale it is observed. Given that our focus is on probability distributions, we
can rephrase this idea as follows: if the scale (or units) with which the samples from the distribution are
measured is changed, then the shape of the distribution is unchanged. This leads to the following formal
definition.

Definition 2.1. A distribution function F' is scale invariant if there exists an xo > 0 and a continuous
positive function g such that
F(Az) = g(\)F(z),

for all x, X satisfying x, \x > x.
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Figure 2.2: The c.c.d.f. corresponding to the Pareto distribution (o« = 2, ., = 1) plotted at different
scales of the independent variable. Note that the shape of the curve is preserved upto a multiplicative
scaling, consistent with scale invariance.
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Figure 2.3: The c.c.d.f. corresponding to the Exponential distribution (with mean 1) plotted at different
scales of the independent variable. Note that the shape of the curve looks fundamentally altered at different
scales.

To interpret the definition of scale invariant, one can think of A as the “change of scale” for the units being
used. With this interpretation, the definition says that the shape of the distribution F' remains unchanged,
up to a multiplicative factor g() if the measurements are scaled by A. This is exactly what is shown in
Figure 2.2 for the Pareto distribution.

More formally, to see that the Pareto is scale invariant, recall that a Pareto distribution has F(z) =
(z/xm) "< for © > 2y, Thus,

—
F(\z) = <> = F(x)\~%, whenever z, \x > x,.
Scale invariance is a very elegant property, but it is also a fragile one. In particular, it does not hold for

most probability distributions. For example, it is easy to see that the Exponential distribution is not scale
invariant. Recall that an Exponential distribution has F'(x) = e #* for z > 0. Therefore,

F(Az) = e " = F(z)e AV,
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Thus, there is not a choice for g that is independent of x. This is also illustrated in Figure 2.3.

One may initially think that the lack of scale invariance of the Exponential distribution is a consequence
of the fact that it is a light-tailed distribution. But, that is not the case. For example, let us generalize the
Exponential distribution to the the Weibull distribution, F (z) = e~ B for z > 0, which is equivalent to the
Exponential distribution when the shape parameter & = 1 and is heavy-tailed when o < 1. As the following
calculation shows, the Weibull is also not scale invariant:

F(\z) = e A% F'(;U)e_ﬁxa()‘a_l).

The examples above start to give some intuition about scale invariance, but they leave open a fundamen-
tal, natural question:

Which distributions are scale invariant?

From the examples above, we know that there is at least one scale invariant distribution (the Pareto dis-
tribution), but we also know that not all common distributions are scale invariant — not even all common
heavy-tailed distributions. Perhaps surprisingly, it turns out that scale invariance is an extremely special
property: distributions with “power law tails”, i.e., tails that match the Pareto distribution up to a multi-
plicative constant, are the only scale invariant distributions. That is, “scale invariance” can be thought of
interchangeably with “power law”. The following theorem states this formally.

Theorem 2.1. A distribution function F' is scale invariant if and only if F' has a power law tail, i.e., there
exists xg > 0, ¢ > 0, and o > 0 such that F(x) = cx™ for x > xy.

Proof. Note that the case where F is identically zero over [z, o0) trivially satisfies the conditions of the
lemma (this corresponds to the case ¢ = 0.)

Excluding the above trivial case from consideration, it is easy to see that F'(x) must be non-zero for all
T > x0. Indeed, if F'(z') =0 for some 2’ > z0, then for any z > z¢, F(z) = F(2')g(x/2") = 0.

Fix z, y > 0. We may then pick z large enough such that z, zx, zxy > x¢. From the scale invariant prop-
erty of ', F(zyz) = F(2)g(zy). Of course, we may also write F(zyz) = F(x2)g9(y) = F(2)g(z)g(y).
Since F(z) # 0, we can immediately see that the function g satisfies the following property

g(zy) = g(z)g(y) forallz,y > 0. 2.1)

This is a very special property, and the only continuous positive functions satisfying the above condition are
g(x) = 27 for some a € R.! Noting that F'(z) = F(x¢)g(z/x¢) for all z > x, we conclude that o > 0
(since F must be monotonically decreasing, with lim,_,o, F'(x) = 0). Therefore, F(x) = cx~ for z > xq
for some ¢, a > 0. O

2.2 Approximate scale invariance and regular variation

We have just seen that all scale invariant distributions are power law distributions, a.k.a., distributions with
tails matching a Pareto distribution up to a multiplicative constant. This makes scale invariance a very

'Defining f(x) := log g(e®), the condition (2.1) is equivalent to f(x + y) = f(x) + f(y) for z,y € R. This is known as
Cauchy’s functional equation. The stated claim now follows from the fact that the only continuous solutions of Cauchy’s functional
equation are of the form f(x) = ax for a € R (see, for example, [4]).
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Figure 2.4: Empirical c.c.d.f. (a.k.a. rank plot) corresponding to two real world datasets on a log-log
scale.

special property, or a very fragile property depending on how you look at it. In fact, one interpretation of the
theorem in the last section is that we should not expect to see scale invariance in reality since it is so fragile.

In the strictest sense, that interpretation is correct. It is quite unusual for the distribution of an observed
phenomenon to exactly match-a power law distribution, and thus be scale invariant. Instead, what tends
to be observed in reality is that the body of the distribution is not an exact power law, but the fail of the
distribution is approximately power law. Consider the examples in Figure 2.4, which depicts the empirical
c.c.d.f. corresponding to two real-world datasets on a log-log scale. Notice that the body of the empirical
c.c.d.f. (on the log-log scale) does not look linear, which it would if the data were sampled from a power
law distribution, but instead seems to approach a straight line asymptotically, which suggests that the c.c.d.f.
behaves asymptotically like a power law.

Given that we should not expect to see precise scale invariance in real observations, it is natural to move
our focus from precise scale invariance to notions of approximate or asymptotic scale invariance; and it
is natural not to focus on the whole distribution, but rather to focus on just the tail of the distribution. In
particular, the relevant formalism becomes asymptotic scale invariance, which we define as follows.

Definition 2.2. A distribution F is asymptotically scale invariant if there exists a continuous positive func-

tion g such that for any A > 0, -
F(\x)

o0 F(z) =9().

The notion of asymptotic scale invariance almost exactly parallels the notion of scale invariance, except
that it only requires the property to hold in the limit as x — oo, i.e., it only requires the property to
approximately hold for the tail, i.e., F(Ax) ~ g(\)F(z) as © — 00.2

*Throughout the book we use a(x) ~ b(z) as x — oo to mean lim, 00 a(x) /b(z) = 1.
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As aresult, it is immediate to see that Pareto distributions are asymptotically scale invariant:
F(\z)/F(x) = A"~

Similarly, it is easy to see that asymptotic scale invariance is still quite a special property that is not satisfied
by most distributions. For example the Weibull and Exponential (Weibull with o = 1) distributions are not
asymptotically scale invariant since, as T — 00,

= 00, A<,
F()\J?) 7/3()\0471)3304 _ 1 A -1

_ =e
F(x) 0, A>1.

However, asymptotic scale invariance is significantly broader than scale invariance, and it is easy to see
that other distributions besides power law distributions are asymptotically scale invariant. For example, it
follows from Exercise 8 that the convolution of a Pareto and an Exponential distribution is asymptotically
scale invariant (though it is clearly not scale invariant). Similarly, consider the Fréchet distribution, which
we encounter in our analysis of extremal processes in Chapter 7. This distribution, which is supported
over the non-negative reals, is defined by the distribution function F(z) = e~ ° for > 0, where the
parameter o > 0. While this distribution is clearly not a power law, it is not hard to see that F'(x) ~ z~¢
(see Exercise 1). In other words, the Fréchet distribution has an asymptotically power law tail, which in turn
implies asymptotic scale invariance: A

lim F_()\x) =1

z—oo F (m)
In general, since asymptotic scale invariance only focuses on the tail of the distribution, the body of such a
distribution may behave in an arbitrary manner as long as the tail is approximately scale invariant.

As in the case of scale invariance, given the examples above, the natural question becomes:

Which distributions are asymptotically scale invariant?

It is clear that the class of asymptotically scale invariant distributions includes a variety of heavy-tailed
distributions beyond the Pareto distribution, but it is also clear that it does not include all heavy-tailed
distributions since it does not include the Weibull distribution. However, the fact that “scale invariant” can
be thought of equivalently to “power law”, leads to the suggestion that “asymptotically scale invariant”
should correspond to some notion of “approximately power law”, and this turns out to be true. In particular,
it turns out that asymptotically scale invariant distributions have tails that are approximately power law in a
rigorous sense that can be formalized via the class of regularly varying distributions.

Definition 2.3. A function f : Ry — R is said to be regularly varying of index p € R if for all y > 0,
i L) _

oo f(z)

Further, for p < 0, a distribution F is regularly varying of index p, denoted as F € RV(p), if F(x) =
1 — F(z) is a regularly varying function of index p.>

31t is common practice to write the domain of regularly varying functions as R . That said, it is important to understand that
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The form of the definition immediately highlights that regularly varying distributions are asymptotically
scale invariant. Further, since lim, ., F'(zy)/F(z) = y*, they seem to mimic the behavior of power law
distributions, such as Pareto distribution, asymptotically. This intuitively suggests that, all asymptotically
scale invariant distributions are regularly varying distributions — which turns out to be true.

Theorem 2.2. A distribution F' is asymptotically scale invariant if and only if it is regularly varying.

Proof. 1t is immediate that regularly varying distributions are asymptotically scale invariant, and so we need
only prove the other direction. Fix x,y > 0. The asymptotic scale-free property implies that

F(ayz) _
G 9(zy).
We can also compute the same limit by writing }?Zf ) = Igfxyj 1?;3(22)) Note that I;(nyzz)) — ¢g(y) and
1;—(:;)) — g(x) as z — oo, implying that
. F(ayz) _
L T 9(2)g(y)-

From this, we can conclude that the function g satisfies

g(zy) = g(z)g(y) forallz,y > 0.

This is the same relationship we used in the proof of Theorem 2.1 and, like in that case, it follows that there
exists § € R such that g(z) = x%. Of course, by definition, this means that F' is a regularly varying function,
and F' is a regularly varying distribution. O

The above result highlights that the class of regularly varying distributions characterizes precisely those
distributions that are asymptotically scale invariant, and from it we can immediately see that a number of
common heavy-tailed distributions are scale invariant. In particular, with a little effort, it is possible to verify
that the Student’s t-distribution, the Cauchy distribution, the Burr distribution, the Lévy, and also the Zipf
distribution distribution are all regularly varying and thus, asymptotically scale invariant (see Exercise 1).
This is summarized in Figure 2.5. Note that have not yet proven that regularly varying distributions are
heavy-tailed; this follows from the analytic properties of regularly varying functions discussed next (see
Lemma 2.2).

2.3 Analytic properties of regularly varying functions

The fact that regularly varying distributions are exactly those distributions that are asymptotically scale
invariant suggests that they should be able to be analyzed (at least asymptotically) as if they are simply

regular variation is an asymptotic property of a function as its argument tends to co. Thus, for a function f to be regularly varying,
we only require that its domain include [zo, co) for some zo > 0. Similarly, for a distribution to be regularly varying, we only
require that its support include [zo, o) for some 2o > 0. Specifically, regularly varying distributions need not be supported on the
non-negative reals. For example, the Cauchy distribution is regularly varying (see Exercise 1). Finally, why the index p must be
non-positive for regularly varying distributions will become apparent soon (see Lemma 2.1).
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Figure 2.5: Scale invariant and regularly varying distributions.

Pareto distributions. In fact, this intuition is correct and can be formalized explicitly, as we show in this
section. Concretely, the properties we outline in this section provide the tools to enable regularly varying
distributions to be analyzed nearly “as if" they are polynomials, as far as the tail is concerned. This makes
them remarkably easy to work with and highlights that the added generality that comes from working with
the class of regularly varying distributions, as opposed to working specifically with Pareto distributions,
comes without too much added technical complexity.

To begin, it is important to formalize exactly what we mean when we say that regularly varying distri-
butions have tails that are approximately power law. To do this, we need to first introduce the concept of a
slowly varying function.

Definition 2.4. A function L : Ry — R is said to be slowly varying if limg_, o LL((xx y)) =1forally > 0.

Slowly varying functions are simply regularly varying functions of index zero. So, intuitively, they can
be thought of as functions that grow/decay asymptotically slower than any polynomial. For example log x,
log log x,etc. This can be formalized as follows.

Lemma 2.1. [fthe function L : Ry — Ry is slowly varying, then

. 0 forp<O
p _ 5
zlgglox L(w) = { oo forp>0.

We prove this lemma later in this section using properties of regularly varying functions. But, we state it
now in order to highlight an equivalent definition of regularly varying distributions as distributions that are
“asymptotically power law”. The following representation theorem for regularly varying functions makes
this precise.

Theorem 2.3. A function f : Ry — Ry is a regularly varying function with index p if and only if f(z) =
xPL(x), where L(x) is a slowly varying function.



2.3: ANALYTIC PROPERTIES OF REGULARLY VARYING FUNCTIONS 39

Proof. We start by proving the “if”” direction. Suppose that f € RV(p). Define L(z) = f(z)/z”. To prove
the result, it is enough to show that L is slowly varying, which can be argued as follows:

lim L(xy) = lim flzy) af =
z=o00 L(z)  a—oo f(z) (zy)?

To prove the other direction, we need to show that, given f(z) = zfL(x), where L(x) is a slowly
varying function, f € RV(p). Fory > 0,

. flzy) _
FLcS 7(x) = Jm = L(z) ="

which implies, by definition, that f € RV (p). O

It is important to remember when applying this theorem that regularly varying functions can have arbi-
trary index p, however regularly varying distributions must have index p < 0.

The key implication of Theorem 2.3 in the context of heavy-tailed distributions is that regularly varying
distributions can be thought of as distributions with approximately power law tails in a rigorous sense. That
is, they differ from a power law tail only by a slowly varying function L(x), which can intuitively be treated
as a constant when doing analysis. This intuition leads to many of the analytic properties that we discuss in
the remainder of this section.

However, before we move to the analytic properties of regularly varying distributions, it is useful to
illustrate how powerful the representation theorem is by itself. To illustrate this, we use it in the following
to argue that regularly varying distributions are heavy-tailed. Of course, this is not a surprising result, given
the tie to Pareto distributions, but it is an important foundational result and it provides a simple illustration
of how to work with the representation theorem.

Lemma 2.2. All regularly varying distributions are heavy-tailed.

Proof. Suppose that the distribution F is regularly varying. We know then that F'(z) = ~“L(x), where
a > 0, and L(x) s a slowly varying function. Consider ;¢ > 0 and 5 > «. Now,
F(z)
e KT

= (z7Per) (2P~ L(2)).

Since el — o0 asx — 00, and 2°“L(x) — 0o as x — oo (via Lemma 2.1), we can conclude that

F(i)c = 00, which proves that F' is heavy-tailed. O]

limg o0 o—hT

The above provides‘an example of using the fact that regular varying distributions have tails that are
approximately power law; however this representation of regularly varying distributions has much broader
implications as well. In particular, in the remainder of this section we illustrate a variety of analytic prop-
erties of regularly varying distributions that highlight how regularly varying distributions can be analyzed
nearly “as if”” they are Pareto distributions, as far as the tail is concerned.

In the following, we focus on two crucial analytic properties: (i) integration/differentiation of regularly
varying functions, which is formalized via Karamata’s Theorem and (ii) inverting the integral transforms of
regularly varying functions to understand properties of the tail of the distribution, which is formalized via
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Karamata’s Tauberian Theorem. In each case, we include a simple example application of the result. Then,
in the following section (Section 2.4), we prove closure properties of regularly varying distributions with
respect to various algebraic operations in order to provide further illustrations of how to apply these analytic
properties.

2.3.1 Integration and differentiation of regularly varying distributions

Perhaps one of the most appealing aspects of working with power law and Pareto distributions is that when
one needs to manipulate them to calculate moments, conditional probabilities, convolutions, and other such
things, all that is required is the integration or differentiation of polynomials, which is quite straightforward.
This is in stark contrast to distributions such as the Gaussian and LogNormal which can be very difficult to
work with in this way.

One of the nicest properties of regularly varying distributions is that, in a sense, you can treat them as
if they are simply polynomials when integrating or differentiating them — as long as you only care about
the tail — and so they are not much more difficult to work with than Pareto distributions. This is especially
useful when calculating things like moments, conditional probabilities, convolutions, etc., as we show see
repeatedly in the remainder of this chapter and throughout the book.

The foundational properties of regularly varying functions with respect to integration and differentiation
are typically referred to as Karamata’s Theorem. This result provides the building block for working with
regularly varying distributions.

Karamata’s Theorem. Karamata’s Theorem is perhaps the most important result in the study of regular
variation. We start our discussion of it by stating Karamata’s Theorem for integration of regularly varying
functions, since its statement is a bit cleaner than that of differentiation.

It is useful to begin by anticipating what we should expect Karamata’s Theorem to say. To do this, begin
by considering what would happen if f(¢) = z. In that case,

T p+1
/ fde= " 2@ e o 1 and
< p+1  p+1

(%) ) prrl _ 1‘f({L') )
/x f(t)dt = "+ D) = o+ 1) if p < —1.

Thus, we may expect that Karamata’s Theorem would say that, asymptotically, the integrals of regularly
varying functions should behave as if the function is a polynomial as far as the tail is concerned, i.e., the =
above should be replaced by a ~. In fact, this is exactly what Karamata’s theorem states.

Theorem 2.4 (Karamata’s Theorem).

(a) Forp > —1, f € RV(p) if and only if

N rf(x)
/Of(t)dt ~ 2
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(b) Forp < —1, f € RV(p) if and only if

/ ) zf(z)
—(p+1)
Not surprisingly, regularly varying distributions also asymptotically behave as if they were polynomials
with respect to differentiation. In particular, if f(z) = x, then f'(z) = ax®~!, and so af(z) = zf'(x).
The following result, which is commonly referred to as the monotone density theorem, shows that exactly

this relationship holds for regularly varying distributions with = replaced by ~, modulo some technical
conditions.

Theorem 2.5 (Monotone Density Theorem). Suppose that the function f is absolutely continuous with
derivative f'. If f € RV(p) and ' is eventually monotone, then x f'(x) ~ pf(x). Moreover, if p # 0, then
()] € RV(p—1).4

Below, we give the proof of Theorem 2.5. The proof of Theorem 2.4 is a bit more cumbersome and we
refer the interested reader to [164, Section 2.3.2] for the proof.

Proof of Theorem 2.5. For simplicity, we assume that f’(x) is non-decreasing over x > x (the proof for
the case of eventually non-increasing f’ is along similar lines). Fixing a,b such that 0 < a < b, we may

write
) f(be) = f(a)
w f0" T o

For 2 > x(/a, the monotonicity of f’implies that

flax)z(b—a) _ f(br) — f(aw)
f(x) - f(z)

Noting that f € RV (p), the first inequality above implies that

f'(bx)z(b — a)
fl@)

< 2.2)

. flax)x _ b° —a”
lim su < .
x—>oop f(x) ~ b—-a

Next, letting b | a on the right side of the above inequality, and noting that this corresponds to taking the
derivative of the function z” at x = a, we obtain

!
lim sup fllaz)z

z—o0  [()

*A function f is said to be absolutely continuous if it has a derivative f’ almost everywhere that is integrable, such that

0 +/I f()dt V.
0

A function g is eventually monotone if there exists xo > 0 such that g is monotone over [z, 00).

< paf~t. 2.3)
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Similarly, using the second inequality in (2.2), and letting a 1 b, we obtain

!
lim inf M

a—oo f(x)

> pbP7 L. (2.4)

Setting a = 1 in (2.3) and b = 1 in (2.4), we conclude that : f'(z) ~ pf(z). Finally, when p # 0, it is easy
to see that f'(x) ~ p (@) implies that | f/(x)| € RV(p — 1).

O

Hopefully, it is already clear that Karamata’s Theorem is a particularly appealing and powerful property

of regularly varying functions. But, it is worth considering a few examples in order to highlight this further.

Perhaps the most powerful example of the use of Karamata’s Theorem isin deriving the so-called “Karamata
Representation Theorem” for regularly varying functions.

Karamata’s Representation Theorem. We have already discussed one representation theorem for regu-
larly varying functions (Theorem 2.3), which allows us to write any regularly varying function as F'(z) =
xP L(x) for some slowly varying function L(x). This is a particularly nice form since it highlights the view
of regularly varying distributions as asymptotically power law; however, it is also a fairly implicit view of
regularly varying functions since the form of L(z) is not defined. Using Karamata’s Theorem, we can derive
a much more precise representation theorem for regularly varying functions.

Theorem 2.6 (Karamata’s Representation Theorem). f € RV(p) if and only if it can be represented as

f(x) = c(x)exp {/j %ﬂdt} (2.5)

for x > 0, where lim,_,o.¢(x) = c € (0,00) and lim, s B(x) = p.

The representation of regularly varying distributions in Karamata’s Representation Theorem may ini-
tially seem surprising since it does not superficially look like a power law. However, note that if one treats
B(t) as if it is a constant p (which it converges to in the limit), then the exponent becomes p log x and so the
power law form appears (since e?1°8? = z°).

Proof. To begin, let us first check that if a function f can be represented via (2.5), then f € RV(p). Note
that for y > 0,
Yy t
flay) C(my)exp{/ B( )dt}.
flx) o) z 1

Now, since 5(z) — p as x — oo, given € > 0, there exists zg > 0 such that p — e < B(x) < p + € for all
x > xg. Therefore, for x large enough so that z, xy > x,

Cc((zy))exp{/:y p;Edt} _ {f(z;)) < cc((xxy))exp {/:y pjedt}7

which is equivalent to

clzy) , o  floy) clzy) ,ic
@ “TFw e’
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Now, since (( y)) — 1 as z — oo, we obtain

Y~ < liminf f ((xxy)) < “;rfgp f f((ﬂ;y))

Letting € | 0, we finally conclude that lim,_, J;((Z y)) = y”, which of course implies by definition that

f € RV(p).

Next, we prove that if f € RV (p), then f has a representation of the form (2.5). We prove this first for
the slowly varying case (i.e., p = 0), and then consider the case of general p.

Accordingly, suppose that L € RV(0). Define b(z) = IL(I) . Note that Karamata’s theorem implies

= 10
that b(z) — 1 as x — o0. Let B (x) = b(x) — 1. Now,

<y

Ch, [T L0
: dt—/l o

::bg<AmL@ﬁw>——Mg<AIL@ﬁw)——bax»
2 L(z)

Now, using [ L(y)dy = 5(s) » We obtain
L
/ Bult) dt = log( (2 ) ) ,
Vo L

L(z) = cp(x)exp { y ﬂLt(t)dt} , (2.6)

which finally gives us

where cr (z fo y)dy. Noting that cr,(z) — fo y)dy and Br(x) — 0as x — oo, we have
proved that L has the postulated representation.

Finally, moving to the case of general p, suppose that f € RV(p). We know then that f(z) = x”L(x),
where L(z) is a slowly varying function. Since we have already established that L(x) can be represented as
(2.6), with Br(x) — 0 and ¢z, (x) — ¢ € (0,00) as © — oo. It then follows immediately that

F(z) = e (z)exp { | Wdt} ,

which gives us the desired representation. O

Karamata’s Representation Theorem is an extremely powerful tool for working with regularly varying
distributions. To highlight this, note that it is straightforward to prove Lemma 2.1 using Karamata’s repre-
sentation theorem (see Exercise 4). Additionally, Karamata’s representation theorem can be used to show
a number of other properties of regularly varying distributions that connect them to power law and Pareto
distributions. We illustrate two of these here: (i) the observation that regularly varying distributions appear
approximately linear on a log-log plot, and (ii) properties of the moments of regularly varying distributions.

Let us start by considering the behavior of regularly varying distributions in logarithmic scale. We
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have seen earlier that one distinguishing property of Pareto distributions is that they are exactly linear when
viewed on a log-log scale. Specifically, recall that for Pareto distributions F'(z) = (z/x,,) " for £ > 2,
and so

log F(x) = —alog(z) + alog(xy,).

Thus, log F'(z) is exactly linear in terms of log x, with slope .. This is a property that allows for easy
preliminary identification of them in data, as we have seen in Chapter 1 and explore in detail in Chapter 8.
Note that one must be very cautious using this approach for estimation, as we illustrate in Chapter 8.

Using Karamata’s Representation Theorem, we can easily obtain the corresponding property for the tail
of regularly varying distributions. In particular, we have the following result, which shows that the tail of
regularly varying distributions with index « is asymptotically linear with slope & when viewed on a log-log
plot.

Lemma 2.3. If f is a regularly varying function with index p, then

i 108 /(@)

z—oo log(x)

Proof. From the Karamata’s Representation Theorem, we know that

f(z) = c(x)exp {/lx ﬁit)dt} ,

where lim, o ¢(z) = ¢ € (0, 00) and lim,_, B(z) = p
Given € > 0, there exists g > 1 such that for all x > xg, p — € < S(z) < p+ €. Therefore, for z > x,

log f(z) < loge(x) + /1950 Bit)dt + /x pTHdt

= log () + /110 @dt + (p + €)(log(x) — log(xo)).

From the above inequality, it follows that

log f()

limsup ——= < p+e.
z—00 log(x)

Using similar arguments, it can be shown that

log f(x)

lim inf
s log(z)

Letting € approach zero completes the proof. O

Next, let us move to studying the moments of regularly varying distributions. Recall that the moments
of Pareto distributions are a bit peculiar: for Pareto(x,,, p) distributions, the ith moment is finite if ¢+ < p and
infinite if ¢ > p. The fact that moments can be infinite is, as we have seen in Chapter 1, not just of theoretical
interest. Data from a variety of situations has been shown to exhibit power law tails with p around 1.2—2.1,
and so is often well-approximated by distributions with infinite variance.
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Using the above result, it is not hard to show that regularly varying distributions have moments that
parallel those of Pareto distributions. In particular, we have the following result.

Theorem 2.7. Suppose that a non-negative random variable X is regularly varying of index —p. Then

E[XY] <ocofor0<i<p,
E[XZ] = oo fori > p.

The moment conditions in the theorem above should not be particularly surprising at this point since
computing moments has to do with integration and the finiteness of moments has to do mainly with the
tail, which means that Karamata’s theorem should ensure that regularly varying distributions behave like
power laws. This intuition serves as a good guide for the proof, which makes use of Lemma 2.3, which
was a consequence of Karamta’s theorem. We leave the proof of the result as an exercise for the reader (see
Exercise 5).

2.3.2 Integral transforms of regularly varying distributions

Integral transforms like the moment generating function, the characteristic function, and the Laplace-Stieltjes
transform are of fundamental importance in probability, as well as many physical problems in applied math-
ematics. It is often easier to study probabilistic and stochastic models using transforms than it is to study
them directly as a result of the ease of computing convolutions, moments, time scalings, performing in-
tegration of the distribution, etc. Thus, one can typically complete the analysis in “transform space” and
then invert the transform to understand the distribution itself, taking advantage of the uniqueness of the
representation.

In the context of this book, we have already seen the importance of transforms in the definition of
heavy-tailed distributions. Recall that the definition of heavy-tailed distributions explicitly uses the mo-
ment generating function (m.g.f.) and defines heavy-tailed distributions as those distributions for which
Mx(t) :=E [etX ] = oo for all £ > 0. This highlights that, while moment generating functions are often a
powerful analytic tool, working with the m.g.f. of heavy-tailed distributions is problematic. Thus, one needs
to consider other integral transforms in the case of heavy-tailed distributions. This section provides the tools
for working with transforms in the heavy-tailed setting.

Though the m.g.f. is not appropriate for heavy-tailed distributions, one can instead use other transforms.
When the distribution is non-negative, the Laplace-Stieltjes transform (LST) is appropriate and, more gen-
erally, the characteristic function is the appropriate tool. The Laplace-Stieltjes transform of a function f is
defined as

r(s) = / Z T df ().

Specializing to probability distributions, given a random variable X following distribution F', the Laplace-
Stieltjes transform of F' (or X) is defined as

Ux(s) = /_OO e **dF(x) =E [e_SX] )

Notice that the LST of a distribution is related to the m.g.f. via a change of variable: we replace the argument
t in the definition M (t) by —s. Similarly, the characteristic function can be obtained by replacing t with it,
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where ¢ is the imaginary unit. So, given a random variable X following distribution F', the characteristic
function of F' (or X) is defined as:

¢x(t) :=E [e"¥] = E[cos(tX) + isin(tX)].

Note that if X is non-negative, the LST v x (s) is well defined and finite for s > 0. On the other hand, the
characteristic function ¢(t) associated with any distribution is well defined and finite for all ¢.

To get a feel for the behavior of transforms in the case of heavy-tailed distributions it is useful to look at
the specific case of a power law function. To keep things simple, we consider power laws of the form

f(x):{ ;%p =20,

z <0,

where p > 0. Note that with p > 0, f cannot capture a probability distribution, but limiting our attention
positive indices makes things simpler, so we do that for now-and then extend the analysis to probability
distributions later in the section. We do this because the case of p > 0 turns out to be quite instructive. In
this case, the LST of f can be written as follows:

bils) = /0 =574 (x)
— p/ooe‘“:cp_lda:
0

= ps_"’/ e 5% (sx)P7 d(sx)
0
= ps "T(p)=s"T(p+1),

where the last line uses the Gamma function I', which'is a continuous extension of the factorial function
to the the real numbers defined as I'(z) := [;° e "~ 'd¢ and satisfying I'(n) = (n — 1)! for n € Z and
2l(z) =T(z+1).

The calculation in this example reveals something exciting. The LST of a function f with a power law
(as x — o0)-also behaves like a power law (as s | 0). This is exciting because it highlights that one can
potentially understand properties of the tail of a distribution by studying properties of the LST near zero. Of
course, one could potentially obtain this information by inverting the LST, but that is typically very involved
and cannot be done in closed-form apart from a few special cases. In contrast, in this example, the tail
behavior of f can be obtained with a simple observation about ).

However, before getting too excited, it is important to remember that, so far, we have only seen this
behavior in the case of specific f following a power law with a positive index. Thus, the question becomes:

Do regularly varying distributions have regularly varying transforms?

If so, it would be quite powerful since it is often the case that one can derive the LST in situations where it
is not tractable to work directly with the distribution.

Fortunately. the answer is “yes”. Results of this form are called Abelian and Tauberian theorems and
there are a wide variety of these theorems for the LST and the characteristic function. As a first example,
we present Karamata’s Tauberian theorem, which is the direct extension of the power law example above
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for the case of increasing functions.

Theorem 2.8. (Karamata’s Tauberian theorem) Let | be a non-negative right-continuous increasing func-
tion such that f(x) = 0 for x < 0, and let p > 0. Then, for slowly varying L(x), the following are
equivalent.

f(z) ~ L(x)x” (x — 00), 2.7)
Ui(s) ~Tlp+ DI(U/s)s™ (510 28)

This result says something very powerful. Informally, it says that if the behavior of the LST as s | 0
is approximately a power law, then the corresponding function is also a-power law with the same index.
Further, given the representation of regularly varying functions in Theorem 2.3, this can be interpreted in a
different light as well. In particular, since (2.7) characterizes regularly varying functions, the theorem states
that regularly varying functions are exactly those that have LSTs that are regularly varying around zero.

Though Theorem 2.8 is commonly called a Tauberian theorem, it actually includes both a Tauberian
theorem and an Abelian theorem. In particular the direction showing that (2.7) implies (2.8) is called an
Abelian theorem and the reverse direction is a Tauberian theorem. The Tauberian direction is typically
harder to prove, which is why such theorems are typically referred to as Tauberian theorems. We omit the
proof of Theorem 2.8 here; the interested reader is referred to Theorem 1.7.1 in [29].

Theorem 2.8 is powerful, but does not yet give us exactly what we would like since it still assumes
that the index p is positive. Thus, it does not apply to regularly varying distributions directly. However, it
is possible to remedy this. In particular, the following is a more general version of Karamata’s Tauberian
theorem that uses a Taylor expansion of the LST in terms of the moments of the distribution.

Theorem 2.9. Consider a non-negative random variable X with distribution F. For n € Z, suppose that
E [X"] < oo. Then for slowly varying L(x) and o = n + B where 5 € (0,1), the following are equivalent:

F(z) ~ F((l_l)l):c—%(x) (r — 00), (2.9)

(_1)n+1 wX(S) _ Zn: E [XZ] (_S)i

1=0

S ~ s*L(1/s) (s10). (2.10)
7!

To interpret the statement of Theorem 2.9, note that if a non-negative random variable X satisfies
E [X"] < oo, then its LST can be expressed via a Taylor expansion as follows:

Ux(s) = E[XZJ,(S) +o(s") @.11)

1=0

The Abelian component of Theorem 2.9 states that if X is regularly varying with index —«, where o €
(n,n + 1), then the o(s™) correction term in (2.11) is of the order of s*. The Tauberian component makes
the converse implication.

To understand this connection better, let us first consider the case n = 0. For this case, Theorem 2.9
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states that for o € (0, 1),

_ 1
F(x) ~ ml‘_aL(Jﬂ) — Yx(s) — 1~ —sL(1/s).

Clearly, the above applies to distributions with infinite mean. Consider, for example, the Lévy distribution,
which is parameterized by ¢ > 0, and has LST #(s) = eV25¢ for s > 0 [107]. Noting that as s | 0,
1—(s) ~ —+/2cs, Theorem 2.9 (specifically, the Tauberian part) implies that the Lévy tail satisfies F'(x) ~

Fﬁ)x_lﬂ, ie., F(z) ~ \/% z1/?

theorem to the Lévy density function; see Exercise 1.
Next, consider the case n = 1. In this case, Theorem 2.9 states that for o € (1,2),

. The same conclusion can be arrived at by applying Karamata’s

—1

F(Zlf) ~ miﬁ_aL(I’) < wX(S) —1+E [X] S~ SaL(l/S).
The above statement in turn is applicable to distributions with a finite first moment, but.an infinite second

moment.

Proof sketch of Theorem 2.9. We present here the proof of Theorem 2.9 for the case n = 0 to illustrate how
Theorem 2.9 actually follows from Theorem 2.8. The case n > 1 is slightly more cumbersome, but follows
along similar lines (see Exercise 10).

Let us first consider the Abelian direction. Accordingly, suppose that F'(x) ~ ﬁaz—“l)(m) for

€ (0,1). Consider now the function g(z) = [ F'(y)dy, which has LST t)4(s) = %"(8) (checking this

claim is left as an exercise for the reader). From Karamata’s theorem (Theorem 2.4), note that

1
(1-—a)'(1-a)

g(x) ~ 2T L(z).

Since 1 — a > 0, we can now invoke Theorem 2.8 (specifically, the Abelian part) to conclude that

_1-dx(s)  ~ T(2-0)
s (1—-a)l(1—a)

¥y(8) s*THL(1/s),
which in turn implies that ¢ x (s) — 1 ~ —s*L(1/s) (note that I'(2 — o) = (1 — )I'(1 — ).

Next, consider the Tauberian direction, i.e., suppose that ¢ x (s) — 1 ~ —s*L(1/s), which is equivalent
to 1y(s) ~ s 1L(1/s). Invoking Theorem 2.8 (specifically, the Tauberian part), we conclude that g(x) ~
ﬁwl_o‘[/(s). Finally, the monotone density theorem (Theorem 2.5) implies that

_ 11—« 1
Flz)~ ———2 %L(z) = =———x2" “L(x).
This completes the proof.

The proof for general n follows along similar lines; the Abelian direction involves applying Karamata’s
theorem n + 1 times, while the Tauberian direction involves applying the monotone density theorem n + 1
times (see Exercise 10). ]
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Karamata’s Tauberian theorem is only one of many Tauberian theorems that are useful when studying
heavy-tailed distributions. In particular, given that it relies on the LST, the versions we have stated above
are only relevant for non-negative distributions. For other distributions, one needs Tauberian theorems for
the characteristic function. An example of such a Tauberian theorem is the following, which is due to
Pitman [157] (see also Page 336 of [29]). Note that this Tauberian theorem uses only the real component of
the characteristic function, Ux (¢), i.e.,

oo
Ux (1) = Re(ox (1)) = / cos(tz)dF ().
— 0o
Theorem 2.10 (Pitman’s Tauberian theorem). For slowly varying L(x), and « € (0,2), the following are
equivalent:

Pr(|X|>x)~2 *L(z) as x — oo,

L= Ux(t) ~ 5 o S;; e /Q)tO‘L(l/t) ast 0.

While there are many versions of Abelian and Tauberian theorems for the characteristic function, we
choose to highlight this one because we make use of it later in the book in Chapter 5 when introducing
and proving the generalized central limit theorem. Like Karamata’s Tauberian theorem, this result connects
the tail of the distribution to the behavior of a “transform’ around zero, only in this case the “transform”
considered is the characteristic function. Note that, because this Tauberian theorem applies to the tail of
| X | rather than X, it cannot be used to distinguish the behavior of the right and left tails of the distribution.
Rather, it provides information only about the sum of the two tails. However, because of this fact, it deals
only with the real part of the characteristic function, which makes it much simpler to work with analytically.
The interested reader can find more general Abelian and Tauberian theorems in [29].

We have not focused on examples in this section, however there are a number of illustrative examples
of how to apply the theorems in this section scattered throughout the book. Two particularly important ones
are in Chapter 5, where we apply the Abelian part of Theorem 2.10 to prove the generalized central limit
theorem and the Tauberian part of Theorem 2.9 to study the return time of a one-dimensional random walk.

2.4 An example: Closure properties of regularly varying distributions

Regularly varying distributions play a central role in this book, showing up in nearly every chapter. So,
as you work through the book you will encounter a variety of applications of the properties and theorems
discussed in the previous sections of this chapter. For example, regularly varying distributions play a foun-
dational role in the generalized central limit theorem discussed in Chapter 5, the analysis of a multiplicative
processes in Chapter 6, and the discussion of the extremal central limit theorem in Chapter 7.

Here, as a “warm-up” to those applications we provide some simple illustrations of the properties we
have studied so far in order to prove some important closure properties about the set of regularly varying
distributions. These closure properties, while intuitive, should not be taken for granted. In fact, these closure
properties do not always hold for the more general classes of heavy-tailed distributions we study in the next
two chapters.
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Lemma 2.4. Suppose that the random variables X and Y are independent, and regularly varying of index
—ax and —ay respectively.

(i) min(X,Y") is regularly varying with index —(ax + ay ).
(ii) max(X,Y") is regularly varying with index — min{ax, ay }.
(iii) X+Y is regularly varying with index — min{ax, ooy }. Moreover, Pr (X +Y > t) ~ Pr(max(X,Y) > t).

Lemma 2.4 highlights that the class of regularly varying distributions is closed with respect to min,
max, and convolution. These properties should be exactly what you should expect given that intuition
that regularly varying distributions are generalizations of Pareto distributions. For example, the sum of
two Pareto distributions does not yield another Pareto distribution, of course, but when one considers only
the tail the resulting convolution will certainly continue to have a tail that decays like a polynomial, and
thus be regularly varying. A similar intuition holds for both the min and max of two Pareto distributions.
Though the resulting distributions are certainly not Pareto distributions, they still have a tail that decays like
a polynomial, and thus are regularly varying.

While simple and intuitive, these closure properties often turn out to be powerful. For example, the third
property in Lemma 2.4 can be extended to the case of n i.i.d. regularly varying random variables easily, i.e.,
Pr(Yi+Ya+ - -+Y, >t) ~nPr(Y; > t) (see Exercise 7). This fact is used crucially in our analysis of
random walks in Chapter 7, specifically in the proof of Theorem 7.4.

Proof. We begin by using the representation of regularly varying distributions given by Theorem 2.3. Since
X and Y are regularly varying, there exist slowly varying functions Lx and Ly such that Pr(X >t) =
t7*X Lx(t) and Pr(Y >t) = ¢t~ Ly (t). Now, using these representations, we can prove each closure
property in turn.

(i) Note that Pr (min(X,Y) >t) = Pr(X >t)Pr (Y > t) =t~ (@x+o¥) [y (t) Ly (t). Since the product
of slowly varying functions is also slowly varying, Claim (¢) of the lemma follows.

(73) Since {max(X,Y) >t} = {X >t} U{Y > ¢}, we have
Pr(max(X,Y)>t) =Pr(X >t)+Pr(Y >t) —Pr(X >¢)Pr(Y > t). (2.12)

Without loss of generality, we can consider the following cases separately: ax < ay,and ax = ay.
If ax < ay, it follows from (2.12) that Pr (max(X,Y’) > t) ~ Pr(X > t), which then implies that
max(X,Y) is regularly varying with index —acx.

If ax = ay, then it follows from (2.12) that Pr (max(X,Y) > t) ~ Pr(X > ¢) +Pr(Y > t),ie,

Pr(max(X,Y) >1t) ~ t7*X(Lx(t) + Ly(t)). Since the sum of slowly varying functions is also
slowly varying, it follows that max (X, Y") is regularly varying with index —ax.

This completes the proof of Claim (i7).
(7i7) This final claim is the most involved. The first step in our proof is to establish an upper bound and a

lower bound on the probability of the event {X + Y > ¢}. Then we analyze those bounds to obtain
the result.
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To begin, note that the event {X > ¢} U {Y > ¢} implies {X + Y > t}. This gives us the following
lower bound.

Pr(X+Y>t)>Pr(X>t)+Pr(Y >t)—Pr(X >¢t)Pr(Y >¢) (2.13)

Next, let us fix 6 € (0,1/2). It is easy to see that the event {X + Y > ¢} implies the event {X >
(1=t u{Y > (1-9)t}U{X > ot,Y > dt}. This implication, along with the union bound leads
to the following upper bound.

Pr(X+Y >t)<Pr(X>1-6)t)+Pr(Y >(1—-08)t)+Pr(X >dt)Pr(Y >dt) (2.14)
Now, to complete the proof we consider the following two cases separately: ax < ay,and ax = ay.
Let us first consider the case ax < ay. It follows from (2.13) that

.. Pr(X+Y >1)
liminf ———M—+—2% >
tooo  Pr(X.>t)

Similarly, it follows from (2.14) that

) Pr(X+Y >1t) . Pr(X > (1-6)1)
limsup ——————= < lim
t—soo  Pr(X >t) tooo  Pr(X >t)

= (1—4)x,

Letting 0 approach zero, we conclude that Pr(X +Y > t) ~ Pr(X > t). This implies that X + Y
is regularly varying with index —a x, and also that Pr (X +Y > ¢) ~ Pr (max(X,Y) > t) (since we
have established in the proof of Claim (ii) that Pr (max(X,Y) > t) ~ Pr (X > t)).

Finally, we consider the case ax = ay . In this case, using the same steps as above, it can be shown
that
Pr(X+Y>t)~Pr(X>t)+Pr (Y >1).

This of course implies that X +Y is regularly varying with index —ax, and also that Pr (X + Y > t) ~
Pr (max(X,Y) > t) (we have established in the proof of Claim (i7) that Pr(max(X,Y) >t) ~
Pr(X >t)+Pr(Y >t)).

This completes the proof of Claim (7i).

2.5 An example: Branching processes

Branching processes are a fundamental and widely applicable area of stochastic processes. While they were
born from the study of surnames in genealogy, at this point they have found applications broadly in the study
of reproduction, epidemiology, queueing theory, statistics, and many other areas. Here we use one of the
first, and most famous branching process models — the Galton-Watson process — as an illustrative example
of the power of the properties of regularly variation that we have explored in this chapter.

Not only is the Galton-Watson model one of the most prominent examples of a branching process, it has
an interesting story behind it. As the story goes, Victorian aristocrats were concerned about keeping their
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surnames from going extinct and wanted to understand how many children they needed to have to ensure the
survival of their name. This prompted Sir Francis Galton to pose the following question in the Educational
Times in 1873 [83]:

How many children (on average) must each generation of a family have
in order for the family name to continue in perpetuity?

Just a year later, Reverend Henry William Watson came up with the answer and the two wrote a paper
[190]. By now, the model named after them has become the canonical model of branching processes and
has been used in wide-reaching areas from biology (see [10]), to the analysisof algorithms (see [58]), to the
spread of epidemics (see, for example, [33, 146]).

The modern version of this model is defined formally as follows. In particular, a Galton-Watson process
{ X5 }n>0 is defined by:

Xo=1,

Xn
Xpp1= Y N (n>0)
j=1

where IV ;nH) are i.i.d. random variables taking non-negative integer values, distributed as V. In the Victo-
rian context, N was interpreted as the number of male children (since the' woman took the man’s surname at
marriage) in a family, and X, as the number of men in the 4 1st generation. Given this model, the question
asked by Victorian aristocrats can be studied by asking, given the distribution of N, will the process go on
forever (i.e., X,, > 0 for all n) or will it go extinct (i.e., for some n,, X,, = 0 for all n > ng)? And, if it
goes extinct, how many total distinct descendents (across all generations) would exist?

It turns out that the answers to these questions depends on the expected number of male children
each person has, i.e., u := E[N]. It is not hard to see that the probability of extinction, 7, is given by
1 = limy,_,o Pr (X,, = 0) . The foundational theorem for Galton-Watson processes illustrates that there are
three cases, depending on whether ;. is greater than, less than, or equal to 1. Basically, to have a positive
probability of avoiding extinction, the expected number of children of each generation needs to be strictly
greater than one.

Theorem 2.11. The probability of extinction, 1, in a Galton-Watson branching process satisfies the follow-
ing:

(i) Subcritical case: If u < 1 thenn = 1.
(ii) Critical case: If 4 = 1 and N has positive variance, then n = 1.
(iii) Supercritical case: If ;1 > 1 thenn € (0, 1).

Note that in the subcritical case and the critical case, extinction is guaranteed (except in the trivial
case where NV equals 1 with probability 1.) On the other hand, in the supercritical case, the lineage has a
positive probability of surviving in perpetuity. Theorem 2.11 is classically proven using an approach based
on probability generation functions; and we refer the interested reader to [91, Section 5.4] for the proof.
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While the subcritical and critical cases are identical from the standpoint of extinction probability, they
differ in terms of the distribution of the total number of distinct male descendants Z := ) -, X, as well as
the time to extinction 7 := min{n : X,, = 0} (see [18,90]). Here, our goal in studying branching processes
is to illustrate the power of the Tauberian theorems we have introduced in this chapter; thus we study the tail
of Z in the critical case. Specifically, we prove the following result.

Theorem 2.12. Suppose that ;. = 1 and that N has finite, positive variance. Then, the total number of
distinct male descendants, Z, is regularly varying with

1

12,
V7(E[N?] - E[N])

Pr(Z >1t)~

Before moving to the proof, it is important to notice that the total number of distinct male descendants
has the following recursive structure.

2214+ 7 2.15)

where {Z;} are i.i.d. random variables with the same distribution as Z and independent of N. To see this,
think of IV as the number of descendants of the ‘first’ individual, and Z; as the number of descendants of his
ith child. That each Z; has the same distribution as Z is referred to as the branching property. In the proof
below, we exploit this branching property to characterize the tail of Z.

Proof of Theorem 2.12. Since we are going to apply a Tauberian theorem, the transform of Z is important.
Here, we use the LST of Z, denoted by t7. Let Gn(t) := E[tV] = 7% t'Pr(N =) denote the
probability generating function of N. It is now not hard to show, using 2.15, that ¢z satisfies the following
functional equation:

Yz(s) = e "Gn(Yz(s)); (2.16)

see Exercise 13.
Analogously to the LST, the probability generating function admits the following Taylor expansion
around ¢t = 1:
Gn(t) =14+ my(t—1)+ma(t —1)>(1+0(1)) asttl,

where m; = E[N], my = E [N?] — E[N
Exercise 14) and using the fact that m; =
expansion simplifies to

| . Given that N has finite, positive variance, mg > 0 (see
@ = 1 in the critical case that we are studying, the above

Gn(t) =t +ma(t — 1)%(1 + o(1)).
Now, we combine this with the functional equation for 1)z (s), to obtain
pz(s) = e[z (s) + ma(l —1z(s))*(1+0(1)) ass 0. (2.17)

Our goal is to apply Theorem 2.9, but we must first simplify the above expression. To do so, we use a few
Taylor expansions. First, note that e = 1 — s(1 + o(1)). Similarly, we also know that ¢z (s) = 1 — o(1),
since the total size of Z is finite with probability 1 by Theorem 2.11. Now, if we first move the term e~ (s)
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to the left hand side of 2.16 and then use the two expansions, we get
s =ma(l —1z(s))*(1+0(1)) ass]O0.

It follows that

1—1(s) ~+/s/ma ass|O.
Finally, we are ready to apply Theorem 2.9 with n = 0, & = 1/2, and L(z) = 1/,/mz. Using the identity
I'(1/2) = /m, we get

1
Pr(Z >x)~ 777@96_1/2 as & — 00.

2.6 Additional notes

In the chapter we gave an overview of several properties of regularly varying distributions. While we did not
focus much on regularly varying functions, the properties we described also apply more broadly. However,
the interested reader can find much more on regularly varying functions in [29]. That book also contains
results for sums that are discrete anologues of Section 2.3.1. That section is the only section in this chapter
that assumes continuity.

While we described many analytic and closure properties of regularly varying distributions within this
chapter, there are many other useful properties we did not have space to cover. For example, with respect to
closure properties, an additional important property is the closure of products of random variables, for which
we refer to one of the exercises below; see also [56]. In addition, it can be shown that certain generalized
inverses of regularly varying distributions are still regularly varying. On the analytical side, an important
property that should be mentioned is the uniform convergence theorem, stating that the convergence of
L(at)/L(t) in the definition of slowly varying functions is necessarily uniform on any interval a € [g, d] for
0 < g < d < oo. For an overview of these, and many other properties, we refer to the landmark monograph
on regular variation [29].

We have focused on the most classical version of regularly varying distributions in this chapter, but it is
important to be aware that there are several important extensions of regular variation, some of which will
appear in later chapters. Two particularly useful extensions are (i) intermediate regular variation and (ii)
dominated variation. A function f is of intermediate regular variation if

lim lim sup M = lim lim inf M =1; (2.18)
€l0  z—co f(z) €l0 z—00 f(z)
and a function f is of dominated variation if
. f(za) .. o f(za)
lim sup < 00, lim inf > 0. (2.19)
g0 f(T) z—oo ()

for every a > 0.
It is straightforward to see that regularly varying functions of index # 0 satisfy both intermediate regular
variation and dominated variation. In some particular situations, for example in queueing theory the assump-
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tion of intermediate regular variation is the most general possible assumption for particular approximations
of the tail to hold, or for particular proof methods to work, see [31, 147] for examples.

In statistical applications such as establishing asymptotic normality of estimators, it convenient to con-
sider a subclass of slowly varying functions, which is the class of second-order slowly varying functions.
In particular a function L is second-order slowly varying of index ~ if there exists a function g which is
regularly varying with index -~y such that

L@ _
lim e - K . (2.20)

See e.g. Chapter 2 in [29].

As we have mentioned already, regular variation plays an important role in queueing theory and statistics.
In addition to its usefulness in these areas, the concept of regular variation is also paramount in financial and
insurance mathematics [65], [15]. Another application area where the concept of scale-freeness and regular
variation is important is that of complex networks, where the definition of power laws versus the more
flexible class of regularly varying distributions sometimes seems to cause some confusion, cf. the discussion
in [188]. For an introduction to the field of complex networks, see [25]. In Chapter 6 of this book, we come
back to this application, when we discuss the mechanism of preferential attachment as a classical example
of the emergence of heavy-tailed phenomena.

Regular variation will reappear at many other places in this book. A non-exhaustive list of examples is

e Chapter 3, where we use regularly varying distributions to investigate the behavior of random sums.

o Chapter 4, where we apply regularly varying distributions to study residual life and illustrate a con-
nection between slowly varying functions and long tailed-distributions.

e Chapter 5, where we use Tauberian Theorems to derive the generalized Central Limit Theorem.

e Chapter 6, where we use regular variation to understand variations of the multiplicative Central Limit
Theorem.

e Chapter 7, where characterizing the classes of distributions that admit a limit law for their maxima
rely on analytic tools of regular variation, as does the analysis of the all-time maximum of a random
walk with negative drift.

e Chapters 8 and 9, where regular variation plays a key role in the development of statistic tools for
estimating heavy-tailed distributions from data.

2.7 Exercises

1. Show that the following distributions are asymptotically scale invariant (i.e., regularly varying).

(a) The Cauchy distribution.
(b) The Burr distribution.
(c) The Lévy distribution.
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The definitions of these distributions can be found in Chapter 1.
2. Consider a distribution F' over R with finite mean p. The excess distribution corresponding to F)
denoted by Fr, is defined as
1 [ 2
R@)=o [ Fldy
H e
If ' € RV(—a) for a > 1, show that F, € RV(—(a — 1)). Specifically, show that
_ €T _
Fe(x) ~ - 1F(£L‘)
3. Prove that the LogNormal distribution is not regularly varying.
4. Prove Lemma 2.1.
5. Prove Theorem 2.7.
6. Prove that if the function f satisfies z f'(z) ~ pf(z), then f € RV(p).
Hint: Use the Karamata representation theorem (Theorem 2.6).
7. Suppose that X1, Xo,---, X, are i.i.d. regularly varying random variables with index —a, where
n > 2. Prove that
Pr(X;+Xo+ -+ X, >x) ~nPr(X; >x).
8. Suppose that the random variables X and Y are independent, with X € RV(—ax) and
Pr(Y >t)=oPr(X >t)) (t— ).
Prove that X +Y € RV(—ax).
9. Suppose that that the random variable X € RV(—«). Show that the same property holds for its
integer part | X |.
10. Prove Theorem 2.9 for the case n = 1. Specifically, for a non-negative random variable with finite
mean, prove that for o € (1,2),
. -1
F(zx) ~ mx_aL(:v) — Px(s) —1+E[X]s~s*L(1)s).
Note: The above exercise should give the reader an idea of how to prove Theorem 2.9 for general n.
11. Let X be a non-negative random variable of which the distribution function F' is regularly varying

with index —c, and let Y be a random variable independent of X for which E[Y **¢] < oo for some

€ > 0. Show that
Pr (XY >t)

XSy E[Y?] 2.21)

as t — oo. [Hint, condition on the value of Y and use the condition E[Y*"¢] < oo and a useful
property of slowly varying functions to justify the interchange of limit and integral.]
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12.

13.

14.

Suppose that f(t) is regularly varying of index « > 0. Define [ (z) = inf{t : f(t) = x}. Prove
that f () is regularly varying of index 1/«.

Suppose that {X;};>1 is a sequence of i.i.d. random variables. The random variable N takes non-
negative integer values, and is independent of { X;};>1. Let Gn(-) denote the probability generating
function corresponding to N. Define Sy = Zf\i 1 Xi. Prove that

Ysy (s) = Gn(Yx(s)).
Here, 1y (-) denotes the LST corresponding to random variable Y.

Suppose that the random variable N takes non-negative integer values. If the variance of NV is positive
and finite, show that E [N?] > E [N].
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Chapter 3

Catastrophes, conspiracies, and
subexponential distributions

Suppose you are in a class with fifty other students and the professor does an experiment. She records the
heights and the number of Twitter followers of every student in the class. It turns out that both the sum of
the heights and the sum of the numbers of followers are unexpectedly large. The sum of the student heights
comes to more than 310 feet and the sum of the number of twitter followers comes to just over half a million!
The average height of a male in the US is 5 feet 9" and the average number of Twitter followers is 700, so
these two totals are quite surprising. Since they are significantly larger than the average number one would
expect for the sums, the professor asks the class:

What do you think led to the unexpectedly large sums?

Of course there are many possible explanations, but the explanations fall into two general categories:
either there are a lot of students in the class that have slightly larger values than average or there are a few
people in the class that have extremely large values and everyone else is nearly average.

Let us first think about the case of heights. In this case, the more intuitive of these explanations is clearly
the first: that the sum is large because a lot of students are slightly taller than average. For example, maybe
the basketball and volleyball teams are taking the class. It is certainly not very likely that the sum of the
heights is large because a few students are 20 foot tall giants!

However, in the case of Twitter followers, it is the other way around — the most likely explanation for
why the sum is large is that there is one person in the class that is a twitter celebrity, and that person has
nearly half a million followers all by themselves.

The contrast between these two explanations is what leads to the title of this chapter: the most likely
explanation for a large sum of heights is a “conspiracy” where many people are slightly taller than average
and the combination leads to a large sum, while the most likely explanation for a large sum of twitter
followers is a “catastrophe” where one person has an extremely large number of followers. The difference
between these explanations is quite jarring and, of course, it is not limited to the comparison of heights and
number of twitter followers. The fundamental reason for this difference is that the distribution of heights is
light-tailed and the distribution of twitter followers is heavy-tailed. Light-tailed distributions tend to follow
a “conspiracy principle”, while heavy-tailed distributions tend to follow a “catastrophe principle.”

59
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To drive the point home, consider a classical example of a heavy-tailed phenomenon — earthquakes. A
priori, one might expect that if there are a lot of deaths due to earthquakes in a given year it is most likely the
result of there being a lot of earthquakes. However, the catastrophe principle for heavy-tailed distributions
tells us that we should expect something different. As in the case of Twitter followers, we should expect
that the most likely reason that a year has an unexpectedly large number of deaths due to earthquakes is that
there was one earthquake that was extremely deadly. In fact, we should expect that there was one earthquake
that led to nearly all of the deaths during the year, i.e., an extreme catastrophe. To make this concrete, let us
look back at the deaths caused by earthquakes in recent years. 2010 and 2011 were particularly bad years for
earthquakes. It is estimated that there were 320, 627 deaths worldwide from earthquakes in 2010 and 22, 053
deaths worldwide from earthquakes in 2011. Both of these years have considerably larger death tolls than
any other years in the last recent past [193, 194]. In both cases, just as the catastrophe principle predicts,
the unusually large death toll is primarily the result of one catastrophic event. In 2010 a 7.0 magnitude
earthquake in Leogane, Haiti led to an estimated 316, 000 deaths,and in 2011 a 9.1 magnitude earthquake
in Tohoku, Japan led to an estimated 20, 896 deaths.

This example highlights that the catastrophe principle can be viewed as a form of Occam’s razor —
the simplest explanation for a large sum is that one large event happened, not that a collection of many
slightly larger than expected events conspired together to make the sum large. It is this simplicity that
leads to the power of the catastrophe principle’s insight about the behavior of heavy-tailed distributions.
However, because of its counterintuitive nature, the catastrophe principle is one of the most mysterious
properties associated with heavy-tailed distributions. It is completely contrary to what happens under the
“typical” light-tailed distributions we learn about in introductory probability courses, e.g., the Gaussian and
Exponential distributions.

To understand a bit more about why the conspiracy principle often feels more intuitive, it is useful to
think a bit more mathematically. In particular, an overly simplistic, but still useful characterization of light-
tailed distributions is that the samples never differ too much from the mean of the distribution, i.e., samples
are concentrated around the mean. This means that all the samples from a light-tailed distribution are of a
similar size, i.e., on the same scale. The conspiracy principle is quite natural given this view of light-tailed
distributions — since all samples are similar, any large sum is most likely to be a combination of many slightly
larger than average samples rather than the result of one big outlier, which would be extremely unlikely.

In contrast, a simplistic, but useful view of heavy-tailed distributions is that they are made of “many
mice and a few elephants.” That is, heavy-tailed distributions yield a lot of small samples (many mice), and
when there are large samples, they are very large (a few elephants).! This view of heavy-tailed distributions
provides a very tangible explanation of the catastrophe principle — if the sum is unexpectedly large it is
most likely because an elephant arrived. Further, since there are only a few elephants, it is unlikely that two
elephants arrived, so the sum is probably dominated by a single elephant. This is sometimes referred to as
“the principle of a single big jump," which we formalize in Section 3.4.

While we have been casual in our description of conspiracies and catastrophes so far, these concepts are
precise, formal properties. They are not only useful for intuitively reasoning about heavy-tailed and light-
tailed distributions; they are also important analytic tools, as we show in this chapter. In particular, in this

'The view of heavy-tailed distributions in terms of mice and elephants came out of the computer networks community, where
it provided useful intuition for guiding protocol design, e.g., [66,94,152]. The perspective highlights that one often needs to handle
small events in a different way than large events, or at least one needs to separate the mice from the elephants when designing
systems. Given that computing workloads are typically heavy-tailed, this insight has played a key role in the design of routing and
scheduling policies within computer networks and distributed systems, e.g., [30,98,171].
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chapter we formally present the conspiracy and catastrophe principles and connect the catastrophe principle
to a general class of heavy-tailed distributions termed “subexponential distributions.”

3.1 Conspiracies and catastrophes

To this point we have only described the conspiracy and catastrophe principles informally. However, these
principles can be made rigorous, and can serve as powerful analytics tools when studying heavy-tailed and
light-tailed distributions. It is important to note that there is not really one catastrophe principle and one
conspiracy principle. Instead, there are many variations of these principles that can be defined and used,
each with varying strengths and generality. In this section we introduce the simplest statements of each
in order to highlight how these properties can be formalized. Later in the chapter, in Section 3.4, we give
examples of variations of both catastrophe and conspiracy principles.

3.1.1 A catastrophe principle

As we have already described, the idea behind the catastrophe principle is that an unexpectedly large sum of
random variables is likely the result of a catastrophe, i.e, a result of one unexpectedly large event (sample).
We can formalize this idea in terms of the tail of a sum of random variables. In particular, if a large sum
is most likely the result of a single “catastrophic event”, that means that the tail of the sum is on the same
order as the tail of the maximum element in the sum. Formally, we state this property as follows.

Definition 3.1. A distribution F' over the non-negative reals is said to satisfy the catastrophe principle if,
forn > 2 independent random variables X1, Xa, . .., X, with distribution F

Pr(max(Xi,Xo;...,Xp)>t) ~Pr(Xi+Xo+ ...+ X, >1t) ast— oo

The catastrophe principle is a particularly powerful property because, a priori, there are many things
that could have led to the sum being large but the catastrophe principle specifies precisely how it happened.
That is, a priori the sum could have been large because every sample was slightly bigger than average, but
the catastrophe principle specifies that the sum is large because of exactly one very large sample.

This catastrophe principle can be rephrased in many different ways, and another appealing one is the
following. Assuming that the random variables are positive, i.e., X; > 0, the catastrophe principle can be
reformulated in terms of a conditional probability as follows:

Pr(max(Xq,...,Xp) >t Xi+...+ X, > 1)
Pr(Xj+...+X,>1)

~ Pr(max(Xy,...,X,) >1)

Pt X .. X, > 1)

Pr(max(Xy,...,X,) >t X1+... + X, >t) =

— last — oo.

This highlights that if the catastrophe principle holds, then the maximum of n samples is very likely to
be bigger than ¢ given that the sum of n samples is bigger than ¢. So, the event that the sum is unusually
large is, with very high probability, the result of precisely one large “catastrophic” event occurring.

The definition of this catastrophe principle is simple and general enough that it is satisfied by almost
all common heavy-tailed distributions. For example, the class of regularly varying distributions satisfies
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this catastrophe principle. Indeed, Lemma 2.4 states that for i.i.d. regularly varying random variables X;
and Xo, Pr (max(X1, X3) >t) ~ Pr(X; + Xo > t). It is easy to see that the same argument extends to
the case of n i.i.d. regularly varying random variables (see Exercise 1). Additionally, many other common
heavy-tailed distributions satisfy this catastrophe principle. For example, the Weibull (with o < 1) and the
LogNormal distribution, although it is more difficult to verify these.?

The generality of this catastrophe principle has further led to the definition of a formal class of heavy-
tailed distributions — the class of subexponential distributions, which contains the class of regularly varying
distributions we study in the previous chapter. We discuss the class of subexponential distributions in depth
in Section 3.2.

Though most common heavy-tailed distributions satisfy this catastrophe principle, it is important to note
that not all heavy-tailed distributions do. Thus, as is the case with scale-invariance, one needs to be careful
to separate the catastrophe principle from the notion of heavy-tailed distributions as a whole. However, it
is worth noting that distributions that are heavy-tailed but do not satisfy the catastrophe principle are rather
pathological; we comment on constructing such examples in Chapter 4.

3.1.2 A conspiracy principle

In contrast to the catastrophe principle, the conspiracy principle aligns with our intuition about how unex-
pectedly large events happen — as the combination of a large number of factors. This makes the conspiracy
principle more intuitive than the catastrophe principle for most people. However, it is also less powerful in
many cases because it does not provide as “simple” an explanation for the rare event.

As in the case of the catastrophe principle, formalizing the notion of the conspiracy principle is most
naturally done in terms of the tail of sums of random variables. In particular, the conspiracy principle implies
that the tail of a sum of random variables dominates the tail of the maximum element in the sum.

Definition 3.2. A distribution F over the non-negative reals is said to satisfy the conspiracy principle if, for
n > 2 independent random variables X1, Xa, ...y Xy with distribution F,

Pr(max(Xy, Xoy...,Xp) >t) =o(Pr(X1 + Xo+ ...+ X, > 1)) ast— o0

As in the case of the catastrophe principle, this definition can also be interpreted in terms of the condi-
tional probability when the random variables are positive, i.e., X; > 0.

Pr(max(Xi,..., X)) >tNXi+...+ X, > 1)
Pr(X,+... 4+ X, >1t)

_ Pr(max(Xy,...,X,) > 1)

Pt (Xy 4.+ Xy > t)

Pr(max(Xy,....Xp) >t/ Xa+...+ X, > 1) =

— 0ast — oo.

The above definition of a conspiracy principle is simple and broad enough that it is easy to show that
it is satisfied by all common light-tailed distributions. For example, consider the exponential distribution.
For simplicity, we just consider the case of two independent Exponential(y;) random variables X7 and Xo.

2We prove that the Weibull distribution satisfies the catastrophe principle in Definition 3.1 using properties of the class of
subexponential distributions in Section 3.2. We leave the case of the LogNormal as Exercise 2.
3Recall that f(t) = o(g(t)) as t — 00 if lim;—eo % =0.
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10

Figure 3.1: A visualization of the conspiracy and catastrophe principles under the Weibull distribution.
The conditional density function of X1 given that X1 + Xo = 10 is shown, where X, and Xo are i.i.d.
Weibull random variables that are either light-tailed (o« = 2) or heavy-tailed (o« = 0.5).

In this case we have Pr(X; + X2 >t) = e # (1 + ut). On the other hand, Pr (max (X1, X2) > t) ~
2e~#. Therefore, Pr (max (X1, X2) > t) = o(Pr (X + Xo > t)), which shows that the conspiracy princi-
ple holds. It is easy to extend this to the sum of n i.i.d. exponentials (see Exercise 4). Similarly, the Gaussian
distribution and the Weibull distribution (ov > 1).can easily be shown to satisfy the conspiracy principle too
(see Exercises 5 and 6).

In fact, the Weibull distribution is a particularly nice example to use to contrast the conspiracy principle
with the catastrophe principle since, depending on ¢, it can satisfy either. Figure 3.1 illustrates the conspir-
acy and catastrophe principles under different Weibull distributions. For i.i.d. Weibull random variables X
and Xy, Figure 3.1 plots the conditional density function of X; given that X; + Xo = 10, for different
values of «. This sum is unexpectedly large since the E [X;] = E [X3] = 1. For @ = 0.5 (X; are heavy-
tailed), we see the catastrophe principle in action. Indeed, given that the sum of X; and X5 is large, then
with high probability, X either contributes almost the entire sum or almost nothing. On the other hand, for
a = 2 (X are light-tailed), we see that the density peaks at the center of its support, implying that with high
probability, X2 and X5 contribute comparably to the sum.

An important insight from Figure 3.1 is that the definition of a conspiracy principle we have stated is,
in fact, fairly weak — there is a much stronger notion of a “conspiracy” that is happening under the Weibull
distribution with « > 1. In particular, not only is Pr (max(X;, X2) > ) = o(Pr(X; + X2 > t)), but
neither X; or X5 is contributing much more than the other with respect to the sum. That is, both X; and X5
are equal partners in the conspiracy. It turns out that this can be proven formally in the case of the Weibull
as well as other light-tailed distributions, e.g., the Gaussian (see Exercise 7). To highlight this point, the
following result shows that, if a sum of two light-tailed Weibull random variables is unexpectedly large, then
it is most likely that each of the random variables contributes equally to the sum, i.e., they have “conspired”
to make the sum large. This is in stark contrast to the case of heavy-tailed Weibull random variables, where
it is most likely that one of the random variables contributes most of the sum, i.e., a “catastrophe” occurs.

Proposition 3.1. Suppose X1 and X5 are independent and identically distributed light-tailed Weibull ran-
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dom variables with shape parameter o > 1. Then, for any 6 € (1/2,1),

Pr(X1+ Xo>t, X1 >0t) =0(Pr(X1+Xa >t)) ast— oot

Proof. Recall that the cumulative distribution function of X is given by Pr (X; > t) = e,

To begin, we establish a lower bound on Pr (X; + X2 > t), since we need to compare this quantity in
order to establish the lemma. To bound this quantity we consider one specific way in which the sum could
be large — both X; and X5 could have been bigger than ¢/2. Since there are many other ways the sum could
have been large, this is a lower bound. This yields

Pr(X; + Xy > 1) > Pr(X; >t/2, X5 >1/2)
= Pr(X; >t/2) Pr(Xs > t/2)
— AT (3.1)

where the second step follows from independence of X; and Xo.
Now, let us move to bounding Pr (X; + Xo > ¢, X; > dt). We can rewrite this probability as

Pr(X;+Xo>t X1>0t)=Pr(X; >t)+Pr(X1+Xo >t 0t <Xy <t).
Thus, to prove the lemma, it suffices to show that
Pr(X; > t) = o(Pr(X;+ Xa > t)), 3.2)
and
Pr(X14 X2 >t, 0t < Xy <t) =o(Pr(X; + X2 > t)). (3.3)

Our bound of Pr(X; + X5 > ¢) in (3.1) is useful for both of these steps. In particular (3.2) follows

easily from (3.1):
Pr (Xl > t)

PI‘(Xl + X5 > t)

which implies (3.2) since a > 1.
All that remains is to prove (3.3). In this case we can directly compute the probability of interest:

< exp{-A(1 — 27},

t
Pr(X;+Xo>t 0t< X1 <t)= [ fx,(2)Fx,(t —x)dx
ot

t
:/ Naz® le A% e~ At—2)% gy
ot

~ Aa /5: 2 Texp {—)\ta [(%)a + (1 _ %)a] } dz.

The form in the last step is chosen in order to facilitate rewriting the equation using the change of variables
g(t) = t*+ (1 —t)*, where g(t) is defined over the interval [1/2,1]. It is easy to show that the function g

“Interestingly, the exponential distribution (ox = 1), which satisfies the conspiracy principle of Definition 3.2, does not satisfy
this stronger conspiracy principle; see Exercise 8.



3.2: SUBEXPONENTIAL DISTRIBUTIONS 65

is strictly increasing over [1/2, 1], with g(1/2) = 2!~ With this definition, the calculation yields
t

Pr(Xi+Xo>t dt< Xy <t)= )\a/ 2 exp {—Mt%g(z/t)} da
ot

t
< exp{—)\tag(é)}/ z* tda
ot
< Aexp{—At%g(9)} .
Finally, combining the above bound with (3.1), we obtain

Pr(X1+X2 >t, 0t < X4 St)
Pr(X1+X2>t)

< A% exp {=At"(g(6) — g(1/2))},

which implies (3.3) and completes the proof. O

The above result provides both an example of how to apply the formal statement. of the conspiracy
principle in a proof and an example of how to formalize a stronger version of the conspiracy principle in the
specific case of the Weibull distribution. Note that even stronger versions of the conspiracy principle exist
for many light-tailed distributions. We discuss an example of one such variation in detail in Section 3.4.

A final remark about this first conspiracy principle is that, although all common light-tailed distributions
satisfy the conspiracy principle, not all light-tailed distributions do (as was the case for the catastrophe
principle and heavy-tailed distributions). To illustrate this, consider the following light-tailed distribution,
created by mixing common heavy-tailed and light-tailed distributions. Let X = min(Y, Z), where Y and Z
are independent, Y ~ Exponential(), and Z ~ Pareto(x,,, o) with o > 1. It is not hard to show that X is
light-tailed, but does not satisfy the conspiracy principle (see Exercise 10).

3.2 Subexponential distributions

Since our focus in this book is on heavy-tailed distributions, we will dwell a little longer on the catastrophe
principle. The importance (and usefulness) of the catastrophe principle has led to the definition of a formal
subclass of heavy-tailed distributions called “subexponential distributions” that correspond to those distribu-
tions for which a catastrophe principle holds, though the connection between the definition of subexponential
distributions and the catastrophe principle will not be obvious initially. The most classical definition of the
class of subexponential distributions is the following.

Definition 3.3. A distribution F with support R is subexponential (F' € S) if, for all n > 2 independent
random variables X1, Xo, - - - , X, with distribution F),

PrXi+Xo+--+X,>t) ~nPr(X;>1),

which we can state more compactly as F™ (t) ~ nF(t).

SRecall that F™*(t) := Pr(X1 + X2 +--- + X,, > t) denotes the c.c.d.f. of the sum of n i.i.d. random variables having
distribution F.
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This classical definition does not immediately make it clear how subexponential distributions are related
to the catastrophe principle. However, with a simple calculation it is easy to see that they are intimately
related. In particular, with a little effort, it is possible to see that nPr (X; > t) is asymptotically equivalent

to the Pr (max(Xy,...,X,) > t). To see this, we simply need to expand Pr (max(Xi,...,X,) > t) as
follows
_ _ n
lim Pr (max(Xy,...,X,) > t) ~ lim 1 (17 F(t))
t—00 Pr(X; >t) t—00 F(t)
_ 1-(1=nF@t)+ 5)FE)?—..)
= lim _
t—o0 F(t)
F(t F(t
_ oy MO A oF@)
t—o0 F(t)

The above highlights that the tail of the max of n random variables is proportional to 7 times the tail of a
single random variable, i.e.,

Pr (max(Xi,...,Xy) >t) ~nPr(X; > t), (3.4)

and so the definition of subexponential distributions exactly matches the catastrophe principle. We state this
formally in the following lemma.

Lemma 3.1. Consider X1, Xo, ... independent random variables with distribution F' having support R .
The following statements are equivalent.

(i) F is subexponential, i.e., Pr(Xq +Xo+ -+ Xy > t) ~ nPr(X1 > t) foralln > 2.

(ii) F satisfies the catastrophe principle, i.e., Pr (X + Xo + - - - + X, > t) ~ Pr(max (X7, Xo, ..
foralln > 2.

LX) > )

We have already pointed out that most common heavy-tailed distributions satisfy the catastrophe prin-
ciple, and so a consequence of the above is that they are subexponential distributions. That is, the class of
subexponential distributions includes all regularly varying distributions (including the Pareto), the LogNor-
mal, the Weibull (with @ < 1), and many others; see Figure 3.2.

Though we have already proven that regularly varying distributions satisfy the catastrophe principle (see
Lemma 2.4), we have not actually proven that the same is true for the LogNormal, the Weibull, or any other
distribution. This is not an accident, it is not straightforward to prove inclusion of these distributions directly
from the definitions of the class we have seen so far. In particular, though the definitions we have given so
far have intuitive forms and provide useful structure for the analysis of sums of subexponential distributions,
they do not provide an easy approach for proving that distributions are subexponential in the first place.

However, there are a number of more easily verifiable conditions that can be used to show that dis-
tributions are subexponential. The first such condition is yet another equivalent definition of the class of
subexponential distributions. Specifically, it turns out that it is not required for the definition of subexpo-
nentiality to hold for all n > 2, if it holds for n = 2 then it necessarily holds for all n > 2. Further, if it
can be shown that if it holds for some n > 2 it necessarily holds for n = 2 and, consequently, for all n > 2.
This is all summarized in the following lemma.®

We state Lemma 3.2 only for the classical notion of subexponentiality Pr (X1 + Xa + -+ - + X, > ) ~ nPr(X; > t), but
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/ heavy-tailed \
/ subexponential \

. .
LogNormal Weibull (c)[ <1 )

regularly varying

L]
Student’s t

Fréchet Pareto

Figure 3.2: lllustration of the relationship of the class of subexponential distributions to other heavy-tailed
distributions.

Lemma 3.2. Consider X1, X2, . .. independent random variables with distribution F' having support R,..
The following statements are equivalent.

(i) F is subexponential,i.e., Pr(X; +Xo+---+ X,, > t) ~nPr(X; > t) foralln > 2.
(ii) Pl’(Xl + X9 > t) ~ 2PF(X1 > t).
(iii) Pr(X; +Xo+ -+ X, > t) ~nPr(X; > t) for somen > 2.

We do not give the proof of this lemma here. That (i) and (i7) are equivalent was originally proved
in [44] and is the goal of Exercise 13. A proof of the equivalence of (i¢) and (ii¢) can be found in [65,
Appendix A].

Clearly, Lemma 3.2 makes the task of verifying subexponentiality easier; however it can still be difficult
to work with. Often, the most natural approach for verifying subexponentiality comes through the use of the
hazard rate. Recall that the hazard rate, a.k.a., the failure rate, of a distribution /' with density f is defined
as ¢(z) = f(x)/F(z). Heavy-tailed distributions often have a decreasing hazard rate. In fact, this is such
an important property of heavy-tailed distributions that it is the focus of Chapter 4. However, for now, the
role of the hazard rate is simply as a tool for checking subexponentiality — as long as the hazard rate decays
to zero quickly enough then the distribution is subexponential.

Lemma 3.3. Suppose that q(x) is eventually decreasing, with q(x) — 0 as x — co. If [} 1) f(z)dx <
o0, then X is subexponential.

the parallel equivalence holds for Pr (X1 + X2 + - -+ + X, > t) ~ Pr(max(X1, Xo,..., Xn) > t) as well.
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This result is due to Pitman [158], and allows one to exploit a representation of the convolution in terms
of hazard rates. The condition in the lemma makes a certain crucial interchange of limit and integration
permissible. We do not go into the details, and instead refer to a proof which can be found in [158] or [65,
Proposition A3.16].

The form of the condition above is not particularly intuitive; however it provides a clear approach for
verifying that a distribution is subexponential. In particular, it is quite effective for showing that the Weibull
(with o < 1) and the LogNormal distributions are subexponential. For example, recall that the c.c.d.f. of
the Weibull distribution is given by F'(z) = e~#* | and so its corresponding hazard rate is given by

aﬁxa—le—ﬂxa a1
o) = P = e,

Clearly, this hazard rate is decreasing to zero monotonically. So, plugging this hazard rate into the condition

of Lemma 3.3, we can simply calculate the integral to show that the Weibull with o <1 is subexponential.

1
1—a

o0 oo
/ exq(x)f(:c)d:r = 045/ emﬁxailaﬂxa_le_ﬁxadx = < 00.
0 0
Note that if o > 1 then the integral is infinite.

As one would expect from the name “subexponential”, all subexponential distributions have a tail that
is “sub” exponential, i.e., their tail decays more slowly than an Exponential and thus the tail is heavier
than an exponential. However, to this point, we have not actually proven that this is true. In fact, it is not
obvious from any of the definitions we have given of subexponential distributions that they are necessarily
heavy-tailed.

Of course, all subexponential distributions are indeed heavy-tailed, as the name suggests. However,
proving this statement is not as easy as one might expect. The difficulty of the proof of the fact that subex-
ponential distributions are heavy-tailed highlights that it is not always easy to work with subexponential
distributions. They are well-suited for analysis of random sums and extrema, where the definition provides
useful analytic structure; however they can be difficult to work with in general. To end this section, we prove
the seemingly obvious statement that subexponential distributions are heavy-tailed and, in the process, high-
light some common techniques for working with subexponential distributions. The proof highlights a strong
connection between the class of subexponential distributions and the class of long-tailed distributions, which
we discuss in Chapter 4.

Lemma 3.4. Subexponential distributions are heavy-tailed.

Proof. Our proof has two steps. First, we show that if a distribution F' € S, then it satisfies the following
property

lim L(f —Y)
t—o0 F(t)

While this property may seem mysterious now, it is actually the defining property of the class of long-tailed
distributions, which are the focus of Chapter 4. However, that will not be important for us at this point. At
this point, Condition (3.5) is important for us because it implies that F’ is heavy-tailed, and the second step
in the proof is showing that implication.

To begin, suppose that the distribution ' € S, and let X, X3 be independent random variables with
distribution F. Recall that F'>*(¢) := Pr(X; + X5 > t) . From the definition of subexponentiality we have

=1 Vy>0. 3.5)
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lim; 0 F;Zt()) 2. Combining this with the fact that we can write
F2 ()  F()+ [y F(t — u)dF (u)
F(t) F(t) ’

it follows that

Ft—
/ W 4P () = 1.
t%oo

Let us denote the function in the above limit by I(¢ ) lemg y > 0, we may bound (t) as follows:

I(t):/OyF(;—u /Ft—udF )
Rt~
/OdF() o /de()
= Pl + S ()~ @)

The above bound implies that

Now, since lim;_,o, I(t) = 1, we obtain

F(t —
lim sup l( v) <1
t—00 ( )
Of course, since F(t — y) > F(t), we also have
F(t —
liminf T8 5
t—y00 F(t)

This proves that I satisfies Condition (3.5), completing the first step of the proof.
We now move to the second step of the proof: proving that Condition (3.5) implies that F' is heavy-
tailed. To show this we will prove that F' is heavy-tailed using Lemma 1.1, which says that it is enough to

prove that lim inf, _logPrX>z) _ ()

x
To this end, define U (t) = — log Pr (X > t).Itis easy to see that Condition (3.5) implies that lim;_,~ (U(¢)—

U(t —1)) = 0. Therefore, for € > 0, there exists to > 0 such that ¥(¢) — ¥(t — 1) < e forall ¢ > ¢;. Since
U is a non-decreasing function, it follows that for ¢ > ¢,

W(t) < W(to) + [t —to] e,
which implies that lim sup,_, @ < e. Letting € | 0, we get that

W(t
lim sup Q <0
t—ro0 t



70 CHAPTER 3: CATASTROPHES, CONSPIRACIES, AND SUBEXPONENTIAL DISTRIBUTIONS

Moreover, since ¥(¢) > 0, we can conclude that

Ut
lim Q =0.
t—oo t
From Lemma 1.1, it follows now that F' is heavy-tailed, which completes the proof. O

3.3 An example: Random sums

Given the overview of subexponential distributions provided in the previous section, the goal of this section
is to provide an example of how properties of subexponential distributions can be powerful analytic tools,
enabling analysis in a wide array of applications. Since the class of subexponential distributions serves as
a formalization of the catastrophe principle, it is natural that it finds application most readily in settings
that are fundamentally related to some form of random sum. Of course, such applications are common in
domains such as finance, insurance, scheduling, and queueing (among many others).

In many such settings the core of the analysis relies onunderstanding a very simple process — a sum of a
random number of independent and identically distributed random variables. For example, if one considers
the number of deaths from earthquakes in a given year, which we discussed at the beginning of this chapter,
it is reasonable to consider that there are a random number of earthquakes in a year and that the number
of deaths from each one is independent and identically distributed. Of course, both the distribution of the
number of earthquakes and the number of deaths from an earthquake are heavy-tailed [114, 156]. A similar
model could capture the amount of money paid out in insurance claims in a given year, the amount of load
arriving to a cloud service in a given day, and many other situations.

In this section, we illustrate the power of the class of subexponential distributions by considering a
simple and classical model of random sums that underlies such situations. Specifically, suppose {X;};>1
is a sequence of independent and identically distributed random variables with mean E [X] and the random
variable N takes values in N and is independent of { X };>1. Our goal will be to characterize

N
Sy = ZX
=1

You have likely studied the expectation of this random sum in an introductory probability course. In
particular, you have likely heard of Wald’s equation, which gives a simple and pleasing formula for E [Sy]:

E[Sy]=E [ZX

Wald’s equation is particularly pleasing because it tells us that, with respect to the expectation, we can
basically ignore the fact that NV is random. That is, if we had just considered .S,, for some fixed constant n,
then E[S,] = nE[X], and Wald’s equation simply replaces n with E[N].

While Wald’s equation is a very useful result, it is not always enough to have a characterization of the
expectation Syy. We often want to understand the variance of Sy, or even the distribution of Sy. Luckily,
it is not hard to generalize Wald’s equation. For example, the variance of the random sum S} still has a

—E[N]E[X].
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pleasing form:
N

>

i=1

Var = E[N] Var [X] + (E[X])*Var [N].

It is even possible to go much further than just the variance and to derive Wald-like inequalities for the tail
of random sums. However, results about the tail of S are not as general as Wald’s equation and rely on
using particular properties of distributions. In fact, as we show below, the tail of random sums can behave
very differently depending on whether X; and/or IV are heavy-tailed or light-tailed. It is in the derivation
of these results that the class of subexponential distributions shows its value (as will the class of regularly
varying distributions).

The tail of random sums

Before talking about formal results characterizing the tail of random sums it is useful to think about how we
should expect that tail to behave. One natural suggestion is that we should expect something like we saw
with Wald’s equation — it should be “as if”” the random variable /N was simply a constant n. If this were the
case, and if the X; are subexponential, we would have very simple equation for the tail of the sum:

Pr <ZXZ >t> ~nPr(X; >t).

i=1
Thus, a natural guess is that this formula should hold for the tail of the random sum as well, by simply
replacing n with E [NV].
The above guess is indeed correct when N is light-tailed. In this case, since the X; are heavy-tailed they

“dominate” the behavior of the tail of the random sum, and-so only the expectation of N plays a role. We
formalize this in the following theorem.

Theorem 3.1. Consider an infinite i.i.d. sequence of subexponential random variables X1, Xa, ..., and a
light-tailed random variable N € N that is independent of { X;}i>1. Then,

N
Pr (ZXZ- >t> ~E[N]Pr(X; >t).

i=1

Proof. The idea behind this proof is simple. We rewrite the tail of our random sum taking advantage of the
definition of subexponential distributions. Denoting the distribution of X by F’, conditioning on N gives

N
Pr (ZXZ > t> = Pr(N =i)F™(t).
=1

1€N

Looking at the limit we can rewrite this in a form where we can apply the definition of subexponential
distributions as follows:

Pr (Zfil X; > t) % (t)
li =1 — Pr(N =1).
B sy A2 gy YV
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T = b gives the fol-
lowing, where we assume for the moment that we can interchange the order of the limit and the summation:

Applying the definition of subexponential distributions, specifically that lim; .,

lim ZFi*(t)Pr(N:i) => iPr(N =i)=E[N].

iEN F(t) iEN

All that remains is to justify the interchange of the limit and the summation. This can be done via

an application of the dominated convergence theorem, which states that if we can find a ¢-independent
upper bound f3; of 1;1:(%) Pr(N =) such that }_, 3 < oo, then the limit and the summation can be
interchanged. The upper bound 3; can be obtained as follows. It can be proved that for any € > 0, there

exists K > 0 such that 1;;:.:(%) < K(1 + €)’ (see Exercise 11). Taking 8; = K (1 +¢€)'Pr(N =), we get

>ien Bi = E[(1+€)™], which is finite for small enough € since N is light-tailed.

O]

The characterization of random sums in the previous theorem relies on the fact that-the distribution of
X is dominant, i.e., X; are heavy-tailed and [V is light-tailed. In this case, we obtained a simple form for
the tail of the random sum that follows the intuition we derived from Wald’s equation. What remains now is
to understand what happens when things are reversed and the distribution of N is dominant, i.e., when N is
heavy-tailed and X; is light-tailed.

Intuitively, in this case, we should expect the tail of the random sum.to be determined by the tail of N.
To get intuition, let us consider what would happen if the X; were deterministically x. In such a case, the
behavior of the sum would be simple:

N
Pr (Zx >t> =Pr(Nz>t)=Pr(N >t/z).

=1

Thus, one might guess that this formula should continue to hold for the tail of the random sum as well,
simply by replacing # with E [X].

This guess is again correct. In particular, when X is light-tailed and IV is heavy-tailed, specifically
when N is regularly varying, we can characterize the random sum as follows. The proof of this result serves
as a good-example of the usefulness of the properties of regularly varying distributions that we discussed in
Chapter 2.

Theorem 3.2. Ifthe X; are light-tailed and N is regularly varying with index —« (o > 0), then

Pr(iXpt) ~Pr<N>E[tX]>.

Before we prove this result, it is important to point out that this characterization does not hold in general
for heavy-tailed N. To get intuition as to why not, consider the case when N is deterministically n. In
this case, the central limit theorem implies that for large n, S,, ~ nE [X;] + y/nZ for a Gaussian random
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variable Z. Thus, intuitively one could guess that
Pr(Sy > t) ~ Pr (NE X1]+VNZ > t) ~ Pr (N > t/E[X1] — O(\/i)> . (3.6)

This heuristic turns out to be correct and it can be shown that, if the X; are not deterministic, a necessary

condition for Pr (2, Xi > ) ~ Pr (N > g7 ) to hold is that

Pr(N >z) ~Pr(N >z —/z) 3.7

This property is referred to as square-root insensitivity and plays a prominent role in the analysis of heavy-
tailed distributions. Many common heavy-tailed distributions are square-root insensitive, including the
Pareto, the LogNormal, and the Weibull (if « < 0.5) (see Exercise 9). For a more in depth discussion
of square-root insensitivity and its applications, see [55, 138].

Proof of Theorem 3.2. To prove the theorem we establish asymptotically matching upper and lower bounds
on Pr (Zf\i 1 X > t) . In both cases we rely on properties of regularly varying distributions introduced in
Chapter 2.

We start with the lower bound. To obtain a lower bound we characterize the likelihood that the sum is
large as a result of N being large. The intuition behind this is that, since N is heavy-tailed, this is likely to
be the dominant event. Specifically, let e > 0, and let n(t) = té%;f]) We now condition on N > n(t) as
follows.

N N
Pr (2:)(Z >t> > Pr (ZXZ >t N > n(t)>

=1 1=1
[n(t)]
>Pr{ Y Xi>t, N>n(t)

i=1

In the second step above we used the fact that the event {Zlfz(lm X; > t, N > n(t)} implies the event
{Z,fil X; > t, N > n(t)} in order to eliminate NV from the sum. This gives independence between the
two events in the probability and allows us to simplify the expression as follows

N [n(t)]
Pr (in >t> >Pr| > X;>t|Pr(N>n(t)

i=1 =1

[n(t)]
> pe (S0 x> SO )] | POV > ),
=1

where the second step follows from the definition of n(¢). Now, the weak law of large numbers allows us to
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conclude that the first probability above approaches 1 as ¢ — co. Therefore, we have

lim inf o (Zi\;l o t> > lim <N - Ié[X ]))
t=oo pp (N > E[§(1]) 190 pp (N > g% ]>

— (140

where the last step follows from the fact that IV is regularly varying with index —«. Finally, letting € | O,
gives the desired lower bound

Pr (Zz]\il X; > t)
lim inf

t=oo pr (N > m>

We now turn to the upper bound. We partition the event of interest based on the size of V. In particular,

we pick e € (0,1), and let m(t) = t]é[l e]) Then, we partition the event that the random sum exceeds ¢ based
on whether or not NV exceeds m(t) :

N N N
Pr (ZXZ >t> =Pr <ZX > t, N>m(t)> +Pr (ZX >t N gm(t)>

=1 =1 =1

> 1.

Lm(t)]
<Pr(N>m(t) +Pr| > X >t

In the section step we have simplified the expression by using the fact that the event {Zfil X;>t, N <
m(t)} implies the event {Zl.t;nl(m X > t}. Next, plugging in the definition of m(t) yields

[m(¢)]

Pr(ZXi>t>§Pr(N>m(t))+Pr ZX S B )

, 1—c¢
=1

Now, to bound the second term we apply a Chernoff bound. Specifically, we use the following result: Given
light-tailed i.i.d. random variables {Y; };>1 having positive mean, for « > E[Y]], there exists ¢ > 0 such
that Pr (Y1 + Yz + --- Y, > na) < e™® for all n > 1. Applying this result to {Xi}i>1, we conclude that
there exists a positive constant ¢ such that

m X
pr Z 1[_ E] (m(t)] | < e=elm®)] < c=om®-1) _ ot
where ¢ = e? and p = ¢([1X ]) Therefore, we have
t(1—e) B
Pr (2, X; >t><Pr<N>IE[X1])+ o

r(N>E[ ]) _Pr<N>m> (N>E[X1]).
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Since N is regularly varying, its tail decays approximately like a polynomial and thus it is easy to see that

—ut
lim c =0,
t=o0 pr (N > ﬁ)
which implies that
‘ Pr <ZZ]\L1 X > t) ~ Pr (N > ﬁé&fﬁ)
lim sup ; < thm ;
— 00
t—oo  Pr (N > E[Xl]) Pr (N > ]E[X11>
=(1-e77

where the last step follows from the fact that NV is regularly varying with index —a. Letting € | 0, we get
our desired upper bound

Pr (Zz]\;l X, > t)
lim sup

< 1.
t—oo  Pr (N > 7E[§f1])

3.4 An example: Conspiracies and catastrophes in random walks

In order to introduce the catastrophe principle and the conspiracy principle as fundamental properties of
many heavy-tailed and light-tailed distributions, we have focused on simple, intuitive forms of these proper-
ties up until this point. The goal of this section is to highlight that more precise versions of these principles
can be obtained, at the cost of technical complexity. To illustrate this we highlight variations of both the
catastrophe principle and the conspiracy principle in the context of random walks.

Random walks are one of the most classical examples of a stochastic process and have found application
in remarkably diverse settings, including finance, computer science, physics, biology, and more. In this
section, we study a generic random walk of the following form

Spn=X1+Xo+...+X,,

for i.i.d. X; with mean p. Here, S,, is the position of a walker who is taking steps of size X; at each stage.

Most typically, analyses of random walks focus on the expected behavior of the random walk; however,
that is not our goal here. The power of the conspiracy and catastrophe principle comes from providing
explanations for rare events, situations where an unexpectedly large deviation from the “normal” behavior
happens. Thus, the goal of the results here is to understand the large deviations of random walks, i.e.,
Pr (S, > t) for large t. But, it is not enough to consider a fixed ¢ since what qualifies as a large deviation
should depend on n. Thus, more precisely, in this section we study

Pr (S, > an) asn — oo fora > p.

Events where S,, > an for a > p truly are “large” in the sense that they cannot be characterized by



76 CHAPTER 3: CATASTROPHES, CONSPIRACIES, AND SUBEXPONENTIAL DISTRIBUTIONS

the central limit theorem, which focuses on “small” deviations, on the order of y/n, around the mean pn.
This means that understanding Pr (S,, > an) requires understanding rare events. To this end, the results we
present in this section both characterize how likely such rare events are and what leads to such rare events.

In particular, in the setting where X; are heavy-tailed (specifically regularly varying), we strengthen
the catastrophe principle to provide the “principle of a single big jump”, which has seen application in a
variety of applications from scheduling and queueing to insurance and finance. In the setting where X;
are light-tailed, we strengthen the conspiracy principle to obtain Cramér’s theorem, which is a fundamental
concentration inequality in the theory of large deviations whose applications cannot be overstated. Cramér’s
theorem can be thought of as a third fundamental limit theorem, alongside the law of large numbers and the
central limit theorem.

Of course these are only two such examples of stronger catastrophe and conspiracy principles and there
are many others available, depending on the assumptions and requirements of the desired setting. We discuss
some other extensions in the additional notes at the end of the chapter.

3.4.1 The principle of a single big jump

The principle of a single big jump is a variation of the catastrophe principle that adapts the ideas we have
discussed so far to the setting of random walks. To begin, let us consider what insight we can already
obtain for random walks given the catastrophe principle in Definition 3.1. If the steps of the walk, X, are
subexponential, the catastrophe principle already gives us a powerful insight into the behavior of the random
walk. In particular, if n is fixed, then

Pr (S, > t)

1 | . .
nPr(X1>t)_> ,ast — 0o (3.8)

The intuition behind this statement should be very familiar by this point in the chapter: it is highly likely
that, when random walk has a large deviation from the mean, a single large X is responsible.

However, in the context of random walks, the statement in (3.8) is not completely satisfying since it
considers only the case when n is fixed. When studying random walks, the goal is typically to understand
the behavior of the random walk in the long run as n grows large. Thus, what we really want is a more
powerful statement that bounds Pr (.S,, > an) as n — oo for a > p.

If you have internalized the ideas in this chapter you, of course, expect the intuition from the catastrophe
principle to still hold in this case. This intuition allows us to heuristically work out what we should expect
a bound on Pr (S,, > an) to look like. In particular, if we expect that exactly one X; will be large and the
others will be approximately the expected value u, we obtain

Pr (S, >an) ~nPr(X; > (an — pu(n—1)), Xo+ ...+ X;, = u(n — 1))
~ nPr (X1 > (a — p)n), for large n.

The form suggested by this intuition turns out to hold, and is termed the “principle of a single big jump”.
Not only does the intuition bound the likelihood of such a rare event, it also suggests that a large deviation
of a random walk is most likely the result of one, and not more than one, big jump in the walk.

In the rest of this section we state and prove the principle of a single big jump formally. Note that the
principle does not hold generally for subexponential distributions. We prove it here in the case of regularly
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varying distributions, though some generalizations can be found in [55].

Theorem 3.3 (The principle of a single big jump). Suppose X; are i.i.d. with mean . and follow a regularly
varying distribution with index —a, where o > 1. Then for a > p, the random walk S, = X1 + ... + X,
satisfies
. Pr (S, > an)
lim

n—oo nPr (X, > (a — u)n) =1 (39)

Proof. We prove this result by constructing matching upper and lower bounds. Each of the bounds provides
important intuition for the result. In particular, we prove the lower bound by constructing a simple event that
is sufficient to cause the event {.S,, > an} to happen, and at the same time has a probability large enough
to match the desired asymptotic behavior. This event is exactly the one provided by the intuition behind the
catastrophe principle — that a single big jump occurred. In contrast, the upper bound shows that, without a
big jump, the random walk could not have been so large with such a high probability.

Throughout, without loss of generality we let u = 0 and a > 0.’

Lower bound: Our first goal is to show that an asymptotic lower bound holds, i.e., to show that

lim inf Pr(Sn > an)

. 3.10
n—oo nPr(X; > an) (5-10)

To do this, we formalize the event that the random walk is large because of a single big jump. This is
one way a large deviation could have occurred and so it provides a lower bound on the probability. Formally,
pick an auxiliary constant § > a and observe that

Pt (S, > an) > Pr(U",B"), 3.11)
with B}' = {X; > dn, > ;4 Xj > (a— d)n}. Observe that Pr (B}") is constant in ¢ for fixed n. Thus,

Pr (S, > an) > Pr(U;L,B}")

n
> ZPr(Bf) — Y Pr(BrNBY)
i=1 i,5:i7]
n(n—1)

= nPr(B}) — 5

Pr (B} N BY).

Since
Pr (B} N BY) < P(X1 > 6n; Xo > 6n) = P(X; > dn)?,
we see that, by decomposing Pr (B),

n(n —1)

5 Pr (X1 > 6n)?, (3.12)

Pr (S, > an) > nPr(X; > én)Pr(C}) —
with CT' = {>°"_y X; > (a — 0)n}. Since a < 4,

Pr(CT) — 1

"Otherwise, replace X; with X; — p,4 > 1 and a with a — p.
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by the weak law of large numbers. In addition, we see that

_ 2
lim n(n —1)Pr (X > on)

=0 3.13
n—oo nPr (X1 > an) ’ (313)

since the numerator is regularly varying with index 2 — 2« and the denominator is regularly varying with
index 1 — a. Combining the last three displays we obtain

P Pr(X; >§
liminf 2EGn > ) e PP > 0n)
n—oo nPr(X; >an) — n—occ nPr(X; > an)

=(0/a)”“.
As this conclusion holds for any § > a, (3.10) follows by having § | a.

Upper bound: We now turn to the corresponding asymptotic upper bound, i.e., we aim to show that

) Pr (S, > an)
limsup ———~% < 1. 3.14
P Pr (X1 >an) = (3.14)

Let us denote 4,, = {S,, > an}. To prove (3.14), we have to show that the event A,, is most likely
caused by a single big jump. Our strategy will be to partition A,, into two events, one in which a single
jump contributes significantly to the sum S,,, and another in which no single jump contributes significantly
to Sy,. The crux of the proof is then to show that the latter event has an asymptotically negligible probability
relative to the former.

Let 7 € (0, a). We partition A,, as follows.

Pr(A,) = Pr <An,maxXi > TTZ) +Pr (An,maXXi < Tn>
=Pr (Al,n) + Pr (Ag’n) .

We now deal with both terms separately.
The first term is easy to handle. Take 6 € (7, a) and observe that, since § > 7,

Pr(A;,) ="Pr (An,maxXi > 6n> + Pr <An,7'n < max X; < (5n>

< Pr(UL {X;>0on})+Pr [ UL {X;>7n, Y X;>(a—06)n}
J=15#i

< nPr(X; > dn) +nPr(X; > 7n)Pr ZX]- > n(a —9)
j=2

By the weak law of large numbers we see that Pr (2?22 X;>n(a— 5)) — 0. Since Pr (X > mn) /Pr(X; > an)
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stays bounded in n for any 7 > 0, we have

Pr(A
lim sup r( ln)

MU S > an) = (/) (3.15)

This can be made arbitrarily close to 1 by having § approach a.
Thus, the proof of (3.14) is be complete once we show there exists a 7 € (0, a) such that

Pr (Agm)

—_ = (. 3.16
e nPr(X; > an) 0 ( )

Note that
Pr(As,) <Pr (S, >an| X; <tn, i<n).

Thus, it suffices to have an upper bound on the probability that the sum of n i.i.d. random variables exceeds
a thresold, given that each random variable is bounded from above by a different threshold. Such a bound is
provided by the following concentration inequality, which dates back to Prokhorov [161]: Let Y;,7 > 1 be
an 1.i.d. sequence such that E[Y;] = 0 and Pr (Y; < ¢) = 1 for some ¢ € (0, 00). Forany ¢ > 0 and n > 1:

ct —t/2¢c
Pr(Yi+...4Y, <[ — 17
r(Yi+...+Y, >t < (nvarm)) (3.17)

Note that the random variables Y; in the above inequality are bounded from above by c. We apply the
concentration inequality to Pr (Ag),) as follows. Let X*, i > 1 be ani.i.d. sequence such that

Pr(X;<y)=Pr(X;<y|X; <mn).

Observe that the random variables X are bounded from above by 7n, and p* = E[X{] < E[X;] = 0.
Therefore,

Pr(Ag,) < Pr(Sp, >an | X; <7ni<n)=Pr <ZXZ* > an) :
i=1

We can now apply (3.17) with Y; = X; — p*, ¢ = mn, t = an to obtain

n n —a/2T
% Tan

To simplify bounding Var(Y;), we assume that o > 2. In this case, Var (Y1) < E [(X})?] < E [X?] < cc.
Thus, if we choose 7 small enough to satisfy a/27 > « — 1, we arrive at the desired conclusion (3.16),
completing the proof.

The case o € (1,2] requires a more delicate analysis, since Var(Y7) can grow with n in this case;
see [205] for the details. O
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3.4.2 Cramér’s theorem

Cramér’s theorem strengthens and refines the conspiracy principle for random walks in a parallel way to
how the principle of a single big jump strengthens and refines the catastrophe principle. As we have already
highlighted, the conspiracy principle in Definition 3.2 is too general to provide a precise characterization.
Cramér’s provides a much more powerful characterization.

Like the principle of a single big jump, Cramér’s theorem provides a bound on Pr (.S,, > an) though, of
course, the bound has a very different form since it applies to light-tailed distributions instead of heavy-tailed
distributions. Cramér’s theorem is tightly connected to concentration inequalities, specifically the Chernoff
bound. In fact, a crisp statement of Cramér’s theorem is that it proves that the Chernoff bound is tight. Thus,
to motivate the form of Cramér’s theorem we must start with the Chernoff bound.

The Chernoff bound itself is best viewed in the context of another fundamental result — Markov’s in-
equality. Markov’s inequality is the simplest, and most fundamental concentration inequality. It provides a
bound on the tail of a probability distribution in terms of the mean of the distribution. Specifically, Markov’s

inequality states that
_ EX]

Pr(X > a)
a

for any nonnegative random variable X and constant ¢ > 0. Though simple, Markov’s inequality is ex-
tremely powerful and is the building block for many other more sophisticated concentration inequalities,
such as the Chernoff bound. In fact, the Chernoff bound is a simple extension of Markov’s inequality that
focuses on obtaining a tighter bound by applying Markov’s inequality to e*~ instead of X. In the case of
the random walk .S,, this gives

sSh
Pr (S, > an) =Pr (eSS" > e‘ms) < M

= gans
Since 5, = X1 + ... + X5, this can be expanded further to yield
Pr (S, > an) < e *"E [esxl . -GSX"] = 98 (IE [eSXiDn.
Moving the expectation into the exponent then yields
Pr (S, > an) < o—nlas—logE[e*Xi])
Finally, since the bound holds for all s > 0, we can optimize over s. This gives a Chernoff bound for .S,,:
Pr(S, > an) < ¢ "swPszo(as—logE[e ), (3.19)

The key to understanding why this Chernoff bound is so much more powerful than Markov’s inequality
is to look at what information about the distribution is considered by each. Markov’s inequality uses only the
mean to determine a bound, but the transformation to the Chernoff bound brings the whole of the moment
generating function into the bound. This means that the sup in (3.19) chooses an optimal bound that depends
on the whole distribution; thus yielding a much tighter bound on the tail.

Chernoff’s bound has proven to be a powerful tool across a wide variety of applications. However,
it only provides insight into the likelihood of rare events, it provides no information about what the rare
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events “look” like. This is because Chernoff’s bound provides only an upper bound on Pr (S, > an). This
is enough if all that you want to do is show that rare events are unlikely; but often it is also important to
understand the cause of rare events. To get insight what leads to the rare events requires understanding the
events that lead to a tight lower bound, as in the case of the principle of a single big jump.

Cramér’s theorem provides this insight or, more specifically, the proof of Cramér’s theorem does. Specit-
ically, Cramér’s theorem shows that the Chernoff bound is tight and the proof provides insight into what
events led to the rare event. The intuition is crisp and serves as a refinement of the conspiracy principle in
Definition 3.2. In particular, the proof highlights that during rare events, it is as if each X; is sampled i.i.d.
from a slightly different distribution — a “twisted” distribution — which has mean slightly larger than that of
the original distribution, just large enough to make the previously rare event become likely. Thus, the X;
truly conspired together to create the rare event.

Theorem 3.4 (Cramér’s theorem). Consider S, = X1 + ... + X, where X; are i.i.d. and light-tailed.
Then for a > E[X;],

—log Pr(S, |
lim 108 Pr (8 >an):sup[as—logE[eSX1]]. (3.20)

n—oo n s>0

Proof. Chernoff’s bound already implies the upper bound on the tail in the theorem, i.e., that

—log Pr (S
lim inf ——2 (Sn > an) > suplas — log E [esxl]].
n—oo n s>0

In fact, Chernoff’s bound implies that this inequality holds for every finite n.

Thus, we can focus on the lower bound on the tail. We assume, for convenience, that X; has a density f.
Additionally, to eliminate some technical complexities, we make the simplifying assumption that the mo-
ment generating function E [eSXl] is “steep”. Specifically, setting § = sup{s : E [esxl] < 0o}, we assume
that lim g5 E [eSX 1] = 0o. Under this assumption the optimization problem sup,- y[as — log E [eSX 1]] has
a unique solution s, for which s, < 5. This means that s, solves the first order optimality condition

E [Xies+X1]

T TR e X

The key to the proof is the “twisted” distribution with density function f (x;) = %ﬁ(ﬁ), which char-
acterizes the distribution from which X; are sampled in the rare event. This twisted distribution, which

stochastically dominates the distribution of X;, can be shown to have mean a. To see this, let X denote a
random variable with the twisted density f(-). Note that E [eSX } = E [e(sa+$)X1] /E [e%«X1]. This implies
that

E|X] = %E (%] g = W

= Q.

Let X; denote an i.i.d. sequence of random variable following the twisted distribution. We bound the
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desired probability as follows. To begin, note that

n

Pr(S, > an) = / TT0f (i) das].

(z):x14...+xn>an i1

The main step is to rewrite the above integral in terms of the twisted densities as follows.

Pr(S, > an) = / e~ %o 2 e f(w;)dai]
(z;): z1+...+xn>an i1

n

_E[QSGXI}R/( oo G_S“Zixin{f(xi)dxi}
;) T1+...+xTp>an

=1
>E [esﬂXl]n/ eTF i |:f(fl'z)d$zi|
(zi): ant++y/n>z1+...4+xTn>an i1
n
> ¢ Salan V)R [gsaXa n/ flxi)da;
[ ] (;ri):an+\/ﬁ>z1+...+:cn>ani];le[ ( ) :|

= ¢ se(antVI)R [g5aX1]" pp (an < Xy 4 Xo oo X< an + \/ﬁ) . (3.21)

Next, we take the log and look at the limit to complete the proof. In doing so, the first two terms remain,
but the third term disappears. To show this, we apply central limit theorem to obtain

Pr(an<X1+X2+---Xn<an+\/ﬁ>—>Pr(0<N<1), (3.22)

where NV is a Gaussian random variable with mean zero and variance equal to Var(Xi). Note that this
application requires that Var(Xj;) is finite. To verify this, note that since s, < S, the moment generating
function of Xj is finite in a neighborhood of the origin, which implies the finiteness of the variance of X;.

Now, taking the log and looking at the limit of (3.21) gives

—log Pr (S, > an)

lim sup sqa — logE [es“Xl]
n—00 n
= sup[sa — logE [e**1]],
s>0
which is the desired lower bound. O

3.5 Additional notes

This chapter has introduced the basics of the class of subexponential distributions, and their connection to
the catastrophe and conspiracy principles. Our treatment only scratches the surface of these topics, and so
we point the interested reader to more in depth treatments of each below.

Subexponential distributions: The class of subexponential distributions was introduced in Chistyakov
[44] in 1964, and originally found applications to problems in branching processes [19]. Its significance
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for applications in insurance and queueing theory was recognized in [149, 184, 186]. Readers in search of
more technical details about the class of properties and examples of modern applications can find excellent
surveys in [65,77, 88].

Subclasses of subexponential distributions have also proven interesting and useful. In particular, techni-
cal issues with the full class of subexponential distributions has led to many variations. For example, the fact
that the class of subexponential distributions is not closed under addition (i.e. if X and Y are independent
nonnegative subexponential random variables, then X 4+ Y may not be subexponential, see [122]) led to
the important subclass termed S*, introduced by [112]. A distribution function F' of a non-negative random
variable X belongs to S* if it has finite mean x and satisfies

thﬁﬁY y)F(y)dy

T —9 (3.23)

Essentially, this entails that the density F'/u can be seen as a subexponential distribution. This property
implies that F', as well as f; F(y)dy/u are subexponential and that the class is closed under addition. Other
subclasses of subexponential distributions, e.g., strong subexponential distributions and local subexponential
distributions, have received attention too and are discussed in detail in [77].

Another important, related class of distributions is the class of subexponentially concave distributions,
which are distributions for which — log F' is concave. The motivation for this class is the existence of pow-
erful concentration inequalities, e.g., see [108] and the survey of Sergey Nagaev [142]. Note that this class
of random variables is particular useful when extending Theorems 3.1 and 3.2 from the regularly varying
case towards more general subexponential distributions. The most general properties for Theorem 3.2 can
be found in [55, 138]. These references also have discussions on extensions of square-root insensitivity and
its connection with extreme value theory, which is connected to the material we discuss in Chapter 7.

Stronger conspiracy and catastrophe principles: The bulk of the chapter focused on simple, general
versions of conspiracy and catastrophe principles. We gave examples of stronger versions of these principles
in Section 3.4 (Cramér’s Theorem and the principle of a single big jump); however there are many other such
generalizations.

In 1938, Cramer [49] developed the result that, eventually, was named after him. The initial work was
motivated by a problem in insurance however, after that, versions of his theorem found applications in a
wide variety of fields, such as statistics, information theory, and communication networks. For an overview
of these applications, as well as extensions of Cramér’s theorem, we refer interested readers to the literature
on large deviations. A concise introduction to both theory and applications of large deviations is [54].
Monographs that are focused on applications in communication and computer networks are [36, 84, 174].
Other valuable resources with more technical presentations are [53,57,62,72].

Though the phrase itself has become popular relatively recently, the principle of a single big jump
appeared first in [44, 141]. Variations of the principle are many and varied, and can be found in [17, 20,
75,78,201,204]. These are often motivated by various applications in insurance mathematics and queueing
theory as well as applications to communication networks [76,99,207].

One interesting variation that we use later in this book is the following. In the version we presented here
(Theorem 3.3) it was shown that the limit

Pr (S, > t)

—— = —1,ast 3.24
nPr(X1>t)_> ast e (3-24)



84 CHAPTER 3: CATASTROPHES, CONSPIRACIES, AND SUBEXPONENTIAL DISTRIBUTIONS

holds if n is growing proportional with ¢. The result can actually be extended to cases where n is growing
faster than ¢. To be precise, it can be shown (see [138]), for o > 2 that there exists a constant C' > 0 such
that

Pr(S, >t
m  sup [ En>D g (3.25)
n—o0 t:t>C/nlogn nPr (Xl > t)

Another important set of variations are extensions to cases where there is more than one big jump. In
particular, in some cases it is likely that there are multiple big jumps and recent research has focused on
developing a generic mathematical framework to handle such extensions, e.g., [126,167].

3.6 Exercises

1. Prove that regularly varying random variables are subexponential. Specifically, in Chapter 2, we
proved that for i.i.d. regularly varying random variables X and Xs, Pr (X7 + X3 > t) ~ Pr (max (X, Xo) > t)
(see Lemma 2.4). Your task is to extend the same argument to n random variables, i.e., prove that

PI’(Xl +Xo+---+ X, > t) ~ Pr(maX(Xl,XQ,--- ,Xn> > t),
where n > 2, and X, Xo, -, X,, are i.i.d., regularly varying random variables.

2. Prove that the LogNormal distribution is subexponential.

Hint: One approach is to use Lemma 3.3 in conjunction with the statement of Exercise 12 below. You
may also find the following asymptotic approximation of the tail of the standard Gaussian useful: For
a standard Gaussian random variable N,

42
o=t2/2

1
Pr(N >t)~ ——
r( )~

ast — oo. (3.26)

3. Consider a distribution £ with support [0, co) satisfying

F(z) ~ e @/9(®) a2 — .
Prove that F' is subexponential.
4. Prove that the exponential distribution satisfies the conspiracy principle in Definition 3.2.

5. Prove that the light-tailed Weibull distribution (with shape parameter o« > 1) satisfies the conspiracy
principle in Definition 3.2.
Hint: One approach is to develop a simple lower bound on Pr (X1 + Xo + -+ X,, > t), where
X1, X, -+, X, are i.i.d. Weibull with o > 1.

6. Prove that the Gaussian distribution satisfies the conspiracy principle in Definition 3.2.

Hint: You may find the asymptotic approximation (3.26) of the tail of the standard Gaussian useful.
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10.

11.

. Prove the following stronger conspiracy principle for the standard Gaussian (similar to the result of

Proposition 3.1 for the light-tailed Weibull). Given i.i.d. standard Gaussian random variables X; and
Xo,and 6 € (1/2,1), prove that

Pr(X;+ X2 >t X1 >6t) =0Pr(X;+X2>1) ast— oo.

. Prove that the exponential distribution does not satisfy the stronger conspiracy principle in the state-

ment of Proposition 3.1. Specifically, prove that for X7, X9 are i.i.d. exponential random variables
and 0 € (0,1),

lim PI‘(Xl >5t|X1—|—X2 >t) =1-0.

t—00

A distribution with support over [0, 0o) is said to be square-root insensitive if

F(z) ~ F(z — /) asz — oo.
Prove that the following distributions are square-root insensitive:

a regularly varying distributions

b the LogNormal distribution

¢ the Weibull distribution with shape parameter v < 1/2.

Let X = min(Y, Z), where Y and Z are independent, Y~ ~ Exponential(x), and Z ~ Pareto(z,, «)

with o > 1.

a Prove that X is light-tailed.

b Prove that X does not satisfy the conspiracy principle in Definition 3.2. Specifically, prove that
F2* ( .T)

lim sup — < 00,
:c—)oop F(l')

where F' denotes the distribution of X.

*##% Your task in this exercise is to prove a non-asymptotic bound on the ratio of F"*(z) to F(z) for
subexponential F' called Kesten’s bound. This bound is a technical result that is often useful in proofs;
for example, it is used in the proof of Theorem 3.1.

Suppose that F' is the distribution function corresponding to a non-negative subexponential random
variable. Prove that for any € > 0, there exists K > 0 such that for any n > 2 and z > 0,

_ <K(1 "
Fla) = (I+e)
Hint: Let o, := sup > % Prove that for large enough T,

1
(077 < 1+m+an(l+e)
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From this, it follows inductively that
1 1
<—-1+= (01 "
s (1 g ) 0o
which completes the proof taking K = % (1 + ﬁ) .
12. *** Prove that the class of subexponential distributions is closed under tail equivalence. Specifically,
prove that if the distribution F' is subexponential, and the distribution G satisfies
G(z) ~ CF(x)
for some C' > 0 (i.e., G is tail-equivalent to F'), then G is also subexponential.
Hint: Let Y1 and Y5 denote two i.i.d. random variables with distribution G. For a constant, but large
enough v, partition the event {Y1 + Yo > z} as,
Mi+Ye>zl={Y1<v, V1+Yo>z} U{Ya<w Y +Ys >z}
Ufv<Yo<z—v Ya+Yo>z} U {Y1>0 Yo>2—0}
so that
G*2(x) 2 v 1 - G()G(x —v)
——(z) = = / G(x —t)dG(t) + = / G(x —t)dG(t) + — =~
G G(x) Jo G(z) Jo G(x)
=:T1 + T+ Ts.
Use tail equivalence and the fact that F(x) ~ F(x — y) for constant y (see the proof of Lemma 3.4)
to argue that B
lim T1 — QG(’U), lim T3 = G(U)
T—>r00 T—>00
Next, and this is the tricky part of the proof, use tail equivalence and the subexponentiality of F' to
show that lim sup,,_,. T» can be made arbitrarily small for large enough v.
13. **% Prove the equivalence of statements (i) and (i) of Lemma 3.2. Specifically, let {X;};>1 denote

a sequence of i.i.d. subexponential random variables. For n > 2, recall that the defining property of
subexponential distributions is

Pr(Xi+Xo+--+X,>t) ~nPr(X; >1t) ast— oc.
Prove that, if the above property holds for n = 2, then it holds for all n > 2.
Hint: Of course, this result is proved inductively. Note that it is easy to see that

PrXi+Xo+---+ X P X Xo. -+ X
imint PPELE Ko b A X > 0) gy Prmax(Xn, Xo, o X > 8)

t—00 Pr(X; >1t) t—00 Pr(X; >1t)
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The challenge in the proof is therefore to show the upper bound, i.e.,

. PrXi+Xo+- 4+ X, >1)
lim sup
t—00 Pr(X1>t)

n.
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Chapter 4

Residual lives, hazard rates, and long tails

Over the course of our days we spend a lot of our time waiting for things = we wait for a table at restaurants,
we wait for a subway train or a bus to show up, we wait for people to respond to our emails, etc. In such
scenarios, we hold on to the belief that, as we wait, the likely amount of remaining time we will need to wait
is getting smaller. For example, we believe that, if we have waited ten minutes for a table at a restaurant,
the expected time we have left to wait should be smaller than it was when we arrived and that, if we have
waited five minutes for the subway, then our expected remaining wait time should be less than it was when
we arrived.

In many cases this belief holds true. For example, as other diners finish eating, our expected waiting time
for a table at a restaurant drops. Similarly, subway trains follow a schedule with (nearly) deterministic gaps
between trains and thus, as long as the train is on schedule, our expected remaining waiting time decreases
as we wait. However, a startling aspect of heavy-tailed distributions is that this is not always true. For
example, if you have been waiting for a long time after the scheduled arrival time for a subway train, then it
is very likely that there was some failure and the train may take an extremely long time to arrive, and so your
expected remaining waiting time has actually increased while you waited. Similarly, if you are waiting for
a response to an email and have not heard for a few days, it is likely to be a very long time until a response
comes (if it ever does).

The above examples highlight another fundamental distinction between light-tailed distributions (e.g.
restaurant waiting times) and heavy-tailed distributions (e.g. email waiting times). To make the contrast
even clearer, we can illustrate the same distinction using our classic examples of heavy-tailed and light-
tailed distributions: incomes and heights. If we know someone is taller than 6 feet tall, then it is most likely
that they are only a few inches taller; but if we know someone has more than $1 million, then it is much
more likely that they are multi-millionaires than that they are just barely millionaires.

All these examples highlight that, as with scale-invariance and the catastrophe principle, the behavior
we expect to see is aligned with what happens under light-tailed distributions and so, upon first encounter,
the behavior of heavy-tailed distributions is mysterious. We expect that if we have waited a long time the
remaining waiting time, i.e., the residual life, should have decreased, and so it is particularly jarring that
under heavy-tailed distributions the residual life will likely have increased dramatically.

In this chapter we explore the residual life of heavy-tailed distributions in order to build intuition for the
counterintuitive phenomena described above. To do this, we start by exploring the distribution of residual
life via two common measures: the hazard rate function and the mean residual life function. We then

&9
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Figure 4.1: Illlustration of the residual life distribution for different choices of F. Note that when F' is
heavy-tailed (see (a) and (b)), the residual life distribution ‘grows’ stochastically with increasing age x;
whereas the residual life distribution ‘shrinks’ stochastically with increasing x in the light-tailed example

(see (c)).

study the relationship between heavy-tailed distributions and properties of the hazard rate and the mean
residual life, which leads us to the formalization of a subclass of heavy-tailed distributions, termed long-
tailed distributions, that we explore in depth.

4.1 Residual lives and hazard rates

The foundation of this chapter is the concept of the residual life of a distribution. The term “residual life”
refers to the remaining waiting time given that you have already been waiting for some amount of time.
Clearly, the residual life crucially depends on how long you have waited already; and so it is a conditional
concept. Formally, we define the residual life distribution as follows.

Definition 4.1. For a nonnegative random variable X with distribution function F, the residual life distri-
bution R(t) is defined such that

Rw(t)zlPr(X>x+t|X>x):1Fw (F(z) >0, t>0).

The complementary residual life distribution R, (t) is defined as Ry (t) = 1 — R,(t).

The residual life R, (%) is the distribution of the waiting time given that you have already waited for x
time, or in different terminology this size of the excess beyond the threshold ¢, given that the random variable
exceeds the threshold. The residual life distribution is a foundational concept that is found in widely varying
applications, ranging from the insurance assessment and reliability theory to the social sciences, where it
has found use in studying the lifetimes of everything from the length of wars to human life expectancies.
In this book, we make use of properties of the residual life distribution when studying the emergence of
heavy-tailed distributions under multiplicative and extremal processes in Chapters 6 and 7; and also in the
design of statistical tools for estimating heavy-tailed phenomena in chapter 9.
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To begin to get a feel for the residual life distribution, let us consider some examples. Conveniently, it
tends to be quite straightforward to calculate R, (¢) for common distributions. For example, R, (t) for the
Pareto distribution can be computed as follows

8

(e

() .

Pareto: R, (t) = ——5 = | 1+ — . 4.1)
() v

This is shown in Figure 4.1. Interestingly, for any x, the residual life distribution under the Pareto distribu-

tion, R, (t), follows a Burr distribution. Thus, the residual life distribution has a regularly varying tail.
Similarly, the residual life distribution of the exponential can be calculated easily.

— efu(aj+t)
Exponential: R,(t) = ———— =e /" 4.2)

e HT
A striking aspect of the above is that R, (t) = F(t). This is a restatement of the “memoryless” property of
the exponential distribution, which says that regardless of how long you have waited so far, the distribution
of the remaining time you have to wait is exactly the same as if you just arrived. This is a particularly special
property of exponential distributions, which are the only continuous distributions that are memoryless (see
Exercise 1).
Finally, let us consider the residual life of the Weibull distribution. Again, it is simple to calculate.

i —Bla+1)° .
Weibull: Ry (t) = — = = ¢~ Allett)*—a] (4.3)

e~ B
However, though it is simple to calculate R, (t) for the Weibull, the resulting form is not particularly in-
formative. It is hard to get much insight from it directly. However, Figure 4.1 highlights the shape of the
residual life distribution for both light-tailed and heavy-tailed Weibull distributions.

More generally, despite the fact that the residual life distribution is easy to derive for many distributions,
it is often useful (or even necessary) to look at statistics of the residual life distribution in order to obtain
insight into its behavior. There are two statistics that are most commonly used: the mean residual life and
the hazard rate. These are the focus of the next two sections.

4.1.1 The mean residual life

Whenever we consider a distribution, it is natural to use its mean in order to obtain insight. In this case,
because residual life is a conditional concept that depends on the how long you have waited so far, the
mean of the residual life distribution is a function of the time you have waited. More specifically, the mean
residual life function is defined as follows.

Definition 4.2. For a nonnegative random variable X with distribution function I, define the mean residual
life (MRL) function m(x) = E[X — x | X > x| (for x > 0 satisfying F'(x) > 0). Equivalently

Y i [ F(z+1)
m(x)—/o Rx(t)dt—/o TR dt. (4.4)
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Note that the MRL function m(z) is well defined over the interval {x > 0 : F(x) > 0.} Over this
interval, the MRL is bounded if and only if the distribution has finite mean.

The MRL function m(x) appears far less frequently than the density function f(z), the distribution
function F'(x), or moment generating function M (s); however m(x) also completely determines the distri-
bution when the distribution has a finite mean. Thus, for example, it is possible to “invert” m(z) to calculate
the distribution function F'(x) [92]. Further, as we show in Chapter 9, the mean residual life also can be
useful in statistical exploration of heavy-tailed phenomena.

It is typically not hard to compute m(z) for common distributions. To illustrate the behavior of m(z) let
us return to the examples of the Pareto, Exponential, and Weibull distributions. For the Pareto distribution,
it is quite straightforward to calculate m(z). In particular, assuming that the mean is finite (o > 1), we have

Pareto: m(z) = /OO R, (t)dt = /oo (1 + t>* dt = — 2. 4.5)
0 0

Interestingly, from the above we see that the mean residual life of the Pareto distribution is increasing, and
grows unboundedly with z. In particular, under a Pareto distribution, the expected remaining waiting time
grows linearly with the amount of time you have waited so far.

The calculation of the mean residual life is also straightforward for the Exponential distribution:

> - 1 [ 1
Exponential: m(z) = / R, (t)dt = / pe Hdt = —.
0 0 H

This derivation highlights a consequence of the memoryless property of Exponential distributions — the
mean residual life is constant with respect to x, specifically m(z) = 1/u = E[X]. That is, the expected
remaining waiting time is the same as when you first arrived, regardless of how long you have waited.
Though it is straightforward to calculate the mean residual life function m(x) for the Pareto and the
Exponential, it is not always so easy. In fact, it is difficult to derive an explicit formula for m(x) for the
Weibull distribution. However, we can numerically compute the mean residual life; see Figures 4.2(a)—(c).
The figure highlights that when a¢ < 1 the mean residual life is increasing, and thus one should expect the
remaining waiting time to grow as you wait longer, but that the opposite is true when «« > 1. In that case, the
mean residual life is decreasing, which means the expected remaining waiting time decreases as you wait.

4.1.2 The hazard rate

A second important statistic of the residual life distribution is the hazard rate. We have already mentioned
the hazard rate a few times in the book, but here we introduce it formally and study it in detail, since it is
fundamentally related to the residual life distribution.

The residual life distribution R, (¢) looks at the remaining waiting time given that you have already
waited for a certain amount of time x, while the hazard rate can be thought of as the likelihood of the wait
time ending now, given that you have waited x time already. Formally, the hazard rate is defined as follows.

Definition 4.3. For a nonnegative random variable X with distribution function I and density function f,
define the hazard rate, a.k.a., the failure rate, as q(z) = f(x)/F(x) (for x > 0 satisfying F(x) > 0).!

'Unlike the MRL, the hazard rate is only defined for continuous random Variables.iMoreover, the domain of the hazard rate
function is the same as that of the residual life distribution and the MRL, i.e., {x > 0: F(z) > 0}.
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Figure 4.2: Mean residual life and hazard rate of the Weibull distribution with 8 = 1 and different values
of a.. Recall that o = 1 corresponds. to the Exponential distribution.

Further, define the cumulative hazard as Q(y) = [ q(x)dz.

It is easy to see that the hazard rate and the residual life are intimately related. The hazard rate is the
density of the residual life distribution evaluated at zero.

M- 280), - Loy, so)

T dt 2 F(z) =0 = F(x)

@) = q()

R;,(0)

Further, the hazard rate is intrinsically tied to the tail of the distribution. To see this, note that

«w-?@-—imwwx

and so -
Q(a) = —log F(x),

which gives
F(z)=e9® = ¢ Jo atat (4.6)

As a consequence of the above, it is easy to see that the hazard rate and the mean residual life are also
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closely related. In particular, as long as both exist, we have

o _ T+t )d

m(z) = / e~ Jo T aWdy gy 4.7
0

which highlights that if the hazard rate is monotonically decreasing (increasing) then the mean residual life

will be monotonically increasing (decreasing). Further, it is possible to show (see Exercise 3) that

m/(z) = m(z)q(x) — 1. (4.8)

The interested reader is referred to [92] and the references therein for more details.

To get a feeling for the behavior of the hazard rate, let us return again to our examples of the Pareto,
Exponential, and Weibull distributions. Either by computing directly or by using the above relationships, it
is straightforward to see that the hazard rates of the Pareto and the Exponential are as follows.

o (st
Pareto: ¢(t) = == Ii — = —,
() ;
—ut
Exponential: ¢(t) = ,ue_“t =p

Thus, the Pareto has a hazard rate that decreases to zero, while the Exponential has a constant hazard
rate. This contrast is interesting: the memoryless property of the Exponential distribution means that the
likelihood that your waiting time ends is unchanging as you wait, while under the Pareto distribution the
likelihood that your waiting time ends decreases to zero as you wait.

It is also straightforward to compute the hazard rate of the Weibull distribution, which is in contrast to
the difficulty of computing m(z) in this case. In particular, the hazard rate of the Weibull is:

Weibull: ¢(t) = —————— = apt* !

The form of the hazard rate under the Weibull distribution highlights a similar contrast to what we saw
between the Pareto and the Exponential, only more extreme (see Figures 4.2(d)—(f)). When « > 1 the hazard
rate is increasing (and thus the mean residual life is decreasing), which means that the likelihood your wait
ends increases as you wait, while when o < 1 the hazard rate is decreasing (and thus the mean residual life
is increasing), similarly to that of the Pareto distribution. Of course, & = 1 corresponds to the case of the
Exponential distribution, and so the hazard rate is constant.

4.2 Heavy tails and residual lives

The simple examples of the Pareto, Exponential, and Weibull that we have used so far in the chapter illustrate
the contrast between light-tailed and heavy-tailed distributions that we have discussed informally in the
introduction to the chapter: if we have waited a long time, then under light-tailed Weibull distributions
the expected remaining waiting time will have decreased, while under the heavy-tailed Weibull and Pareto
distributions the expected remaining waiting time will have increased dramatically.

In particular, we have seen that under the light-tailed Weibull the mean residual life is decreasing and the
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hazard rate is increasing, while under the heavy-tailed Weibull and Pareto distributions the mean residual life
is increasing unboundedly and the hazard rate is decreasing to zero. The fact that these three distributions
all have monotonic hazard rates and mean residual lives points us toward the importance of this property,
and in particular, motivates the definition of the following four classes of distributions.

Definition 4.4. A nonnegative distribution F' with mean residual life function m is said to have increas-
ing/decreasing mean residual life (IMRL/DMRL) if m(zx) is increasing/decreasing in x for all x such that
F(z) € (0,1).2

Definition 4.5. A nonnegative distribution F' with hazard rate q is said to have increasing/decreasing hazard
rate (IHR/DHR) if q(x) is increasing/decreasing in x for all x such that F(zx) € (0,1).?

Clearly, heavy-tailed Weibull and Pareto distributions are IMRL-and DHR; while light-tailed Weibull
distributions are DMRL and IHR. Given these examples and the relationship between the hazard rate and
the mean residual life, one would expect a strong connection between the DMRL/IMRL and IHR/DHR, and
this is indeed the case. In fact, it follows immediately from (4.7) that the IHR class is contained within the
DMRL class and the DHR class is contained within the IMRL class.

Theorem 4.1. All distributions with an increasing (decreasing) hazard rate have a decreasing (increasing)
mean residual life, i.e., IHRCDMRL and DHRCIMRL.

At this point it is natural to notice that, because the Exponential distribution has constant mean residual
life and hazard rate, it is, in some sense, the boundary between the IHR and DHR classes and between the
IMRL and DMRL class. Of course, Exponential distributions also serve as the boundary between light-tailed
and heavy-tailed distributions, and so it is quite tempting to think of IMRL/DHR distributions has “heavy-
tailed” and DMRL/IHR distributions as “light-tailed”. In fact, the temptation is so strong that in some
disciplines, IMRL is used as a defining property of “heavy-tailed” distributions. However, heavy-tailed and
IMRL/DHR are actually quite different concepts; as are light-tailed and DMRL/IHR.

Specifically, it is easy to construct examples of IMRL and DHR distributions that are not heavy-tailed
and it is easy to construct examples of heavy-tailed distributions that are not IMRL or DHR. For example, a
heavy-tailed distribution that is not IMRL or DHR is the Burr distribution. Recall that the Burr distribution
is defined by F'(x) = (1 + A\z®) =% for > 0 where ), ¢, k are positive parameters. It is easy to check that
the Burr is regularly varying (with index —ck), and thus heavy-tailed. A simple calculation shows that the
hazard rate function for the Burr distribution is given by

B N

1) = T

Clearly, ¢ eventually decreases, with lim,_,, ¢(z) = 0. However, for ¢ > 1, note that ¢(0) = 0. This
means that when ¢ > 1, the Burr distribution is not DHR. Next, we turn to the mean residual life. Note
that the expectation of the Burr is finite if ck > 1. While it is difficult to come up with an explicit formula

%A random variable X with distribution F takes values in the interval {x : F(z) < 1} with probability 1. Moreover, that the
mean residual life is defined for « such that F'(x) > 0. Thus, for defining whether or not a distribution is IMRL/DMRL, we check
for monotonicity of m(-) over only over the interval {z : F(x) € (0,1)}.

*Note that a continuous random variable X with distribution F' takes values in the interval {z : F(z) € (0,1)} with

probability 1. Thus, to define a distribution as IHR/DHR, we only check for monotonicity of ¢(-) over this interval.
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Figure 4.3: Hazard rate and mean residual life for the Burr distribution, with \ = 1, ¢ = k = 2. Note that
the distribution, though heavy-tailed, is neither IMRL not DHR.

for the mean residual life of the Burr distribution, we can invoke (4.8) to argue that m’(0) = —1 whenever
¢ > 1. Thus, we may conclude that the Burr distribution is not IMRL for ¢ > 1. The above highlights that,
though m(x) is eventually increasing and ¢(x) is eventually decreasing for the Burr distribution, they are
not monotonic over the entire support of the distribution; see Figure 4.3.

Similarly, it is easy to construct examples of light-tailed distributions that are not DMRL and IHR. The
Hyperexponential distribution is one such example. The Hyperexponential distribution is a mixture of n
exponential distributions where, with probability p;, a sample is drawn from an Exponential distribution
with rate yu;, fori = 1,...,n with Y p; = 1. Note that the Hyperexponential distribution is defined by the
ccdf. F(x) =Y I pie " for & > 0. The hazard rate is now easily seen to be, for z > 0,

> i1 Piptie M
Z?:1 pie i
We now differentiate g to see that the Hyperexponential is DHR.
Ao i g
(s papae ™M) — (301 pie™ %) (1 pipse™7)
(i pietie)?

where the inequality above is a consequence of the Cauchy-Schwartz inequality.*. Since the Hyperexponen-
tial is DHR, it follows from Theorem 4.1 that it is also IMRL.

q(z) =

<0

¢ (z)=

)

4.3 Long-tailed distributions

The discussion in the previous section highlights that one must be careful in connecting “heavy-tailed” with
the concepts of “increasing mean residual life” and “decreasing hazard rate”. However, if we think again
about the informal examples of waiting times that we discussed at the beginning of the chapter, it becomes
clear that IMRL and DHR are too “precise” to capture the phenomena we were describing. For example,
consider the case of waiting for a response to an email. It is not that we expect our average remaining

*The Cauchy-Schwartz inequality states that for real n-dimensional vectors x and y, (37, ziy:)* < (30, 22) (20, v?).
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waiting time to monotonically increase as we wait. In fact, we are very likely to get a response quickly,
and so the expected waiting time should drop initially (and the hazard rate should increase initially). It is
only after we have waited a “long” time already, in this case a few days, that we expect to see a dramatic
increase in our residual life. Further, in the extreme, if we have not received a response in a month, we can
reasonably expect that we may never receive a response, and so the mean residual life is, in some sense,
growing unboundedly, or equivalently the hazard rate is decreasing to zero. The example of waiting for a
subway train highlights the same issues. Initially, we expect that the mean residual life should decrease,
because if the train is on schedule, things are very predictable. However, once we have waited a long time
beyond when the train was supposed to arrive, it likely means something went wrong, and could mean the
train has had some sort of mechanical problem and will never arrive.

These examples illustrate two important aspects that need to be captured in a formalization of this
phenomena. First, they highlight that strict monotonicity of the residual life is not crucial (or desirable),
and that we should instead focus on the behavior of the tail. This is similar to the way we relaxed scale-
invariance to asymptotic scale-invariance in Chapter 2. Second, they highlight that the phenomena we would
like to capture includes the fact that the residual life distribution “blows up”, in the sense that if we have
waited a very long time we should expect to wait forever. Note that this property is true of heavy-tailed
Weibull and Pareto distributions, but is not true of the light-tailed distributions that are a part of the IMRL
and DHR classes. For example, the Hyperexponential distribution with rate parameters py, ..., i, has a
mean residual life that is upper bounded by max;(1/u;) (see Exercise 4).

These two observations lead us to the following definition of the class of long-tailed distributions.

Definition 4.6. A distribution I over the nonnegative reals is said to be long-tailed, denoted by F' € L, if

lim Ry(t) = lim ———— =1 (4.9)

forallt >0, ie., F(z +1t) ~ F(x) as £ = oo. A non-negative random variable is said to be long-tailed if
its distribution function is long-tailed.

The definition of long-tailed distributions exactly parallels our discussion above. In particular, long-
tailed distributions are those where the distribution of residual life “blows up,” i.e., for any finite ¢, the
probability the residual life is larger than ¢ goes to 1 as x — oo. Naturally, this leads to the immediate
consequence that the mean residual life grows unboundedly. We leave the proof of this result to the reader
(see Exercise 11).

Lemma 4.1. Suppose that the distribution F is long-tailed. Then, lim, o, m(x) = 00.

The connection between long-tailed distributions and the asymptotic behavior of the mean residual life
and the hazard rate can be made more precise if we restrict attention to continuous distributions that are
“well-behaved”; specifically, distributions having the property that the limit of the hazard rate function ¢(z)
exists as x — oo. Note that this assumption is not limiting, and captures all non-pathological continuous
distributions.

> Note that if the expectation corresponding to the distribution F is co, then m(x) = oo identically. In this case, we follow the
convention that limg_, oo m(x) = oo holds.
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Theorem 4.2. Suppose that the distribution F' over the non-negative reals is associated with a density
function f. Assuming lim,_, q(x) exists,

FeLl < lim q(z) =0 < lim m(z) = c0.’
T—r00 T—r00
Proof. Note that we have made the assumption that the hazard rate ¢(x) has a limit as z — oo. Let ¢ =
lim, o0 g(). Clearly, ¢ > 0.
We first prove that F' € £L <= ¢ = 0. Recall that the c.c.d.f. can be represented in terms of the hazard

rate as follows: F(z) = e~ Jo a()ds 1t follows from the above representation that for ¢ > 0,

F(_J" + t) _ 7f;+t q(s)ds
F(x) ‘
It is now not hard to see that
F t x4+t
lim (_xi—i_):l <= lim q(8)ds =0 <= c=0.

Next, we show that c = 0 <= lim,_,o, m(z) = co. If ¢ = 0, we have already proved that F' € £, which
implies, from Lemma 4.1, that lim,_,~, m(x) = oc. It thus suffices to show that if ¢ > 0, then m(z) is
bounded. To see this, recall that

m(z) = /OO e~ Jx a8y,
0

Assuming ¢ > 0, there exists xg > 0 such that ¢(z) > ¢/2 for x > x¢. Therefore, for z > x,

& 2
m(x) < / e 2t = = < 0.
0 C

This completes the proof. O

These two results highlight that the definition of long-tailed is both “weaker” than IMRL/DHR in that
it focuses only on the tail, and “stronger” than IMRL/DHR in that it requires the mean residual life to grow
unboundedly and the hazard rate to decrease to zero asymptotically.

Though the name “long-tailed” may initially seem strange, since it has no connection to the idea of
residual life, it is actually natural to see from the definition why the name “long-tailed” is appropriate. In
particular, F'(z + t) ~ F(z) as z — oo for all ¢ means that the tail stretches out with seemingly no decay
over any finite range ¢. Thus, the tail of the distribution is indeed quite long. As this suggests, long-tailed
distributions are a subclass of heavy-tailed distributions. In fact, if you recall, the definition of long-tailed
distributions came up organically in our proof that subexponential distributions are heavy-tailed (Lemma
3.4) which, in retrospect, consisted of first showing that subexponential distributions are a subclass of long-
tailed distributions and then showing that long-tailed distributions are heavy-tailed. Thus, we have already
proven the following theorem in Chapter 3.

Theorem 4.3. All long-tailed distributions are heavy-tailed.

The class of long-tailed distributions is an extremely broad subclass of heavy-tailed distributions. As
we just mentioned, the class of long-tailed distributions contains the class of subexponential distributions,
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Figure 4.4: Iilustration of various classes of heavy-tailed distributions, along with common distributions.

which in turn contains the class of regularly varying distributions. As a result, all common heavy-tailed
distributions are long-tailed, e.g.; the Pareto, the Weibull (with o < 1), the LogNormal, the Burr, etc. Fig-
ure 4.4 illustrates how the classes we discuss in this chapter fit into those we have discussed previously. As
the figure shows, there is a complex zoo of terminology surrounding sub-classes of heavy-tailed distributions
but, by this point in the book, each of the terms should mean something precise to you.®

In particular, to distinguish long-tailed distributions from heavy-tailed distributions, we recall one of
our equivalent definitions of heavy-tailed distributions (Lemma 1.1): A distribution F' over the non-negative

reals is heavy-tailed if -
—log F(x)

liminf ————~ = 0.
T—00 x

In contrast, for long tailed distributions, we have the following, which we proved in the process of proving
that subexponential distributions are heavy-tailed (Lemma 3.4).

Lemma 4.2. If F' € L, then lim,_,~ —logFlz) _

x

Thus, in order to construct a heavy-tailed distribution that is not long tailed, all that is necessary is to

8Since our descriptions of residual life, hazard rate, and MRL are essentially applicable to only non-negative distributions,
we mark the Gaussian and the Gumbel distributions as light-tailed but not DMRL in Figure 4.4. Similarly, we mark the Cauchy
distribution as regularly varying, but not IMRL. Proving the placement of the Erlang, the LogNormal, the Fréchet, and the Lévy
distributions in Figure 4.4 is the goal of Exercises 5, 6, 7, and 8, respectively. Finally, that all DMRL distributions are light-tailed
follows from the following property of DMRL distributions (see Prop. 6.1.2 in [180]: If a random variable X having mean 1/u
is DMRL, then for Y ~ Exp(u), E [g(X)] < E[g(Y)] for all convex functions g(-). Taking g(z) = e* for ¢ € (0, ), it then
follows that E [eEX } < 00, which implies that X is light-tailed.
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ensure that the limit of _I%F(w) does not exist as x — oo, but liminf,_, ., _I%F(I) = 0 (see Exercise 14).
To understand the contrast between long-tailed distributions and subexponential distributions, let us go
back to our proof of Lemma 3.4 in Chapter 3. In particular, in that proof, we showed that F' is subexponential
if and only if -
lim MdF(u) =1.
t=oo Jo K1)
Correspondingly, if F' is long-tailed, then it satisfies the above condition so long as we may interchange
the limit and the integral. This highlights that the class of subexponential distributions corresponds to those
long-tailed distributions that are “well-behaved” enough for this interchange to be valid.
The distinction between long-tailed and subexponential distributions can also be understood in terms of
the hazard rate. We have already seen a sufficient condition in terms.of the hazard rate for a distribution
to be subexponential in Lemma 3.3. In fact, Pitman [158] proved the following (stronger) necessary and

sufficient condition for a distribution to be subexponential.

Lemma 4.3. Suppose that the hazard rate q(-) associated with the distribution F' (over the non-negative
reals) is eventually decreasing, with lim,_,o, q(x) = 0. Then F € S if and only if

x
lim | Y@ f(y)dy = 1. (4.10)
T—00 0
Now, from Theorem 4.2, we see that a distribution F" having a hazard rate eventually decreasing to zero,
but does not satisfy (4.10), is long-tailed but not subexponential. The interested reader is referred to [158]
for an example of such a construction.

4.4 An example: Random extrema

Since the class of long-tailed distributions can be defined in terms of the limiting behavior of the hazard
rate and the residual life, it is natural that it finds application most readily in the study of extremes, i.e., the
maximum and minimum of a set of random variables. Of course, the study of extremes is crucial to a wide
variety of areas such identifying outliers in statistics; determining the likelihood of extreme events in risk
management; and many more, including applications in both the physical and social sciences. In this book,
we focus on extremal processes in Chapter 7 when discussing the emergence of heavy-tailed distributions
and then again in Part III, where extreme value theory plays a crucial role in the statistical tools we develop
for estimating heavy-tailed distributions from data.

In settings where extremes are of interest, the core of the analysis often relies on understanding a very
simple process — the maximum or minimum of a random number of independently and identically distributed
random variables. For example, if one wants to predict the size of the maximal earthquake damage in the US
in a particular year, then there is a random number of earthquakes in a year, each of which may be assumed
to be independent and identically distributed. Of course, either (or both) the distribution of the number of
events and the payout of each event could be heavy-tailed.

More formally, let us consider the following setting, which parallels the example of random sums con-
sidered in Chapter 3. Suppose {X;};>1 is a sequence of independent and identically distributed random
variables with mean E [X] and the random variable N takes values in N and is independent of { X };>;. Our
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goal is to characterize
MN = max(Xl,...,XN) andmN = min(Xl,...,XN).

While you may not have studied the random extrema My and mpy before, you have almost certainly
studied the version where the number of random variables is fixed at n, i.e., M, and m,,. In particular, for
each of these, it is simple to characterize the distribution function

Fo, (2)=Pr(X; >z,...,X, >x) = F(z)"
Fuyr, () =Pr(X; <z,..., X, <zx)=F(x)™

Using this, it is not difficult to see that the class of long-tailed distributions is well-behaved with respect to
extrema. For example, we show in the following that the class is closed with respect to max and min.

Lemma 4.4. Forn > 2, suppose that X1, Xo,--- , X, are i.i.d., long-tailed random variables. Then
(i) max(Xy, Xo, -, Xy,) is long-tailed, and
(ii) min(Xy, Xo, -+, Xy,) is long-tailed.

Proof. Let us denote the distribution of each i.i.d. X; by F. We start by focusing on the first claim: that
M, = max (X1, Xo, -+, X,) is long-tailed. To begin, note that the tail of M, satisfies Pr (M,, > ) ~
nkF(x), since

lim Pr (Mn >x) lim 1—(1—F(x)"
L nF@) + () FE - )
T—00 . i F(x)
L nF@) P
AT P

Next, for any y > 0, we can write

s ) (winea) (R

Each of the three functions in brackets above approaches 1 as x — oo, where the third is a result of the fact
that X is long-tailed. Thus, it follows that

Pr (M,

=1
z—oo  Pr(M, > x) ’

which completes the proof of the first claim in the lemma.
The second claim, that m,, = min(X1, Xo, -+, X,,) is long-tailed, is easy to verify too. Given that X;
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is long-tailed, we have lim,_ . Fgc(;;/ ) — 1. Thus, for any y > 0,
P F n
lim r(mn>$—|—y): lim le,
z—oo  Pr(m, > x) z—oo  F(x)"
which completes the proof. O

While the lemma above is useful, it is concerned only with the minimum and maximum of a fixed
number of random variables. Our goal in this section is to study random extrema. The fact that long-tailed
distributions are closed with respect to max/min suggest that the same may be true for random extrema. In
fact, it is possible to say quite a bit more about the behavior of the tail of random extrema. In particular, it
is possible to derive precise characterizations of the tail behavior, in quite general settings, with elementary
analytic techniques.

Theorem 4.4. Consider an infinite i.i.d. sequence of random variables X1, Xs, . .., and a random variable
N € N that is independent of {X;}i>1 and has E[N] < oo. Define ng such that Pr(N > ng) = 1 and
Pr(N =ng) > 0. Then,

Pr(maX(Xl,Xg,--~ ,XN) >t) NE[N]PI‘(Xl > t)

and
Pr(min(Xy, Xo, -+, Xn) >t) ~ Pr(N =ng) Pr(X, >t)".

Thus, if X; are long-tailed then both max(Xi, Xo,--- yXn) and min(X;, Xo,--- , Xn) are also long-
tailed.

To get intuition for this theorem, an interesting special case to consider is when N ~ Geometric(p). In
this case, Pr (N = i) = p(L—p)*~! fori > 1 and E[N] = 1/p. So, to apply Theorem 4.4 we set n = 1
and p, = p, and thus we obtain

1
Pr(maX(Xl,Xg, s ,XN) > t) ~ *PI‘(Xl > t)

p
Pr(min(Xl,Xg,--~ ,XN) > t) NpPI'(Xl > t),

which gives
P X, X0, X t 1
im r(mz'lx( L Xy, X) > ):—:E[N]z.
t—oo Pr (min(Xy, Xo, -+, Xn) >1t)  p?
Interestingly, this does not depend on the distribution of X, just on the distribution of V.
Beyond the example of a Geometric distribution, note that the form of Theorem 4.4 for the random
maximum exactly parallels the form of the maximum of a deterministic number of samples, i.e., N = n. In
particular, the tail of the max of n random variables satisfies

Pr (max(Xy,...,X,) >t) ~nPr(X; >1). (4.11)

The parallel form of the above to that of Theorem 4.4 highlights that, with respect to the tail, we can basically
ignore the fact that IV is random when studying random maxima. Interestingly, this is similar to the insight
provided by Wald’s equation for random sums, as we discussed in Section 3.3.
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Given the above observation, it is natural to further contrast behavior of random extrema (Theorem
4.4) with the behavior of random sums (Theorems 3.1 and 3.2). For random sums, the behavior of the tail
depends crucially on whether the tail of V is heavier or lighter than the tail of the X;. In contrast, for random
extrema, the tail of /V is unimportant. Further, note that combining Theorem 4.4 with Theorem 3.1 we see
that, when X; are subexponential,

Pr (ZXl >t> ~ E[N]Pr(X; > t) ~ Pr(max(Xy, Xo, -+, Xn) > ).

Thus, the random sum is tightly coupled to the random max in this case, as should be expected for subexpo-
nential distributions given the catastrophe principle.
Now, with this intuition in hand, let us move to the proof of Theorem 4.4.

Proof. We begin with the following representation of the tail of My = max(X1, Xo, -+, Xp).
MN >t ZPI‘ Pr(maX(Xl,Xg, 7Xz') >t).
1€EN
Therefore,
Pr (M t P X1, X0, X)) >t
lim I'( N > ) — lim PI'(N:Z) I'(HlaX( 1,42, ) l)> )
t—oo Pr (X1 > t) t—o0 Pr (X1 > t)

i€EN

Now, since lim;_; Pr(max(fé E)éit) X2 — ; the statement of the theorem follows once we justify inter-

changing the order of the limit and the summation in the above equation. As we show below, this interchange
can be justified using the dominated convergence theorem (DCT).

Pr(max(X1,X2, - ,X;)>t)

The dominated convergence theorem states that, if we can find an upper bound 3; of Pr(X) S0)
that is independent of ¢, such that ), Pr (/N = i) 3; < oo, then the order of the limit and the summation
can be interchanged. In this case, we may take 3; = % since

Pr(max(X, Xo, -+, X3) >t)  1—(1—Pr(X; >1t))
Pr(X; > t) N Pr(X; > t) -

2

where we have used the inequality (1 — z)* > 1 — iz for > 0. The application of the DCT is now justified
noting that » ;. Pr(&V = i) 8; = E[N] < co. This completes the proof of the tail characterization of M,,.

We now turn our attention to the tail characterization of my = min(Xy, Xo, -+, Xy). As before, we
may represent the tail of my by conditioning with respect to V.

Pr(my >t) =Y Pr(N =1d)Pr(min(Xy, Xp,--, X = Pr(N =i)Pr(X; > t)".
i€EN €N
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Noting that ng is the smallest value taken by N with positive probability, we have

Pr(my >t) =Y Pr(N=14)Pr(X;>t)

>N

=Pr(X; >t)" (Pr(N =ng)+Pr(N =mno+1)Pr(X; >1t)

+Pr(N =mng+2)Pr (X, >t)2+--->
=Pr(X; >t)" g(Pr(X; > t)), 4.12)

where the function g is defined via the power series

o0
:ZPr(N:noJri)x
=0

Suppose that we can show that ¢ is continuous at 0, i.e., lim, g g(z) = ¢g(0) = Pr(N = ng). Then it
follows from (4.12) that

Pr(my > t)

Jm o s e = AR > ) = PrVE no),

which is our desired characterization of the tail of m .

It remains then to argue that g is continuous at 0. Note that (1) = >, Pr(N =i) = 1, i.e., the
power series defined by g(x) converges at x = 1. It therefore follows that the power series is continuous
over |x| < 1, which of course implies the continuity of g at 0. O

4.5 Additional notes

In this chapter we introduced IHR/DHR and IMRL/DMRL in the context of contrasting heavy-tailed and
light-tailed distributions; however it is important to note that these classes are useful in much broader con-
texts. In particular, monotonicity properties of the hazard rate and the mean residual life yield crucial tools
in the area of stochastic comparisons and stochastic orderings, which are fundamental tools for applied prob-
ability. For in an introduction into the connections between these tools and stochastic orderings we point the
interested reader to [43,139, 172].

Our introduction to long-tailed distributions focused providing intuitive proofs of some important prop-
erties of the class. However, readers who want to go into more depth in the study of long-tailed distributions
should note that most elementary properties of long-tailed distributions can be shown to quickly follow from
their connection with slowly varying functions (as introduced in Chapter 2). This connection is highlighted
in [77], which also includes a comprehensive treatment of long-tailed distributions, including properties of
long-tailed distributions on the real line, and so-called locally long-tailed distributions.

Unlike the the classes of regularly varying and subexponential distributions it is usually too ambitious
to expect asymptotic approximations to hold for the full class of long-tailed distributions. This makes them
more difficult to work with in applications. However, in several contexts it is possible to develop asymptotic
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lower bounds without additional assumptions, thus making the class more easily applicable. For example,
in [201] the following is shown. If S, = X; 4+ ... + X,, is a random walk with negative drift, with
P(X1 >z +y) ~ P(X; > z), then liminf, % > —F[X).

A second, more advanced, application where the class of long-tailed is used is in the analysis of Brow-
nian motion. Specifically, let B(t) be a Brownian motion with strictly positive drift, M (t) = sup,., B(s)
and T an independent long-tailed random variable. Then, P(M (T') > =) ~ P(B(T) > x). For a proof and

a discussion of some applications of this result, see [196] and [206].

4.6 Exercises

1. The goal of this exercise is to prove that the exponential is the‘only continuous distribution that is
memoryless. Specifically, suppose that the distribution F' corresponding to a continuous non-negative
random variable satisfies the following property:

Flz+t) -
Fa) =F(t) Vs,t>0.

Prove that F' is necessarily exponential.

2. Consider a distribution F' corresponding to a non-negative, continuous random variable having finite
mean. Show that if the hazard rate function ¢(-) corresponding to F' is eventually decreasing, then the
mean residual life function m(-) corresponding to F'is eventually increasing.

3. Consider a distribution F' corresponding to a non-negative, continuous random variable having finite
mean. Let m(-) and ¢(-) denote, respectively, the MRL and hazard rate corresponding to F.
Prove that m/(z) = m(x)q(z) — 1.

4. Recall that the hyperexponential distribution is the mixture of independent exponentials. Specifically,
consider the hyperexponential distribution F' defined by the c.c.d.f.

F(x) = Zpl-e—’“m (z >0).
i=1

Here, p1; > 0 and p; > Ofor 1 < i < n, with " | p; = 1. Let m(-) denote the mean residual life
function corresponding to F.

Prove that lim,_,.o m(z) = 1/f1, where i = min; p;.

Note: Since the hyperexponential is IMRL, the above statement also implies that m(x) < 1/f for
all x.

5. Recall that the Erlang distribution with parameters (k, 1), where & € N and p > 0, is associated with

the c.c.d.f.
k—1

- ()’
_ MCUE '
Fla) = e 2 i forz >0
1=

1 forz <0
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10.

11.

12.

13.

Prove that the Erlang distribution is IHR.

. Prove that the LogNormal distribution is neither IMRL nor DMRL.

Hint: It suffices to establish the following properties of the LogNormal hazard rate function q(-):
(i) limg |0 ¢(x) = 0, and (ii) limy_,o0 q(x) = 0. While Property (i) implies that lim, o m/(z) < 0,
Property (ii) implies that lim,_,oo m(z) = oo. To prove Property (ii), you may use the following
property of the hazard rate function qn of the standard Gaussian: qn () ~ x as x — oo (this follows
from Theorem 1.2.3 in [63].

. Recall that the Fréchet distribution with shape parameter « > 0 is characterized by the c.d.f.

=% forxz >0
Flz)=4 © =
() { 0 forz <0

Prove that the Fréchet distribution is neither DHR nor IHR. For a > 1, prove that the Fréchet distri-
bution is neither DMRL nor IMRL.

Hint: Once again, it suffices to show that the hazard rate function q(-) of the Fréchet distribution
satisfies: (i) limg o g(z) = 0, and (ii) limg o q(x) = 0.

. Recall that the Lévy distibution with scale parameter ¢ > 0 is characterized by the density function

c e‘i
Ve ——a  f 0
Fz) = o w% orx >

0 forx <0

Prove that the Lévy distibution is neither DMRL nor IMRL.

. Prove that, to check that a distribution F' is long-tailed, it suffices to check that (4.9) holds for some

t>0.
Prove that a non-negative random variable X is long-tailed if and only if | X | is long-tailed.

Let m(+) denote the mean residual life function corresponding to distribution F’ over the non-negative
reals. If F' € L, prove that lim,_,, m(z) = co.

Consider a distribution F* over R with finite mean p. Recall that the excess distribution correspond-
ing to F'is defined as

Prove that if F' is long-tailed, then F% is long-tailed.

The goal of this exercise is to come up with a representation theorem for long-tailed distributions,
analogous to the Karamata representation theorem for regularly varying functions (Theorem 2.6 in
Chapter 2). Indeed, the representation theorem for long-tailed distributions turns out to be a direct
consequence of the Karamata representation theorem for slowly varying functions.

Consider a distribution F' over the non-negative reals.
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(a) Show that F' € £ if and only if F'(log(-)) is slowly varying.

(b) Use the representation theorem for slowly varying functions (Theorem 2.6) to establish the fol-
lowing representation theorem for long-tailed distributions.

F is long-tailed if and only if F' can be represented as a monotonically decreasing function of
the form B o

F(z) = e(z)elo BOI
where lim, o, &(x) = ¢ € (0, 00) and lim,_,o, B(x) = 0.

(c) Deduce from the above representation theorem that long-tailed distributions are heavy-tailed
distributions. Specifically, show that if F' € L, then

lim F(x)

z—o0 e HT

= 00 Vo> 0.

14. Construct a distribution that is heavy-tailed but not long-tailed.

15. Recall that a non-negative random variable X is square root insensitive if Pr (X > z) ~ Pr(X >z — /x).
We discussed these distributions briefly in Chapter 3. Prove that if X is square root insensitive, then
v/ X is long-tailed.
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When heavy-tailed distributions are found in the world around us they are often
reported as surprising curiosities, something in stark contrast to the Gaussian
distribution that the central limit theorem teaches us to expect.. Of course, the
Gaussian distribution is prominent in the world around us; but it is also true that
heavy-tailed distributions are more than a curiosity — they arise frequently and in
many disparate contexts. This begs the question: Why? Are there simple laws
that can “explain” the emergence of heavy-tailed distributions similarly to the way
in which the central limit theorem “explains” the prominence of the Gaussian
distribution?

In Part II of this book we focus on this question. We study three generic,
foundational stochastic processes in order to understand when one should expect
the emergence of heavy-tailed distributions as opposed to light-tailed distributions.
In particular, we study additive processes (Chapter 5), multiplicative processes
(Chapter 6), and extremal processes (Chapter 7). Additive process are likely the
most familiar, given the prominence of the central limit theorem, but multiplicative
and extremal processes are nearly as wide-spread. Multiplicative processes
arise in situations where growth happens proportionally to the current size, e.g.,
investments on incomes, population growth, etc.; whereas extremal processes are
crucial for characterizing extreme events such as large earthquakes, floods, world
records, etc.

Our discussions in the chapters that follow highlight that heavy-tailed distributions
should not be viewed as anomalies. In fact, heavy-tails should not be surprising at
all, in many cases they should be expected. Both additive processes and extremal
processes can lead to both light-tailed and heavy-tailed distributions, in some cases
creating heavy-tailed distributions from light-tailed inputs. Further, multiplicative
processes are almost guaranteed to lead to heavy-tailed distributions, regardless of
the inputs to the process. Taken together, these chapters highlight that the emer-
gence of heavy-tailed distributions should be treated as something as natural as, if
not more natural than, the emergence of the Gaussian distribution.







Chapter 5

Additive processes

Discoveries of heavy-tailed phenomena are often viewed with surprise, ‘as if heavy-tailed distributions are
merely a probabilistic curiosity. In large part, this is a consequence of the prominence and beauty of the
central limit theorem. The central limit theorem leads to the idea that the emergence of the Gaussian (Nor-
mal) distribution is almost a “rule of nature,” since processes in nature can often be viewed as being formed
by a sum of many random events, i.e., via some additive process. Consequently, the Gaussian distribution
becomes our expectation about how the world around us will behave.

Of course, the Gaussian distribution is prominent in our lives. Many aspects of human growth and
behavior are approximately Gaussian — heights, weights, test scores, etc. However, heavy-tailed distributions
are also very prominent in the world around us, as we have seen throughout this book. The prominence of
heavy-tailed phenomena seems to fly in the face of the “explanation” provided by the central limit theorem
for the prominence of the Gaussian distribution. Thus, the following natural question emerges:

Given that the central limit theorem predicts the emergence of the Gaussian distribution,
why are heavy-tailed distributions so common?

To answer this question, it is natural to first think about where the central limit theorem applies, and
where it does not. The most obvious limitation of the central limit theorem is that it only applies to additive
processes. Of course, there are many other ways things can evolve besides additive processes and other pro-
cesses could certainly lead to other, possibly heavy-tailed, distributions. In fact, other types of processes do
lead to distributions besides the Gaussian, as we highlight in the following two chapters where we consider
two other general processes — multiplicative processes and extremal processes.

But, even in the case when things evolve according to an additive process, it turns out that there is more
to the story than the version of the central limit theorem that is typically taught in introductory probability
and statistics courses. In particular, the typical statement of the central limit theorem that we learn in these
courses is not the full version of the central limit theorem. There is a generalized central limit theorem that
highlights that one should not expect additive processes to always yield distributions that are approximately
Gaussian. The generalized central limit theorem tells us that a broad class of stable distributions can emerge
from additive processes, and that these distributions often have heavy tails, specifically regularly varying
tails.

Thus, in some sense, intuitive expectations about the prominence of the Gaussian distribution are skewed
because people only have a partial view of the central limit theorem. In this chapter we seek to remedy this
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by introducing the generalized central limit theorem and the class of stable distributions. Note that the
typical treatment of the generalized central limit theorem and the class of stable distributions is extremely
technical, but we do our best to provide an elementary treatment here. Of course, this means that we do
not prove results in their full generality. However, throughout the chapter, we point interested readers to
references where the full details can be found.

5.1 The central limit theorem

Our focus in this chapter is on additive processes. As the name implies, additive processes are processes
that evolve as the sum of random events. A simple, general class of additive processes, which is our focus
in this chapter is the following:

S,=X1+Xo+...+ X,, where X; arei.i.d.

The study of additive processes is a classical and important area, and two of the most celebrated results
in probability provide us insight into the behavior of S,: (i) the law of large numbers and (ii) the central
limit theorem.

While you have almost certainly seen both of these results before, we present them here in a non-
standard way in order to highlight a perspective on these results that is not often taught in introductory
probability courses. In particular, in the treatment below, we show that the law of large numbers and the
central limit theorem can be interpreted as the first and second order approximations of the additive process
Sp. This “engineers” view is particularly useful for applications in algorithms and computer networking,
where random sums are often key to analysis.

To begin to understand this view, let us first recall the statement of the law of large numbers.

Theorem 5.1 (The strong law of large numbers). Consider an infinite sequence of i.i.d. random variables
X1, X2, ... having E [X;] = E[X] € (=00, ). Then,

L E[X] asn — oo.!

Sy «

n
Informally, the law of large numbers says that, up to a first-order approximation, .S, is well-approximated
by its mean, and is thus linear in n, i.e.,

S, 2 E[X]n + o(n).

This is a particularly nice approximation because it is deterministic; all the randomness of the S,, has
disappeared and the approximation only depends on n and E [X]. Figure 5.1 highlights this view of the
law of large numbers, and the accuracy of the first order approximation the law of large numbers provides.
In particular, Figure 5.1 shows that it does not take very large n before the linear, deterministic, first-order
approximation of S, becomes accurate: (a) shows that the approximation is not particularly useful at n = 15,
but by n = 300 the approximation is quite predictive.

! Almost sure (a.s.) convergence of a sequence of random variables {X7 }n>1 to a (possibly random) limit X implies that the
with probability 1, the sequence of values taken by the random variables { X, },>1 converge to the value taken by the random
variable X [97, Chapter 2]. Almost sure convergence is also commonly referred to as convergence with probability 1 (w.p.1).
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Figure 5.1: lllustration of the first-order approximation of Sy, provided by the law of large numbers. The
plots illustrate 5 realizations of S,, with X; ~ Exp(1). The dotted line shows the law of large numbers
approximation.

Given that the first order approximation of .S, from the law of large numbers is deterministic, it is natural
to ask if it can be made more precise, i.e., what is the second order correction term? One would hope to
have a correction term that captures the randomness of .S, and this is exactly what is provided by the central
limit theorem.

Theorem 5.2 (The central limit theorem). Consider an infinite sequence of i.i.d. random variables X1, Xo, . . .
having E [X;] = E[X] < oo and Var [X;] = 02 < oc. Then,

Sy, = nE[X]
Vn

The form of the central limit theorem highlights that it can be viewed as a correction term for the law
of large numbers. Specifically, the term S,, — nlE [X] is the error of the approximation provided by the law
of large numbers, and so the central limit theorem highlights that this error is on the order of \/n. Thus, by
combining the central limit theorem and the law of large numbers, we get a second order approximation of
the additive process S,,, where the second term is of order \/n:

d .
5 Z asm— oo, where Z ~ Gaussian(0, 0?).?

Sp LE[X]n+ Zvn + o(v/n), where Z ~ Gaussian(0, 02).3

Of course, since the central limit theorem does not have a deterministic limit, the approximation is no
longer deterministic. However, this is natural (and even desirable) given the randomness of .S,,.

ZA sequence { X, } n>1 random variables converges in distribution to a (possibly random) limit X (denoted X, 4 x ) if the
distributions of X, converge to the distribution of X as n — oo, i.e., limp_— o0 Pr (X, < z) = Pr(X < z) for all z. To be more
precise, if the c.d.f. Pr(X < z) has discontinuities, then we require that the preceding convergence hold at all points x where
Pr (X < z) is continuous [97, Chapter 2].

3Recall that X < Y if the random variables X and Y have the same distribution, i.., Pr (X <z) =Pr(Y <z forall z.
Thus, the central limit gives us a distributional description of \S,, for large n.
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Figure 5.2: Iilustration of the second-order approximation of S, provided by the central limit theorem. The
plots illustrate 5 realizations of S,, with X; ~ Exp(1) for n = 300. (a) shows the error of the first-order
approximation provided by the law of large numbers, i.e., S, —nE [X;].. (b) shows the normalized error of
the first-order approximation, i.e., (S, — nE [X;])/\/n. (c) shows the histogram of the normalized error of
the first-order approximation for n = 300 over 1000 sample paths. The red curve is the probability density
function of the standard Gaussian distribution.

Figure 5.2 highlights the view of the central limit theorem as a “correction term” for the approximation
of S,,. In particular, the y-axis of these plots can be interpreted as the error of the first-order approximation
provided by the law of large numbers. Figure 5.2 (a) shows the error without normalization, which highlights
that the error is growing with n on the order of y/n. Figure 5.2 (b) shows the error normalized by /n.
The normalization prevents the correction term from blowing up but, as the figure highlights, significant
randomness remains (see the contrast between Figure 5.2 (b) and Figure 5.1 (b)). However, the central limit
theorem highlights that this randomness has structure — it follows a Gaussian distribution. This is illustrated
in Figure 5.1 (c).

Since understanding and generalizing the central limit theorem is core to our goals in this chapter, it is
important for us to consider the proof. In fact, when we move to the generalized central limit theorem, the
proof is more technical, but the structure mimics the approach we use in the proof of the classical version of
the central limit theorem below.

Our proof of the central limit theorem relies on manipulating the characteristic function of the sum, and
so let us first recall some important properties of the characteristic function. The characteristic function of a
random variable X is defined as

¢x(t) =E [¢"*] = E [cos(tX) + isin(tX)] .

The characteristic function is a particularly useful quantity because it completely determines the distribution
of the random variable, i.e., it can be inverted to find the distribution function, and it is often easier than the
distribution function to work with analytically. For example, an important property that highlights the value
of the characteristic function is the fact that characteristic function of a linear combination of independent
random variables can be expressed as the product of the characteristic functions of the random variables,
i.e.,

Bar X1 +a2 Xat.AanXn (1) = &x, (a1t) P x, (a2t) . .. dx, (ant).
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As you can imagine, this property makes the characteristic function an appealing tool for studying additive
processes in general and, specifically, for proving the central theorem.

Proof of Theorem 5.2. To begin, we shift the X; to obtain a zero mean random variable Y; = (X; — E[X])
and denote the characteristic function of the i.i.d. Y; by ¢y. Though we do not know much about the form
of ¢y, we do know that ¢y (0) = 1 and that ¢4 (0) = ¢E[Y] = 0. Further, we know that the variance of
X; is finite, and thus the variance of Y is finite as well. It follows that the characteristic function of Y is
twice differentiable and that and ¢4 (0) = —E [Y?] = —Var[Y] = —¢?. This allows us to write a Taylor
expansion of ¢y around 0 as follows:

2
By (1) = v (0) + 64 (0)t + $(0) 5 +o()as ¢ L0

242
t
:1—07+o(t2), ast ] 0.

Next, we use Z,, = ZZZT;L to denote normalized additive process we are interested in characterizing.
Using the above, we can write the characteristic function of Z,, as follows

2t2

62, (t) = (¢y(t/v/n)" = (1 St o(t?/m) —e " asn = oo,

The key of the proof is to recognize that this limit is exactly the characteristic function of a Gaussian distri-
bution with mean zero and variance o2. This completes the proof because, by Lévy’s continuity theorem,
convergence of the characteristic functions implies convergence in distribution. O

While the central limit theorem is likely second nature for anyone who has taken an introductory prob-
ability course, there are some surprises when considering it in the context of heavy-tailed distributions. In
particular, note that the central limit theorem applies even when the X;s are heavy-tailed, as long as the
variance is finite. So, for example, if one considers the Pareto distribution (or more generally a regularly
varying distribution) with index « > 2, the variance is finite and so ﬁ(sn — nE[X]) converges to a
Gaussian distribution.

This initially seems natural, since the central limit theorem is so familiar. However, upon more careful
examination it is a bit surprising. Recall that if X; and X9 are regularly varying with index —«, then
X1 + Xy is also regularly varying with index —a (see Lemma 2.4). Thus, by induction, any finite sum
X1+ ...+ X, is regularly varying with index —a. So, for all n, S, = X; +...+ X, is heavy-tailed, yet as
n — oo the central limit theorem gives a limiting distribution that is light-tailed — the Gaussian. Even more
surprisingly, while all moments of the Gaussian distribution are finite, .S,, will have infinite higher-order
moments for all finite n! Specifically, F[S¥] = oo for all n and k > a.

This seems contradictory at first; however, the reason for the apparent contradiction is simple. For any
large but finite n, the approximation of S, provided by the Gaussian distribution is only accurate up to a
particular point in the tail, say for ¢t < t,. Since the Gaussian is light-tailed, it cannot approximate the full
tail of a heavy-tailed distribution but, as n — oo, t,, — 00, and so convergence in distribution is achieved.*

*In fact, for subexponential X;, there is a precise understanding of the range of ¢ over which the probability Pr (S, > t) is
well approximated by a Gaussian tail, and the range over which the ‘catastrophe’ approximation nPr (X, > t) is more accurate;
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5.2 Generalizing the central limit theorem

The classical statement of the central limit theorem gives a convincing explanation for the emergence of the
Gaussian distribution in the world around us: if a process grows additively then it can be approximated via
the Gaussian distribution. But, of course, there are conditions on when this may happen. It is the relaxing
of these conditions that highlights that the Gaussian is not as special as the classical statement of the central
limit theorem makes it appear.

In particular, there are four key assumptions in the classical central limit theorem: (i) X; are identically
distributed; (ii) X; are independent; (iii) X; have finite mean; and (iv) X; have finite variance. It turns out
that (i) and (ii) are not particularly crucial. Specifically, if X; are not identically distributed, then it is still
possible to obtain versions of the central limit theorem where S,, converges to a Gaussian distribution, e.g.,
the Lyapunov central limit theorem [28, Section 27]. Similarly, if X, are dependent it is still possible to
prove versions of the central limit theorem where .S;, converges to a Gaussian distribution, as long as the
dependence is “local”, e.g., see Theorem 27.4 of [28]. Of course, if the dependence is extreme, then it can
be constructed to create an arbitrary limiting distribution for S,,.

Thus, we are led to considering assumptions (iii) and (iv) — that the X; have finite mean and variance. In
both of these cases, we can immediately see that S, cannot have a limit that is Gaussian since the Gaussian
distribution is defined via a finite mean and variance. However, this does not mean that a version of the
central limit theorem does not apply here.

In particular, we might still hope to have a result of the form

(X1+X2+”'+Xn)—bni>G7 5.1

an

for some sequences of scaling parameters a,, and translation parameters b,,, and some random variable G.
This form naturally generalizes both the law of large numbers and the classical central limit theorem. In the
case of the law of large numbers a,, = n and b, = 0 and in the case of the standard central limit theorem
a, = +/nand b, = nE [X].

If we hope to obtain a generalized form of the central limit theorem such as the one in (5.1), then a first
step is to understand what distributions may serve as limits, i.e.,

What distributions might the limiting distribution, G, follow?

Clearly, the Gaussian distribution is a candidate. In fact, the Gaussian distribution has some very useful
properties that make it natural in the context of the central limit theorem. The most important is that, if
X1, X are independent and Gaussian with mean y and variance o2, then X + X is Gaussian with mean
2u and variance 202. More generally, for any a1, as > 0, a1 X1 4+ a2 X2 is Gaussian distributed with mean
(a1 + a2)p and variance (a? + a3)o?, which implies that

a1X1 + a2 Xo 4 (\/CL%-FCL%) X1+ <a1+a2— \/a%—ka%) 7

Thus, the distribution of the sum of two Gaussian random variables yields a simple linear scaling of one of
the original random variables. So, the Gaussian is, in a sense, “stable” with respect to addition and scalar
multiplication.

the interested reader is referred to [138] for a survey of such results.
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This notion of “stability” turns out to be interesting beyond the Gaussian distribution. In particular, it is
the foundation of the class of stable distributions, which is defined as follows.

Definition 5.1. A distribution F' is stable if, for any n > 2 i.i.d. random variables X1, Xo, - , X, with
distribution F, there exist constants c, > 0, d,, € R such that

Xi4+Xo+ -+ Xn L en Xy + dy.

We have already seen that the Gaussian distribution is an example of a stable distribution. Another
(trivial) example of a stable distribution is a degenerate point mass where X; = ¢ with probability 1. The
Cauchy and Lévy distributions provide two other common examples of a stable distribution. However,
beyond these examples, it is difficult to understand how broad the class of stable distributions is and what
properties stable distributions have from the definition alone.

To better understand the definition of stable distributions, note that it is tightly coupled to the form of
the central limit theorem, and to its generalized form in (5.1). In particular, the class of stable distributions
is of foundational importance because stable distributions-are precisely the distributions that can serve as
the limiting distribution G in (5.1).

Theorem 5.3. A random variable Z has a stable distribution if and only if there exists an infinite sequence
of i.i.d. random variables X1, X, . .. and deterministic sequences {a,},{bn} (a,, > 0), such that

X X a4+ X)) — by
(Xi+Xo+--+Xp) 4

an

In a sense, the above theorem provides a first-cut at a generalized central limit theorem. In particular,
Theorem 5.3 highlights that there is an entire class of distributions, stable distributions, that serve as can-
didate limiting distributions for additive processes. So, the Gaussian distribution is not as “special” as the
standard statement of the central limit theorem makes it appear, and the fact that it is the limiting distribution
can be “explained” simply by the fact that it is a stable distribution. However, Theorem 5.3 is not particularly
satisfying when interpreted as a generalized central limit theorem since it says very little about the form of
the distributions that can emerge as limiting distributions or about what the limiting distribution will be for
specific X;. The next two sections fill in these holes as we continue to move toward the full statement of the
generalized central limit theorem.

Proof of Theorem 5.3. First, we show that if F’ is a stable distribution, then it is the limit, in distribution,
of a centered, normalized additive process. Let { X;};>1 denote an i.i.d. sequence of random variables with
distribution F. By Definition 5.1, for any n > 2, there exist constants c¢,, > 0, d,, € R such that

X1+ Xo+ -+ Xn L e Xy +dy.

In other words, for any n > 2,

(X +Xo+ +Xy) —dn a
Cn

X.
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It therefore follows trivially that as n — oo,

Cn

Next, we show that if the distribution F' is the limit in distribution of a centered, normalized additive
process, then F' is stable. Accordingly, suppose that

(X +Xo+- +X,) = by
an

d
— I

where {X;};>1 is an i.i.d. sequence of random variable, and {a,}, {b, } are deterministic sequences satis-
fying a,, > 0. Now, fix integer k£ > 2, and define, for m = jk, j € N,
(X1 +Xo+ - Xpn) = b
Yo = )

Qm
(X1+X2+~~Xm)—kbj

a;

L =

Consider the limit now as m — oo by taking 57— oo. Clearly, Y,, % F. On the other hand, note that

. .. . .. et X ) —bs d
Z.m 1s the sum of k i.i.d. random variables, each distributed as (X1+X2+a,+XJ) b . Therefore, Z,, — F*k ,
J

where F** is the distribution corresponding to the sum of k i.i.d. random variables having distribution F.
Moreover, since Y,,, and Z,, differ only via translation and scaling parameters, it can be shown that their
limiting distributions also only differ via translation and scaling parameters. In other words, F** and F
differ only via translation and scaling parameters. Since this is true for all & > 2, it then follows from
Definition 5.1 that F' is stable.

The above argument can be formalized by invoking the following classical result: Suppose that a ran-
dom sequence {Z,,},>1 converges in distribution to a (non-degenerate) limit Z. Then for a determinis-
tic real sequence {[3,}n>1 and a deterministic positive sequence {c,},>1, if the sequence Zn=bn hag a
(non-degenerate) limit, then this limit must be a translated and scaled version of Z. (see [87, Sectlon 10]
or [65, Appendix A1.5]). O

5.3 Understanding stable distributions

The discussion in the previous section highlights the importance of the class of stable distributions in the
context of generalizing the central limit theorem; however the results we have discussed so far are not
particularly satisfying because they provides little information about the form of the limiting distributions
or about when different limiting distributions will emerge, e.g., Theorem 5.3. To address these holes it is
necessary to develop a deeper understanding of the class of stable distributions.

To this point in the chapter, we have noted that the class of stable distributions includes a few common
distributions: the Gaussian distribution, deterministic distributions, the Lévy distribution, and the Cauchy
distribution. But, beyond these distributions we have said very little. The reason is that it is difficult to
understand the generality of the class from the definition directly. However, it turns out that the class
of stable distributions can be characterized quite concisely. In particular, the following “representation
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theorem” characterizes all stable distributions via their characteristic functions.’

Theorem 5.4 (Representation theorem). A non-degenerate random variable X is a-stable if and only if

X 2Laz + b, where a > 0, b € R, and the random variable Z has a characteristic function of the following
form, parameterized by o € (0,2], and € [—1,1].

¢z(t) = exp {—[t|* (1 — ifsign(t)y(t, @)}, (5.2)
where ( ) L
| tan (%)  fora#1
v(t ) = { —%loé\t\ fora =1
and
-1 ifz<0
sign(z) = 0 ifz=0
1 ifz>0

This representation theorem gives a concrete characterization of stable distributions, which is crucial for
understanding the generality of the class. In particular, the representation theorem highlights that the class
of stable distributions can be parameterized via two parameters, & € (0,2], and 5 € [—1,1]. Typically, «
is referred to as the stability parameter and stable distributions with stability parameter « are referred to as
a—stable distributions. It turns out that « is closely tied to the tail of the distribution. On the other hand, 5
is the skewness parameter: = 0 yields distributions symmetric around zero, while 3 > 0 (8 < 0) yields
distributions skewed to the right (left) of zero. Note that 8 = 0 corresponds to a real-valued ¢, which implies
a symmetric distribution.

While the representation theorem provides a concise characterization of the class of stable distributions,
the fact that it is stated in terms of the characteristic function makes it difficult to derive insight about the
properties of stable distribution functions from it directly. It would be more convenient to have a character-
ization of the class in terms of the distribution function itself, as we had for the class of regularly varying
distributions (Chapter 2), subexponential distributions (Chapter 3), and long-tailed distributions (Chapter 4).
However, while the characteristic functions of stable distributions have closed forms, only in a handful of
cases can these distributions be described via their density function or distribution function in closed form.

We have already discussed a few of these. The case of « = 2, 5 = 0 corresponds to the Gaussian
distribution. This is easy to observe by substituting into (5.2), which yields ¢ (t) = e‘tQ, which of course
means Z is Guassian distributed with mean O and variance 2. Similarly, it is easy to see thataw = 1, 3 = 0
corresponds to the Cauchy distribution. Another well-known stable distribution is the Lévy distribution,
which corresponds to v = 1/2, 8 = 1.

In these three cases, the distribution function can be written in closed form, but it is difficult to explicitly
write the distribution and density functions for stable distributions in general. However, there are some
properties of the distribution functions of stable distributions that can be characterized. One that is of
particular interest in the context of this book is the tail of stable distributions. Specifically, the following
theorem characterizes the tail behavior of «-stable distributions, for « € (0,2). Given that the case of
a = 2 corresponds to the Gaussian distribution, this gives a complete characterization of the tail behavior
of non-degenerate stable distributions.

Proofs of this result tend to be quite technical, and so we do note prove them here. The interested reader can refer to [71,
Chapter 17] for the proofs.
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Theorem 5.5. If X is a-stable for a € (0,2), there exist p,q > 0 with p + q > 0 such that, as © — o0,
Pr(X>z)=(p+o(1)x™® Pr(X<-z)=(¢+o0(1))z".
Thus, either the left tail, the right tail, or both tails of X are regularly varying with index —ca.

This theorem has deep consequences. It highlights that, within the class of stable distributions, the only
non-degenerate light-tailed distribution is the Normal distribution. Further, it highlights that the only stable
distribution with finite variance is the Gaussian. Thus, it is natural that the Gaussian distribution emerges
as the limit in the standard central limit theorem. However, at the same time, Theorem 5.5 highlights that
the Gaussian distribution is, in some sense, a corner case since all other limiting distributions of additive
processes are heavy-tailed with infinite variance.

The proof of Theorem 5.5 is quite technical, but it is possible to give a proof of a restricted version of the
result using elementary techniques. This proof is a good illustration of the use of a Tauberian theorem; recall
that we introduced two Tauberian theorems in Chapter 2: Theorem 2.8 for Laplace-Stieltjes transforms and
Theorem 2.10 for characteristic functions. Here we make use of the Tauberian theorem in Theorem 2.10 for
characteristic functions, which is due to Pitman [157] (see also Page 336 of [29]). Recall that this theorem
uses only the real component of the characteristic function, Ux (t), i.e.,

oo
Ux(t) := Re(ox(t)) = / cos(tx)dF ().
—o0
We restate the result here for the convenience of the reader.
Theorem 5.6 (Pitman’s Tauberian theorem). For slowly varying L(z), and o € (0,2), the following are
equivalent:
Pr(|X| > z) ~a “L(z)as x — oo,

1= Ux(0) ~ 570 S;(m/z)t%(l/t) ast 1 0.

The power of this result is that it connects the tail of the distribution to the behavior of the characteristic
function around zero. However, this particular Tauberian theorem applies only to the tail of | X|, not the tail
of X. Thus, it cannot be used to distinguish the behavior of the right and left tails of the distribution. Rather,
it provides information about the sum of the two tails. But, we choose to use this particular Tauberian theo-
rem here because it deals only with the real part of the characteristic function, which makes it much simpler
to work with analytically, which allows the proof to be more instructive. Naturally, using the Tauberian the-
orem in Theorem 5.6, we cannot hope to prove the entirety of Theorem 5.5, instead we prove the following
restricted version.

Theorem 5.7 (Restricted version of Theorem 5.5). If X is a-stable for o € (0,2), then | X| € RV(«).

Though not as precise as Theorem 5.5, this restricted result already highlights the most important aspect
of Theorem 5.5: that a-stable distributions with & € (0,2) are heavy-tailed. Note the key difference
between the proof of the restricted version and the proof of the full result is the use of a more detailed
Tauberian theorem than Theorem 5.6, and the added analytic complexity that comes along with the need
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to work with the complex-valued characteristic function ¢x (t) instead of just the real-valued component
Ux(t).

Proof of Theorem 5.7. Let Z denote an a-stable random variable. Thus, the characteristic function of Z is
given by the representation theorem as (5.2).

For simplicity, we treat only the case of « € (0,2), « # 1, and leave the case of « = 1 as an exercise for
the reader. In this case, the representation theorem gives, for ¢ > 0, ¢z(t) = exp{—t“(1 — i tan (%) )}
This means that

Uz(t) = exp{—t“} cos(t*),

where § = [ tan (%) .
To prove the theorem, it is sufficient to show that

1 Ug(t) ~ 1 (£ 0). (5.3)

The theorem follows from the above because we can apply the Tauberian theorem in Theorem 5.6 to con-

clude that -
Pr(|Z =Pr(Z Pr(Z < —x) ~ -,
t(|Z] >xz)=Pr(Z >z)+Pr(Z < —x) 2F(a)sin(7ra/2)x

To show (5.3), we first consider the case when § = 0. In this case,

U2(t) = expf~ 1) “1284 o7,

which implies (5.3).
All that remains is the case when § 0. In this case,

Uz(t) = [1 —t* + o(t*)] cos(0t*).
Therefore,
1=Uz(t) = (1 —cos(dtY)) 4 cos(6t*)t™* — cos(6t%)o(t*)
= 25in?(6t%/2) + cos(6t%)t™ — cos(5t*)o(t%).

Using sin (6t /2) ~ §t%/2ast | 0, we note that sin?(§t%/2) = o(t*) as t | 0, which is enough to guarantee
that (5.3) holds and thus complete the proof. 0

5.4 The generalized central limit theorem

The characterization of stable distributions in the previous section gives us the context we need in order to
move to the generalized central limit theorem. We already know that the limiting distributions of additive
processes are stable (Theorem 5.3). Combining this with our characterization of stable distributions in
Theorem 5.4 allows us to understand when different stable distributions emerge as the limiting distribution.

Theorem 5.8 (Generalized central limit theorem). Consider an infinite sequence of i.i.d. random variables
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X1, Xo, ... with distribution F'. There exist deterministic sequences {an}, {bn} (an > 0) such that

(X1+X2+--~+Xn)—bnﬁ>27

Gn
if and only if Z is a-stable for some o € (0,2]. Further,
(i) Z is Gaussian, i.e., « = 2, if and only lfffx y2dF(y) is slowly varying as © — oc;
(ii) |Z] € RV(«), i.e., a € (0,2), if and only if
F(z) = (p+o(1))xL(x), F(=1) = (q+o(L))e " L(z)
as x — oo, where L(x) is slowly varying, and p,q > 0, p + g > 0.

The most striking aspect of this result comes from contrasting it with:the standard central limit theorem.
Here, the emergence of the Gaussian distribution is just one of many possible options, and one that is, in
some sense, a corner case since it corresponds only to o = 2. Another interesting contrast to the standard
central limit theorem is that the Gaussian distribution occurs as the limiting distribution even in some cases
where the variance is infinite.5 In these cases, the normalizing constant a,, must be chosen to be larger
than /7, and includes a slowly varying function to counter the growth of fiv y2dF(y). For a discussion of
exactly how to determine a,, in such cases, see [71, Chapter 17].

The most novel part of the generalized central limit compared to the classical version central limit the-
orem is that it highlights that heavy-tailed stable distributions can emerge as the limit of additive processes.
In particular, if one starts with finite variance distributions, the Gaussian emerges, but if one starts with
regularly varying distributions with infinite variance, then heavy-tailed distributions can emerge. Further,
the statement shows that the emerging distribution can even have an infinite mean, and so the tail can be
extremely heavy. Figure 5.3 illustrates the contrast with the behavior in the case when the X;s have finite
variance. Note that there are big jumps in the process in the case of infinite variance that are not present in
classical case illustrated in Figure 5.2(a) and, as a result, the limiting distribution looks dramatically different
than the Gaussian. This is a visceral illustration of the catastrophe principle discussed in Chapter 3.

Not only does the generalized central limit theorem specifically highlight which limiting distributions
may occur; it also characterizes exactly when specific stable distributions emerge in the limit, i.e., the “do-
main of attraction” for limiting distributions. Formally, the domain of attraction of a limiting distribution 2
is the set of distributions for X; that have Z as the limiting distribution. For example, the domain of attrac-
tion of the Gaussian distribution is the set of distributions where | fl, y2dF(y) is slowly varying as 2 — co.
The domain of attraction is also tightly coupled with the sequences of {a, }, {b,} that are used for scaling
the process. Though the statement of the generalized central limit theorem given above does not explicitly
give {a,}, {bn}, they can be precisely specified. For example, when o € (0, 2), the scaling constants a,
must be chosen to satisfy

. nL(ap)
lim ———=

n—00 a,%

=ce€ (0,00)

%Indeed, note that the condition that f _Im y2dF (y) is slowly varying is satisfied by all finite variance distributions, as well as
some distributions with infinite variance (see Exercise 4).
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Figure 5.3: Illlustration of the error of the first-order approximation of Sy, provided by the law of large
numbers for Pareto distributed X1 with o = 1.2 and mean 1 (note that X, has an infinite variance). The
plots illustrate 5 realizations of S, — nE [X1], each showing a different scaling: (a) shows the unscaled
deviation around the mean; (b) shows the classical central limit theorem scaling, which does not lead to
a limiting distribution; and (c) shows the generalized central limit theorem scaling, which leads to a non-
Gaussian limiting distribution.

and the translation constants may be chosen to satisfy

0 f0<a<l
bp =1 nap [T sin(z/ap)dF(z) ifa=1
nlE [X1] ifl<a<?2

The case of o = 2 is more involved, and so we refer the reader to [65, Section 2.2] Note that these sequences
are both regularly varying, which again emphasizes the fundamental importance of the concept of regular
variation.

Finally, it is important to discuss the proof of the generalized central limit theorem. Unfortunately, the
full proof is quite technical and not appropriate for inclusion here. The interested reader can find the full
details in [71, Chapter 17]. However, to give a sense for the generalized central limit theorem, we prove
a restricted form of it here using an approach that mimics the way the standard central limit theorem is
typically proven. This highlights that the generalized central limit theorem is no more mysterious than the
standard central limit theorem, it simply requires a bit more technical machinery.

In particular, we prove a version of the generalized central limit theorem restricted to the case of sym-
metric random variables. The key reason that this restriction is simpler to prove is that symmetry means that
the imaginary part of the characteristic function disappears, which allows the use of the Tauberian theorem
in Theorem 5.6. Also, because of symmetry, the translation constants {b,,} = 0, and so they do not clutter
the statement or the proof.

Theorem 5.9 (Generalized central limit theorem for symmetric random variables). Suppose that {X;}i>1
are i.i.d. symmetric random variables with distribution F, where Pr(|X| > x) ~ cx™%, with a € (0,2).

Then s x
i—1 <Y d
77’11 o G

)
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where G is a symmetric a-stable distribution.

Proof. Since the X; are symmetric the imaginary part of their characteristic function equals zero. Thus,
denoting the characteristic function of the i.i.d. X; by ¢x, we have that ¢ x = Ux (). Moreover, since Ux
is a symmetric function, i.e., Ux (—t) = Ux(t), so is ¢ x.

The proof of the standard central limit theorem begins by considering the Taylor expansion of the char-
acteristic function of ¥; = X; — E[X]. Of course, since X; are symmetric around zero here, we do not
need to consider such a shift. But, a more fundamental difference is that, since the Var [ X;] = oo, we cannot
write such a Taylor expansion of ¢ x. Instead, we invoke the Tauberian theorem in Theorem 5.6 to obtain a
similar representation of ¢ x. In particular, we have

Gx(t) = 1 — Blt*(L + o(1)) as ¢ 1 0;
CTC
standard central limit theorem has the form 1 — # + o(t?), which is parallel to the form above if one were

touse o = 2.
Given this representation of ¢ x, the proof now mimics that for the standard central limit theorem. In

particular, denote Z,, = Zif e ‘. Then the characteristic function of Z,, satisfies the following

where b = and a € (0,2). Recall that the corresponding representation in the proof of the

!ﬂa)n bt
B — € as n — oQ.
mn

62.(5) = (0x (/)" = (1=0(1 +ol)

The limit is simply a scaled version of the canonical characteristic function of the symmetric (8 = 0) a-
stable distribution, as desired. Again, applying the Lévy continuity theorem then completes the proof. [J

5.5 A variation: The emergence of heavy tails in random walks

To this point in the chapter we have considered a general, but abstract, version of an additive process:
S, = X1 + ...+ X,,. Within this context, we focused entirely on understanding the behavior of .S, as
n — 0o, and we showed that if the X;s have finite variance then the Gaussian distribution emerges, but that
if the X;s have infinite variance then heavy-tailed distributions can emerge.

Of course, additive processes come in many guises and, depending on the setting, one may ask a variety
of other questions about .5, besides simply how it behaves as n — oco. In this section, we highlight that,
when different aspects of additive processes are studied, heavy-tailed may emerge even in contexts where
the random process is made up of entirely light-tailed components.

In particular, in this chapter we consider a classical example of an additive process, random walks.
Random walks are an example of a very simple process that has found application in a surprising number
of disciplines. In fact, few mathematical models have found applications in as diverse a range of areas,
including finance, computer science, physics, biology, and more.

The most simple example of a random walk is one in which a walker is equally likely take a single step
in one direction or the other at each time step. Formally, the walker that starts at 0 and takes a sequence of
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independent steps X1, ..., X, where

X — 1,  with probability 1/2;
| —1, with probability 1/2.

Thus, the position of the walker at time 7 is simply the additive process
Sp,=X1+Xo+...+X,.

This is referred to as a simple symmetric random walk in one-dimension, where simple refers to the
fact that the step size is one, symmetric refers to the fact that steps up and down are equally likely, and
one-dimensional refers to the fact that the random walk is on a line. You have almost certainly come across
this version of a random walk in your introductory probability course. It is often described under the guise
of a drunken persona leaving a bar and wandering aimlessly up and down the street trying to get home.

Of course, there are many more complicated versions of random walks too. In general, the random walk
may be asymmetric or biased, e.g., the probability of taking a positive step. may be p # 1/2; the random
walk may be in more than one dimension or over a general graph; or the random walk might allow step sizes
other than 1, e.g., the step size could be random. But, for this section, we stick to the simple, symmetric,
one-dimensional case because this case is already sufficient to highlight the emergence of heavy-tailed
distributions. We study other forms of random walks in Chapters 3 and 7.

One of the most natural questions to ask about a random walk is where the walker is likely to be after a
certain (large) number of steps, i.e., what is the behavior of S,, as n grows large. Of course, this is the same
question that we have addressed throughout this chapter for more general additive processes. In particular,
the law of large numbers and the central limit theorem are enough to give us an answer. In fact, in the case
of the simple one-dimensional random walk we are studying, the X;s are light-tailed and so the classical
version of the central limit theorem applies, which means that .S, /1/n converges to a Gaussian distribution.
However, it is not even necessary to apply the central limit theorem since the distribution of the position of
the random walk can be easily seen to be a Binomial distribution. Note that if the random walk is no longer
“simple” and has random step sizes, this question becomes more complex. We discuss that case in Section
3.4, where we highlight the impact of heavy-tailed step sizes on the behavior of the walker.

Though the position of the random walk at time n can be understood quite easily, this is only one of
many questions one may ask about a random walk. For example, two other important questions that are
often asked are “when will the walker first return to its starting point?” and “what is the maximum position
of the walker after n steps?” It is the first of these that we focus on here. We discuss the second question in
Section 7.4.

More specifically, in this section we study the “return time” of a random walk, which is denoted by T'
and defined as the first time when the walker returns to its starting point. The return time of a random walk
is often of crucial importance.

The return time is of particular interest in the context of this chapter because it is an example where a
heavy-tailed distribution emerges from an additive process. Further, it is a jarring example of the emergence
of heavy-tailed distributions because a heavy-tailed distribution emerges even though the underlying process
is defined entirely using bounded (and thus extremely light-tailed) distributions. Specifically, the tail of the
distribution of the return time of a simple, symmetric, one-dimensional random walk can be characterized
as follows.
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Theorem 5.10. Consider a simple, symmetric, one-dimensional random walk. The distribution of the return

time T satisfies Pr (T > x) ~ V\%ﬂ.

This result highlights that, not only is the return time heavy-tailed, it is extremely heavy-tailed. In
particular, it is regularly varying with index 1/2, which highlights that both the mean and variance are
infinite.

There are many methods for proving Theorem 5.10. Below, we use the proof as an opportunity to
illustrate another application of Tauberian theorems. In this case, we make use of Karamata’s Tauberian
theorem introduced in Chapter 2, i.e., Theorem 2.9. Thus, the bulk of the proof is simply to derive the
form of the Laplace-Stieltjes transform of the return time and then we apply Karamata’s Tauberian theorem
(Theorem 2.8) in order to infer the tail behavior of the return time from the behavior of the Laplace-Stieltjes
transform around zero.

Proof. Forn = 0,1,2,--- , let u(n) denote the probability that the random walk hits zero at time n, i.e.,
u(n) = Pr (S, = 0).” Clearly, u(n) = 0 for all odd n, since the random walk can only return to zero in an
even number of steps. Also, since the random walk starts at zero, u(0) = 1.

We analyze the distribution of 7" by relating it to the sequence u(-), which, as we will see, can be
computed explicitly. Let f(n) = Pr(T = n). As before, note that f(n) = 0 for all odd n. Also, note that
since T' > 0, f(0) =

We first relate u(-) and f(-) as follows. For n > 1, if the random walk hits zero at time 2n, then the
time 7" of first return to zero is necessarily < 2n. We can therefore represent the probability u(2n) as

u(2n) = Pr (S =0) ZPr §)Pr(Sa, = 0| T = 2§).

Moreover, note that Pr (S, = 0| T = 27) is simply the probability that the random walk hits zero after
starting at zero after 2n — 2j steps, ie., Pr(S2, = 0| T = 2j) = u(2n — 2j). Therefore, we obtain the
following recursive relation for n > 1.

= Z f(2§)u(2n — 2j) (5.4)

We now use the above recursion to relate the Laplace transform of the random variable 7' to that of the
function u(-). Specifically, define

Yr(s) := 7ST Zf 2n)e —2ns
u(s) = Z u(m)e ™ = Zu@n)eﬂns.
m=0 n=0

"It is important to note that when we consider the event S,, = 0, the random walk could have hit zero several times before time
n. u(n) captures the probability of all such paths.
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Now, using (5.4), we may express 1, as follows.
oo
Py(s) = Z u(2n)e 2"
n=0
oo n
=1+ " f(2))u@n — 2j)e "
n=1j=1
Interchanging the order of the summations above, we obtain
o0 ) oo )
Vuls) = 14 30 e (2)) 3 e 2u(2h — 29)
j=1 n=j
=14 ¢7(s)thuls),
which gives us
1
Yr(s) =1— . (5.5)

Note that this interchange can be justified via Fubini’s theorem.

Now that we have related the Laplace transform of 7" to that of the sequence u(-), we move on to

computing u(-) and its transform explicitly.

For n > 1, let us consider the event S, = 0. This event simply means that, after starting at zero, the
random walk made n positive steps, and n negative steps. Therefore, the total number of paths of the random
walk that correspond to the event Sy, = 0 equals (27?) Since the total number of possible paths after 2n

steps equals 227, and each of these is equally likely, we conclude that

(2)

22n :

u(2n) =

Therefore, the transform ), is given by

Yu(s)

00 (2n)
1+ Z 2721n 6—2715.
n=1

Using the binomial expansion

1 = ()
_ mn n
m—1+; 920

Wwe may express 1, as
1

Yu(s) = NEr="

Therefore, using the relation (5.5), we obtain

Pp(s) =1—+1—e2s.
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With an explicit expression for the Laplace transform in hand, we can now apply the Theorem 2.9 to
deduce the tail behavior of T' from the behavior of ¢1(s) near the origin. Specifically, as s | 0, since
e 2 =1-25(14+0(1)),

dr(s) =1—/1—(1-2s(1+0(1)))
=1—/25(1+o(1))
=1-V2s(1+0(1))

Therefore, from Theorem 2.9,

Pr(T> )~ V2 L

L(1/2) v

Noting that I'(1/2) = /7, we have our desired tail characterization. O

5.6 Additional notes

The central limit theorems presented in this chapter are part of a rich literature with a long history that
originated in the study of coin tossing-type problems by De Moivre, Gauss and Laplace in the 18th and
19th centuries. Within this literature, the (partial) universality of the Gaussian distribution emerged around
1900 and was the result of contributions from a number of renowned mathematicians including Markov,
Lyapunov, Lindeberg and Kolmogorov culminating in the classical central limit theorem. A detailed history
can be found in [73].

Our treatment of the central limit theorem focuses on its role as a second-order approximation of additive
processes. For more discussion of this viewpoint, see [192]. Given this viewpoint it is natural to consider
higher order expansions. It is indeed possible to derive such higher order expansions, and an overview of
these can be found in [27,154,155].

The process of moving beyond the classical central limit theorem toward the generalized central limit
theorem was initiated by Lévy, who was the first to show that stable distributions beyond the Gaussian can
can occur when the summands of the random walk have infinite variance [124]. This led to a number of
variations of “generalized” central limit theorems for stable distributions such as the one presented in this
chapter. Detailed mathematical treatments of these results can be found in [13,29, 71,87, 105, 127, 203];
see [65, Section 2.2] for a discussion. A comprehensive history of the development of generalized central
limit theorems can be found in [73].

Motivated by the importance of stable distributions for generalized versions of the central limit theorem,
stable distributions have become a topic worthy of study in their own right. Lévy was among the first to
develop properties of stable distributions, and now there is a rich literature focused on characterizing stable
distributions and stable processes, which generalize the Gaussian processes. A comprehensive overview can
be found in [170].

We ended the chapter by studying the return times of random walks in Section 5.5. This is a classical
topic and a rich theory exists. In particular, we have illustrated the heavy-tailed nature of return times
using a simple random walk, but the phenomenon is more general. Power laws persist when the step size
distribution is generally distributed, as long as the mean is zero; in this case one typically considers the
event of crossing, rather than hitting the zero boundary. More complicated boundary crossing probabilities
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(particularly time-dependent boundaries) have been considered as well. In all of these cases, heavy-tailed
behavior persists. An excellent survey of classical results in this space is [59].

5.7 Exercises

1. To ground the ideas in this chapter it is important to get a feel of the classical and generalized central
limit theorems using data.

(a) Classical central limit theorem: Simulate a sequence of i.i.d. Weibull random variables { X }.

. X;—nE[X1]

For some (large) fixed n, generate a large number of samples of by o Plot a histogram
nVar(Xy

of the data you have generated. Does your data ‘look’ Gaussian?

(b) Generalized central limit theorem: Simulate a sequence of i.i.d. Pareto random variables { X; }
with shape parameter o € (1, 2). For some (large) fixed n, generate a large number of samples
of M, where the scaling constants {a,} and translation constants {b;,} are as obtained
in Exercise 6.

i. Plot a histogram of the data you have generated. Does it look qualitatively different from
the histogram from Exercise 1?7 What are the issues with visualizing your data using a
histogram?

ii. Next, plot the empirical c.c.d.f. of the data, i.e., plot the fraction of data points exceeding x
as a function of z. Does the visualization get better?

iii. Finally, re-plot the above empirical c.c.d.f. using a logarithmic scale for both axes. (You
will have to restrict yourself to positive x for this.) Explain the picture you see using the
generalized central limit theorem.

2. In this chapter, we gave a number of examples of stable distributions, but did not verify them formally.
In this problem you will verify that they are indeed stable. Specifically, prove that the following
distributions are stable by checking that they satisfy the condition in Definition 5.1. See Chapter 1 for
definitions of these distributions.

(a) The standard Gaussian
(b) The Cauchy distribution
(c) The Lévy distribution
3. The goal of this exercise is to come up with an alternative, equivalent definition of stable distributions
that can sometimes be easier to work with. Specifically, prove that a distribution F is stable if and

only if, for i.i.d. random variables X7, X7 with distribution F, and any constants aj,as > 0, there
exist constants @ > 0 and b € R such that

a1X1 + asXo 4 aXi+0b.

4. As mentioned in the chapter, the Gaussian distribution is the limiting distribution for additive pro-
cesses beyond the setting of the classical central limit theorem. Your task in this problem is to give
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an example of this phenomenon. Specifically, construct a distribution having infinite variance that
belongs to the domain of attraction of the Gaussian distribution.

. To get a better understanding of the limiting distributions for the generalized central limit theorem, in

this problem your task is to construct specific distributions that lead to a-stable limiting distributions.
In particular, for each « € (0,2), construct an explicit distribution over the non-negative reals that
lies in the domain of attraction of an a—stable distribution.

. To practice applying the generalized central limit theorem, let us consider the case of Pareto ran-

dom variables. Consider the running sum S, = )" ;| X; of i.i.d. Pareto random variables {X;};>1
with shape parameter o € (0, 2). Identify the scaling and translation constants for required for the
generalized central limit theorem to apply to the sequence {S), } n>1.

. Suppose that X1, Xo,---, X, are i.i.d., standard Cauchy random variables. Prove that % Z?zl X; is

a standard Cauchy random variable.

Hint: You might want to exploit the characteristic function of the standard Cauchy:



Chapter 6

Multiplicative processes

The prevailing view that heavy-tailed phenomena are a surprising curiosity is due, in large part, to the view
that the emergence of the Gaussian distribution is almost a “law of nature”. As we have discussed, this view
stems from the prominence of the central limit theorem, and more generally the view that additive processes
frequently govern the growth of processes in the world around us.

Though it is certainly true that additive processes are prominent in the world around us, they are far from
the only way for things to evolve. In fact, they are probably not even the most common way for things to
evolve. One could easily argue that it is as common, or even more common, for things to evolve according to
some form of multiplicative process, where growth happens proportionally to the current size. For example,
investments and incomes tend to grow multiplicatively since interest rates and raises tend to be in terms
of percentages, e.g., a 5% interest rate or a 3% raise, which may vary over time. Another example is the
growth of populations: the number of kids that families have on average, which varies over generation to
generation, provides a multiplicative growth rate for a population, e.g., if families tend to have 2.5 kids then
the population will grow multiplicatively at a rate of 2.5/2=1.25 per generation.

Multiplicative processes are relevant not only for growth processes like the simple examples above, they
are also relevant for studying situations involving fragmentation. For example, consider a situation where
a stick or rock breaks into two pieces, and then the resulting pieces break into two pieces, and so on. In
each case, the resulting pieces represent some fraction of the original item, and so the fragmentation follows
a multiplicative process. Such processes have been suggested as models for the evolution of the sizes of
meteors (and consequently craters), which tend to break up as they collide with each other, for example.

These simple examples highlight that multiplicative processes tend to be more representative models
than additive processes for many parts of our physical and economic world. The same is true for the digital
world. For example, when someone watches a video online and likes it, she is likely to share it with friends,
and thus the number of views will grow proportionally with the number of people who have watched the
video already. Similarly, if someone has a lot of twitter followers, this may lead to a lot of retweets, which
then leads to more followers, and so on.

The prevailing theme of these examples is a sense that the “rich get richer”, i.e., once something becomes
large or popular it tends to grow more quickly, often in proportion to its increased size. If a song has has been
downloaded 100,000 times, then it is likely that it will quickly get many more downloads. If one considers
the number of links pointing to a website, then as the website is linked to more often, more people are likely
to find out about it, and thus the number of links pointing to it will grow even more quickly. This concept of

133
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Figure 6.1: Illustration of the multiplicative process P,.. The plots illustrate 5 realizations of P, with
Y; ~ Exp(1/2). Figure (a) shows the (unscaled) process itself. Note that the scale on the y-axis is logarith-
mic, indicating an exponential growth in the process P,,. The dotted line is the first-order approximation u'",
where |1 = eElog™M) | Figure (b) shows the same process normalized with respect to the first order approx-
imation. Note that the y-axis is still on a logarithmic scale. Finally, Figure (c) shows the process scaled
as per the multiplicative central limit theorem. Note that the y-axis is now linear. Under this scaling,
Theorem 6.1 shows that the process converges in distribution to the LogNormal distribution.

“rich get richer” is fundamentally tied to multiplicative processes and heavy tails.

In fact, the examples of multiplicative processes that we have discussed above should sound very fa-
miliar, as we have used them often in this book as examples of heavy-tailed distributions. This is not
an accident or coincidence. Multiplicative processes are fundamentally tied to the emergence of heavy-
tailed distributions. We illustrate and explain this link in this chapter by studying a number of variations
of multiplicative processes, including multiplicative processes with barriers, with noise, and the celebrated
preferential attachment, a.k.a., Yule process, model. Our study of these variations highlight that different
limiting distributions may emerge depending on the specific form of the multiplicative process, but that the
emerging distribution from a multiplicative process is nearly always heavy-tailed. This quite different than
the behavior of additive processes. Though heavy-tailed distributions can emerge from additive processes,
they emerge only when the additive process is made up of infinite variance heavy-tailed distributions. Thus,
additive processes do not create heavy-tailed distributions from light-tailed distributions, they only main-
tain heavy-tails. In contrast, multiplicative processes can create heavy-tailed distributions from light-tailed
distributions, and so they provide a much more satisfying explanation for the prevalence of heavy-tailed
phenomena.

6.1 The multiplicative central limit theorem

Let us begin our discussion of multiplicative processes with a simple, generic example of a process that
grows via the product of random events. In particular, we consider the following multiplicative process:

Pn:HBYn:Pn—lynv

where Fy = 1 and Y; are i.i.d. and strictly positive. See Figure 6.1(a) for an illustration of such a process.
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As in the case of additive processes, our goal is to study the behavior of the multiplicative process P, as
n — co. However, to derive intuition for why multiplicative processes are tied to heavy-tailed distributions
it is useful to start with some simple examples of small, finite n. In particular, let us first look at the case
where the Y; are exponentially distributed with rate A. In this case, though the Y; are light-tailed, P, already
turns out to be heavy-tailed. To see this, we can use the following simple bound on Ps:

Pr(Py,>t)>Pr <Y1 > \/i) Pr (Yg > \/Z) — 2V,

The above is already enough to show that P is heavy-tailed.

More generally, the same phenomena happens with distributions that have lighter than exponential tails,
but as the tail gets lighter an increasing number of terms are necessary in order to generate a heavy-tail.
For example, consider the case where Y; follows a Weibull distribution with scale parameter 5 and shape
parameter o > 1. Then for all k£ > «,

k «@
Pr (P >t) > (Pr (E > tl/k)> _ hBRIE

which guarantees that Py is heavy-tailed.

The two examples we have looked at so far already show that multiplicative processes behave quite
differently from additive processes, and are much more strongly tied to heavy-tailed distributions. In fact,
given the two examples above, it is quite natural to expect P, as n — oo to yield a heavy-tailed distribution.
This is indeed true and, in fact, it turns out that it is possible to prove this fact via a connection between
multiplicative processes and additive processes. In particular, a simple translation of P, allows its behavior
to be described using the law of large numbers and the central limit theorem. The key observation that pro-
vides this connection is that the logarithm of a multiplicative process yields an additive process. Specifically,
defining X; = logY; yields

log P, =logY) +logYs+ ... +logV,
=X +Xo+...+ X,

A consequence of this translation is that the emergence of heavy-tailed distributions under multiplicative
processes is quite natural. It is essentially a consequence of the central limit theorem: the logarithm of a
multiplicative process is an additive process and so, instead of the Gaussian distribution, the LogNormal
distribution emerges. To show this more concretely, let us walk through the application of the law of large
numbers and the central limit theorem. Assuming that the X; have finite mean E [X;] and finite variance 2.

Starting with the law of large numbers, we have
log P, 2 E [X:] n + o(n),
which yields

P, 2 BRIl e (ElogYi]) " ot 6.1)

n

Just as we saw in the case of additive processes, the law of large numbers provides a first order approximation
of the process P,,. However, there are interesting contrasts in the structure of the first order approximation
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between the two cases. First, for the multiplicative process P, the first order approximation is an expo-
nential function (eE[log m)n as opposed to the linear approximation of additive processes provided by the
law of large numbers. Second, note that the error of this first order approximation is much larger for mul-
tiplicative processes than for additive processes. Expressed multiplicatively, the error is °™) in the case of
multiplicative processes; whereas there is only an additive o(n) error in the case of an additive processes.
Figure 6.1(b) provides an illustration of the error of the first order approximation of the multiplicative pro-
cess P, that emphasizes these contrasts.

That the first order approximation of a multiplicative process is an exponential should not in itself be
surprising. However, what might be surprising is that the base of this exponential approximation is e®1°g Yl
Indeed, one might guess from the fact that we are applying the law of large numbers that the dominant
growth of P, should be E [Y;]", since the Y; are independent and thus E [P,] = [, E[Y;]. However,
instead, the dominant growth is (eE[log m])"’ which can be seen to be smaller then E [P, ] as a consequence
of Jensen’s inequality.! Thus, the mean is not actually a good predictor of the behavior of P,,.

A simple example makes this point clear. Consider Y; that takes on either 1/2 or 3/2 with equal proba-
bility. Thus, E [Y;] = 1 and so E [P,,] = 1 too. However, the median can be far from the mean. To see this,
note that the number of Y that are equal to 1/2 follows a Binomial distribution, and thus the median of P,
has n/2 samples as 1/2 and 3/2. So, the median of P, is

BNOR O

In fact, not only is the median of P, smaller than the mean, the gap between them grows exponentially with
n. Thus, the mean is not a good predictor of the behavior of the distribution, which is typical for heavy-tailed
distributions.

Of course, we can improve the characterization of P, provided by the law of large numbers by addition-
ally applying the central limit theorem. In particular, this gives the following approximation for log P,.

log P, £ E[X]n+ Zvn + o(v/n), where Z ~Gaussian(0, 52).

Again, we can then recover P,, by exponentiating:

n

P, & (ElXilntZ/nto(yn) £ (eE[XiU (ez)ﬁ V") where Z ~Gaussian(0, 02

The above shows that, similarly to the case of additive processes, the combination of the law of large
numbers and the central limit theorem gives a second order approximation for the growth of a multiplicative
process. But, the form of this approximation illustrates that it is exponentially less accurate for multiplicative
processes than the parallel approximation is for additive processes, i.e., the error term is of the order (V)
instead of o(y/n). However, this increased error does not affect the use of the approximation to study the
limiting behavior of P,, as n — oo. In particular, by looking at the centered and scaled version of P,, we

!Jensen’s inequality (see [32]) states that given a random variable X and a function f that is concave over the support of X,
E[f(X)] < f(E[X]), provided the expectations exist. Taking f(x) = log(x), this implies that E [log(Y;)] < log(E [Y;]), which
implies that =08l < E[v;].



6.2: VARIATIONS ON MULTIPLICATIVE PROCESSES 137

can obtain the following characterization of the limiting distribution of multiplicative processes:

P, vm d
<]E[Xn]n> £ ZHolVm/Vr & o7 asn — 0o, where Z ~Gaussian(0, 02).
e 7

The above highlights that, when properly normalized, P, converges to a LogNormal distribution in the
limit, and thus the behavior of multiplicative processes is tightly tied to heavy-tailed distributions. See
Figure 6.1(c) for an illustration of P, under the above normalization.

Though the above sketch is not completely rigorous, it can easily be made so, which gives the following
statement of the multiplicative central limit theorem. This is sometimes referred to as Gibrat’s law, named
after Robert Gibrat, who studied multiplicative growth in the context of the growth of firms in the 1930s [85].

Theorem 6.1 (The multiplicative central limit theorem). Suppose {Y;}i>1 is an i.i.d. sequence of strictly
positive random variables satisfying Var [log Y;] = 0% < oo and define |1 = eElogYi] ‘Then

1
<Y1MnYn> v KN H,where H ~ LogNormal(0, 2).

The form of the multiplicative central limit theorem essentially parallels that of the central limit theorem
except that the centering and scaling of the process happens in a different manner due to the fact that the
processes grows multiplicatively instead of additively. Note that we have stated a version of the multiplica-
tive central limit theorem that uses only the standard central limit theorem, not the generalized central limit
theorem. However, because the condition of finite variance applies only to log Y; rather than to Y; itself, this
case already includes all common distributions, even many distributions with infinite mean. For example,
recall that if Y; is Pareto distributed than log Y; is Exponentially distributed, and thus all of its moments are

finite. More generally, a sufficient condition to ensure that Var [log Y;] = 02 < oo is Fy(z) = o (m),
which shows that all regularly varying distributions with non-zero index satisfy the condition — and thus
only extremely heavy-tailed distributions are excluded. Of course, if one desires to state a “generalized”
multiplicative central limit theorem for that case, the derivation above can be adjusted accordingly.

The contrast between the multiplicative central limit theorem with the central limit theorem for additive
processes is striking. While the emergence of heavy-tailed limiting distributions under the central limit
theorem requires starting with heavy-tailed distributions with infinite variance, the emergence of heavy-
tailed limiting distributions under the multiplicative process is guaranteed — even when the Y; are extremely
light-tailed. So, one truly should expect heavy-tailed distributions whenever multiplicative growth governs
a process.

6.2 Variations on multiplicative processes

The simple form of the multiplicative central limit theorem that we have described so far already highlights
the strong connection between multiplicative processes and heavy-tailed distributions, and specifically Log-
Normal distributions. More broadly, the connection between heavy-tailed distributions and multiplicative
processes is extremely robust, but one should not always expect the LogNormal distribution to emerge.

To illustrate the robustness of the connection between multiplicative processes and heavy-tailed distri-
butions, as well as the brittleness of the emergence of the LogNormal distribution, we study two variants of
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Figure 6.2: Illustration of a multiplicative process with a lower barrier. The plots show 5 realizations of
P, with Y; ~ Exp(3/4) and | = 1. Note that the process gets occasionally ‘reset’ to the lower barrier, but
can take large values between successive resets.

multiplicative processes in this section. The first variation is a multiplicative process that has a strictly posi-
tive lower barrier which cannot be crossed, and the second variation is a multiplicative process that includes
additive noise at each step. Each of these variations leads to the emergence of heavy-tailed distributions;
however in both cases, though the variations are small, the specific heavy-tailed distributions that emerge are
no longer LogNormal distributions. Instead, distributions that are approximately power-law emerge. This
illustrates that, even though the emergence of the LogNormal distribution under multiplicative processes is
brittle, the connection between multiplicative processes and heavy-tailed distributions is robust.

6.2.1 A multiplicative processes with a lower barrier

An important variation of the classical multiplicative process that we have considered so far is to add a lower
barrier on the process that ensures that the process never drops below a certain level, [ > 0. Specifically,

P, = max(Pp_1Y,, 1) = max(... max(max(Y3,l) - Yo,1)--- Yy, ),

where the Y;, are strictly positive i.i.d. random variables and Py = 1 is the starting point of the process. See
Figure 6.2 for a visualization of this process.

This variation of multiplicative processes captures the idea that it is often unreasonable to have the
process take on arbitrarily small values. A frequently cited example where this is the case is incomes:
if there is a minimum wage, then there is a point beneath which the income can never drop. Similarly,
minimum levels also are natural if one considers the population of a city, the number of links to a website,
and many other common examples of multiplicative processes.

Initially, it is natural to think that the addition of a lower bound should have little impact on the behavior
of the multiplicative process, especially since the unbounded process is already guaranteed to be strictly
positive, and so has a lower bound already. Indeed, in many cases it is true that the lower bound plays no
role. For example, if the process grows quickly then, no matter what the lower bound, the process quickly
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grows away from it and is then not influenced by it for large n. Thus, for the lower bound to play a role, it
is necessary to impose that the process drifts downward, i.e., that z := e8] < 1. Alternatively, there
are also some situations where the lower bound plays too strong of a role. For example, if the multiplicative
process never grows, then the process simply converges to the lower bound. To avoid this trivial case it is
enough to ensure that the process grows with some probability, i.e., that Pr (Y; > 1) > 0.

It turns out that the two conditions we have just described are enough to ensure that the lower bound
plays a role, but does not lead to trivial limiting behavior. In particular, they ensure that the multiplicative
process P, neither drifts upward to infinity nor downward to the lower bound. As a consequence, the process
no longer needs to be centered or scaled as in the multiplicative central limit theorem. This leads to a slightly
simpler form for the multiplicative central limit theorem in this case.

Theorem 6.2. Consider the multiplicative process with a lower barrier P, = max(P,_1Yy,l), where
{Yo}n>1 is an i.i.d. sequence of strictly positive random variables, | >0 is a lower barrier enforced on the
process, and Py = 1. Suppose that the distribution of Y1 satisfies the following conditions:

(a) p:= QE[IOg(Yl)] < 1.
(b) Pr(Yi>1) > 0.
(c) E[Y{] < oo for some s > 0.

log Fl(z) _  «

Then, P, 4o , where H is heavy-tailed and has a distribution F' that satisfies limy_,oo — log(@) — 5

with s* = sup{s > 0 | E[Y’] < 1}.

Interestingly, the above theorem highlights that, though it is in some sense a mild variation of the classi-
cal multiplicative process, the addition of a lower barrier leads to a qualitatively different limiting behavior.
In particular, the LogNormal distribution is no longer the emergent distribution; instead a distribution that is
approximately power-law, and thus has a much heavier tail, emerges. The limiting distribution is asymptoti-
cally linear on a log-log scale, i.e., log F'(z)/log & converges to a constant. This condition is not satisfied by
the LogNormal distribution, but is satisfied by regularly varying distributions, e.g., the Pareto distribution.
More specifically, this property nearly corresponds to the class of regularly varying distributions; however
it is more general. Recall that Lemma 2.3 states that a regularly varying distribution with index —a, has
limz — ocolog F'(x)/log(x) = —a, but the converse does not hold.

The conditions imposed by Theorem 6.2 appear technical at first glance, but are all quite natural. We
have already explained the motivation for conditions (a) and (b) above. Condition (c) is also natural since
it is parallel to the condition that Var [logY;] < oo in the multiplicative central limit theorem. That is,
condition (c) ensures the distribution of Y; is not “too heavy-tailed” for standard analytic techniques to be
used, i.e., that the tail of Y] is bounded above by a power law, Pr (Y; > z) = o(z™%) for some a > 0. Of
course, condition (c¢) is not particularly restrictive since it already includes distributions that are quite heavy-
tailed, e.g., regularly varying distributions with an infinite mean. In particular, the condition corresponds to
imposing that log Y; is light-tailed.

Proof of Theorem 6.2. As in the case of the multiplicative central limit theorem, the key step in the proof
of Theorem 6.2 is to apply a logarithmic transformation on our multiplicative process to convert it into an
additive process. This allows us to deduce the limiting behavior of our multiplicative process from analysis
of the behavior of random walks.
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For simplicity, we prove the result only in the case of [ = 1. However, the case of general [ can be
reduced to this case without too much additional effort.
Assuming that [ = 1, we may inductively express P, as follows.

P, = max(max(P,—1Y,-1,1)Y,, 1)
=max(P,—2Y,1Y,,Y,, 1)
= max(max(P,—3Yn—2,1)Y,_1Y,, Y5, 1)

(Pr—3Y, oY, 1Y, Y, oY, 1Y, Y, 1Y, Y, 1)

= max
Proceeding in this manner, and noting that Py = 1, it is easy to see that

P, =max(Y1Ys, Y3 - Y, 1Y, Yo, Y3 Y, 1Y, <, Y, 1Y, Y, 1).
Now, since Y; are i.i.d., we may write

P, 4 max(1, Y1, 1Ys, V1YoY3, ---  V1Ys-- Y, 1, V1Yo Y, 1Y,).

At this point, we make the logarithmic transformation X; = log(Y;) fori > 1, and Z,, = log(P,) to obtain
Zp L max(So, Siy-- -, Sn), (6.2)

where Sg = 0, and S; = 23:1 X for j > 1. We have thus expressed Z,, as the maximum over n time steps
of a random walk starting at zero, with i.i.d. increments X;. Moreover, our assumptions on the distribution
of Y7 imply that

(a) E[X;] <0, i.e., the random walk has a negative drift,
(b) Pr(X; > 0) > 0, i.e., the random walk makes positive increments with some probability,
(c) E [eX1] < oo for some s > 0, i.e., the increments are light-tailed to the right.

Now, it is clear that as n — oo, max(So,S1,- -+, Sn) = Smae = max;>0{5;}, the all time maximum of
the random walk, whenever S, is finite. We study S),4, in detail in Section 7.4, and we can now apply
one of the results we prove there. In particular, under the above assumptions on X7, we show that S, is

finite with probability 1, and
log P
i 18P (Smae > 2) _ 6.3)
T—00 T

where s* = sup{s > 0 | E [eX1] < 1} (see Theorem 7.6).
From (6.2), it now follows that as n — oo,

implying that



6.2: VARIATIONS ON MULTIPLICATIVE PROCESSES 141

10°

104 L

& 10%}

10°

1072

n

Figure 6.3: Illustration of a multiplicative process with additive noise. The plots show 5 realizations of Py,
with Y; ~ Exp(0.75), Q; being distributed as the absolute value of a standard Gaussian.

Finally, we note that the distribution F' of e%mas satisfies

log F(z) lim N log Pr (€5me= > 1)

lim — 22\ _
2300 log(x) T—00 log(x)
— lim _logPr(Smax > log(z)) _ g
T—00 log(x)
where s* = sup{s > 0| E [e*¥!] <1} =sup{s > 0| E[Y}] < 1}. O

6.2.2 A noisy multiplicative process

We have just seen the phenomenon of multiplicative processes leading to heavy-tailed distributions is robust
to a lower barrier. Here, we highlight that it is also robust to additive noisy in the process. In particular,
in this section we discuss a “noisy’” multiplicative process where there is a small amount of additive noise
between the steps of multiplicative growth. Specifically,

Pn = Pn—lyn + Qn (64)

where the Y,, are i.i.d. and strictly positive, the @Q),, provide additive noise and are i.i.d. and non-negative,
and Py = 1 is the starting point of the process.” See Figure 6.3 for a visualization of the above process.
This noisy variation of a multiplicative process captures the idea that there is often an opportunity for
small additive changes to occur between multiplicative growth stages. For example, in the case of incomes,
the effect of a bonus or a promotion is an additive change that happens between yearly raises; and, in the
case of populations, the effect of immigration may be viewed as an additive change that combines with the

>We adopt the terminology of “noise” to describe @, following Newman [145]. However, because @, is non-negative it may
be more descriptive to think of @Q,, as a “repulsive force” that keeps the process from shrinking to zero, which is the phrasing used
in Sornette [179] and Gabaix [81].
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multiplicative effect of birth rate. Alternatively, the noise could be a result of error in observations of the
growth of some physical process.

Interestingly, the addition of additive noise to a multiplicative process causes a qualitative change to
the limiting distribution that emerges. In fact, the impact is the same as in the previous case where we
studied the addition of a lower barrier: the limiting distribution is no longer always LogNormal, instead it is
approximately power law.

Theorem 6.3. Consider the noisy multiplicative process P, = P,_1 - Y, + Qn, where Py = 1 and
{Yy, Qn}tn>1 is an ii.d. sequence of random variable pairs, where Y,, is strictly positive and Qy, is non-
negative. Suppose that the distribution of Y1 satisfies the following conditions.

(a) Pr(Y1>1)>0.
(b) p:= eBllog(M)] 1.

(c) E[Y?] < oo for some s > 0

Additionally, suppose that Q)1 is light-tailed and Pr (Q1 > 0) > 0. Then, P, 4R , where F' is heavy-tailed

and satisfies limg_ o —l(ifglis) = s*, with s* =sup{s > 0 | E[Y"] < 1}.

Note that Theorem 6.3 essentially parallels Theorem 6.2 for the case of a multiplicative process with
a lower barrier. The same conditions are sufficient for a limiting distribution to emerge, and the limiting
distribution that emerges satisfies the same logarithmic asymptotics. Further, it is again the case that a
LogNormal distribution does not emerge, and instead the emerging distribution is approximately power law,
i.e., asymptotically linear on a log-log scale.

Though it may not be apparent initially why Theorem 6.3 and Theorem 6.2 parallel each other, there is
some intuition for the similarity. Roughly, the additive noise provides a “soft” lower bound on the process.
That is, because the noise is i.i.d., the multiplicative process cannot spend much time below the median of
Qr — 1/2 of the noise samples will be at least that large. Thus, though the noise does not give a strict lower
barrier, it does provide a significant boost to the process when it is near zero.

However, the intuitive connection between noisy multiplicative processes and multiplicative processes
with lower bounds does not translate directly to a proof. In fact, the addition of noise to the process means
that a structurally different proof technique is required to prove Theorem 6.3. The consequence is that
the full proof is more technical, and we do not include it here. The interested reader can find a proof
in [81,110, 179]. Here, we give a proof of only the special case where (), = 1, which can be done cleanly
and highlights the connection between the case of additive noise and the case of a lower barrier.

Proof of Theorem 6.3 for Q,, = 1. We begin by obtaining a clearer characterization of our process for the
special case Q,, = 1. It is not hard to show from (6.4) that

Pn =1+ Yn + YnYn—l + YnYn—IYn—Q +-+ YnYn—l - Y1

Thus,
P L 14Y1 + Y2+ Vi¥a¥s+ -+ YiYp- oY,
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As in the proof of Theorem 6.2, we now make the logarithmic transformation X; = log(Y;) fori > 1,
yielding
n
P, 4 Z ek,
k=0
where Sp = 0, and S; = 22:1 X for 7 > 1. It now follows that

P, % p— S ek, (6.5)
k=0

Having identified the limiting distribution of F,,, it now remains to the characterize the tail behavior of
this limiting distribution. Our approach will be to derive asymptotically matching lower and upper bounds
on the tail. In both cases there is strong connection to the case of a multiplicative process with a lower
barrier. We start with the lower bound.

Lower bound: The lower bound is obtained by noting that (6.5) implies that

P> P :=sup ek
k>0

almost surely. This lower bound has a simple interpretation: note that P’ is simply the limit of the multi-
plicative process with a lower barrier defined by P}, = max{P_,Y,,1}, Pj = 1. Indeed, it is not hard to
see directly that the P, > P}, for all n. The above bound allows us to invoke Theorem 6.2 for multiplicative
processes with a lower barrier to conclude that

log Pr (P’ > )

log Pr (P
limlnfwz lim ——————— % = —s*,

T—r00 log x T—00 10g T

Upper bound: The proof of the upper bound is also highly related to the proof of Theorem 6.2. It follows
from (6.5) that fore > 0,

(0.9}
P < sty ok o ol ] — ¢ P
— €
k=0

We now note that supgs[Sk + €k] is simply the supremum of the random walk with increment process
X, + €. Taking e small enough so that E [ X, + €] < oo, we can conclude from Theorem 6.2 that

/
lim logPr (P! > x) _ g

T—00 log = €

where
si =max{s: E {eS(XH'E)] <1} =max{s:E[Y{] <e “}.

We thus obtain the upper bound
log Pr (P!

lim sup logPr(Fe > ) < —s7,

z—00 log x
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To see that the upper bound matches the lower bound, observe that s! is decreasing in €. Furthermore,
as E[Y7’] is continuous on (0, s*), it follows that s} 1 s* as € | 0, removing the gap between the lower and
upper bound. O

6.3 An example: Preferential attachment and Yule processes

So far in this chapter we have focused on generic multiplicative processes without delving into any particular
example in depth. To end the chapter, we focus in some depth on one specific, celebrated example of a
multiplicative process that comes from the area of network science.

Network science has provided some of the most popular, and controversial, examples of heavy-tailed
phenomena. There was an enormous amount of excitement surrounding the discovery of heavy-tailed phe-
nomena in complex networks during the late 1990s and early 2000s as large data sets about social, biological,
and communication networks began to emerge. This period was particularly exciting due to the diversity of
settings where large data sets were becoming available and the apparent “universality” of the features ob-
served in these networks. One of the particularly striking features that was observed repeatedly in complex
networks from a variety settings was that the degree distribution tended to be heavy-tailed, often power-law,
and thus scale-invariant. Such observations of scale-invariant behavior emerged in the context of social
networks, citation networks, biological networks, communication networks, power networks, and beyond.3

The emergence of power law degree distributions in diverse complex networks, a.k.a., the emergence of
scale-free networks, motivated a deep scientific question that was (and still is) particularly seductive for the
network science research community:

Is there some sort of unifying explanation, or fundamental law, governing
the emergence of heavy-tailed, scale-invariant behavior in complex networks?

The seductive nature of this question has led to an enormous literature that seeks to develop and analyze
models for the evolution of networks and, at this point, there is an enormous array of models that lead to
heavy-tailed degree distributions in networks. For example, [7,22,40, 119, 131, 150]; excellent surveys of
this space can be found in [24, 145, 185]. These networks use a variety of growth mechanisms; however
many of them rely on some form of multiplicative process at their core. To highlight this fact, in this section
we describe a particularly celebrated example of such a mechanism: preferential attachment.

The preferential attachment mechanism

The preferential attachment mechanism has a long history, and has been reinvented under many guises over
the years. In particular, it is essentially equivalent to the growth of the so-called Yule processes [200], which
are named after the statistician who first studied them in 1925, Udny Yule. Initially, Yule processes were
introduced as a simplified model for studying the sizes of biological taxa; however it did not take long for
them to be adopted in other disciplines as well. For example, Herbert Simon [175] applied Yule processes
to study the distribution of wealth and, in the process, gave them their name. It did not take long for Yule

3 As we discuss in Chapter 8, in some cases the initial claims of power-law distributions have since been refuted in favor of either
other heavy-tailed distributions (e.g., LogNormal distributions or Weibull distributions) or, in some cases, light-tailed distributions.
Examples of such refutations include the internet graph [46, 198] and protein-protein interaction networks [183]. Debate about
which networks exhibit power-law degree distributions continues to this day, e.g. [35, 187].
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Figure 6.4: Illustrations of graphs generated by the preferential attachment model. For clarity, self-edges
are not shown. Note that there are a few ‘core’ high-degree nodes, surrounded by a periphery of many
low-degree nodes.

processes to find application in complex networks: In 1968 Derek Price [160] adopted the Yule process to
study the evolution of citation networks, renaming the mechanism “cumulative advantage”. More recently,
during the excitement surrounding the discoveries of heavy-tailed phenomena in complex networks in the
1990s, Albert-L4sz16 Barabdsi and Réka Albert [22] rediscovered Price’s mechanism giving it the name that
is commonly used today: preferential attachment. It is this name and context that we adopt in the following;
however we would like to emphasize that there is nothing inherent in preferential attachment that restricts
its application to complex networks, and in fact it has many applications outside of this context.

The preferential attachment mechanism essentially formalizes the “rich get richer” phenomena in the
context of a network. In particular, under preferential attachment the network grows in a manner where new
edges are “preferentially attached” to vertices that already have high degree, i.e., the “rich” vertices.

More specifically, consider a discrete time process on ¢ = 0,1, ..., n for creating a directed graph. At
each time ¢, one vertex arrives, with a single link to itself, and chooses a pre-existing vertex to connect to
via a directed edge from itself to the selected vertex. The key to the preferential attachment mechanism is
that the vertex to connect with is chosen with probability proportional to its in-degree.

Formally, we study a model where, with probability 1 — o > 0, the newly arriving vertex use a prefer-
ential attachment mechanism and chooses a pre-existing vertex to connect to proportionally to its in-degree;
and, with probability «, the newly arriving vertex chooses a pre-existing vertex uniformly at random. So,
1 — « is the probability of preferential attachment and « is the probability of random choice. Thus, the
probability that the vertex arriving at time ¢ chooses a certain vertex with in-degree % to connect to equals

(1—a)k

24
t 2t

Note that there are 2t pre-existing edges in the network when the new vertex arrives at time ¢.*

“To make this model consistent at ¢ = 0, let us assume that the first node creates 2 links to itself, i.e., it starts with an in-degree
of 2. Note that each subsequent node starts with in-degree 1.
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Some examples of networks that emerge from the preferential attachment mechanism are shown in
Figure 6.4. These examples highlight some of the properties that are commonly associated with preferential
attachment. In particular, it is easy to see that there is extreme diversity in the in-degrees of the vertices.> A
consequence is that high-degree nodes tend to be very “central” to the network and, in particular, the network
exhibits a so-called “core-periphery” structure where older, higher degree nodes form a tightly connected
core surrounded by a periphery of lower degree vertices. Similarly to heavy-tailed degree distributions, this
core-periphery structure is another aspect of complex networks that is, in some sense, “universal”.

The degree distribution under preferential attachment

The preferential attachment mechanism is closely tied to the multiplicative processes that we have studied
in this chapter. At each time, the probability that a new vertex chooses to connect to a given vertex is
proportional to the in-degree of the vertex, and thus the expected increase in the in-degree is proportional
to the current degree. As a result, we should expect the emergent degree distribution under the preferential
attachment mechanism to be heavy-tailed. Indeed this is the case. However, a formal proof does not follow
directly from the generic results about multiplicative processes we have discussed to this point in the chapter.
It requires a more detailed analysis, which we perform in the following.

More specifically, the following theorem states that the degree distribution that emerges under the pref-
erential attachment mechanism is not just heavy-tailed, but also power-law and scale invariant. To state the
theorem, let F} denote the distribution of the in-degree when the total number of nodes equals ¢, i.e., F}(k)
equals the probability that a randomly selected node has in-degree < k, just before the arrival of the node at
time ¢.

. d — _2
Theorem 6.4. Under the preferential attachment model, F; — F, as t — oo, where F(x) ~ Bz~ T2 for
some positive constant 3.

Interestingly, this theorem not only shows that the degree distribution under preferential attachment is
a power-law, it also gives the dependence of the power-law on the probability of preferential attachment
(1 — «). In particular, as the probability of preferential attachment increases, i.e., as « decreases, the tail
of the limiting degree distribution becomes heavier. Moreover, by varying the parameter « over [0, 1), the
above model generates power-law degree distributions with the exponent varying over [2, co). However, it is
important to note that the specific range on the exponent of the power-law is not a fundamental consequence
of preferential attachment itself, it is simply a consequence of the particular way we have chosen to model it.
There are a wide variety of variations on the preferential attachment model that lead to different expressions
for the power-law exponent (see, for example, [22, 60, 116, 160, 175]). Examples of such model variations
include allowing the incoming node to attach to more than one pre-existing node, allowing the pre-existing
nodes to add edges to one another in a preferential manner, and so on.

It is also important to point out that the preferential attachment mechanism is only one of many mecha-
nisms that can lead to heavy-tailed phenomena in networks. In particular, though the mechanism provides a
simple explanation for the emergence of a heavy-tailed degree distribution, one should be careful to conclude
that it is an accurate model for complex networks more broadly. In particular, the simplicity of the prefer-
ential attachment mechanism means that many other properties that are associated with complex networks
are not captured. And, in fact, if one simply compares the examples of preferential attachment networks

SThe degree of a vertex is strongly correlated with its arrival time, i.e., older vertices tend to have larger in-degree.
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in real-world examples of complex networks it is clear that there are significant differences. As a result,
since the introduction of the preferential attachment model, many other examples of generative mechanisms
for networks have been proposed, e.g., the configuration model [185], hyperbolic graphs [151], Kronecker
graphs [118], the forest-fire model [120], dot-product graphs [199], and many more.

Finally, let us move on to the proof of Theorem 6.4. The proof may appear technical at first glance, but
the structure of the proof is actually quite simple.

Proof of Theorem 6.4. The idea of this proof is to first understand the evolution of the average number of
nodes with degree k at time ¢ and then use that understanding to study the limiting degree distribution as
t — oo. While the second piece of the proof requires some technical calculation, the first piece is simple
and already provides clear intuition as to why preferential attachment is related to multiplicative processes
and, thus, why a heavy-tailed degree distribution emerges.

To start, let m, (k) denote the average number of pre-existing nodes with degree k at time ¢. Let p, (k) =
mtf(k). Note that p; (k) is the probability that a randomly selected (pre-existing) node at time ¢ has degree k,
i.e., p(+) is the probability mass function corresponding to the distribution F}. Our objective is to analyze
the behavior of p;(-) as t — oo.

Our first step toward this goal is to develop a recursive relation for m. (k). Consider the newly arriving

node at time ¢. As we have noted, the probability that this node connects to a particular pre-existing node with
(1—-a)k
2t

that the newly arriving node connects with a node with in-degree % equals m; (k) ( g+ M) . We can

in-degree k equals ¢ + . Since there are, on average, m; (k) nodes with in-degree k, the probability

21
therefore express the evolution of the average number of nodes with in-degree k£ > 1 as follows.

mesa (k) = mo(k) + maB =) (j n W) —_ (“ . <1—a>k>

2t t 2t
:mﬁm<y—%fjé_am)+WMk—U<m”+“;ka_D> (6.6)

Note that the above evolution of the average number of nodes with in-degree k£ accounts for an increase
coming from the possibility that a node with in-degree k£ — 1 at the previous time step gained an incoming
edge, and a decrease coming from the possibility that a node in-degree k at the previous time step gained
an incoming edge. The evolution for the case £ = 1 is different. Since the increase in the number of nodes
with degree 1 comes only from the newly arrived node,

a (1-w
mt+1(1) :mt(l)—i-l—mt(k) <t+ 21 )

1
:mAD<1— ;a>+1. 6.7)

Already, the form of the evolution of m, (k) already suggests that a heavy-tailed degree distribution is
likely. Note that the existence of terms m(k — 1) - (k — 1) highlights the multiplicative nature of the growth
process and, given the results in this chapter, that already indicates that a heavy-tailed degree distribution is
likely.

Proceeding with the proof, we now use the above recursions for m; (k) to analyze the asymptotic behav-
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ior of p;(+) as t — o0o. We denote, for k > 1,

. . mt(k‘ )
p(k) = tlgglopt(k‘) - tlggo ot
We prove that the limit exists later in the proof. Note that p(k) may be interpreted as long-term probability
of picking a node with degree k. In other words, p(-) is the probability mass function corresponding to our
limiting distribution F.
Our analysis of the behavior of p,(+) as ¢ — oo is based on the technical result, the proof of which is left
to the reader as Exercise 7. Consider the recursion

b
Qi1 = ay <1 - ;) + ¢

If limy 00 by = b € (0,00), and lim;_,o, ¢; = ¢ € R, then % converges as t — 0o, and

a¢ &

lim = .
t—oo t 1+

Applying this result to the recursion (6.7) (taking a; = my(1), by =232, and ¢; = 1) we conclude that

lim o0 mtf() exists, and

. mu(1) 1 2
p(1) oo t 1+1+Ta 34 o

Next, we study the asymptotic behavior of p(k) for k > 2 by applying the same result to the recursion
m¢(k—1)
i

(6.6). To show that mtf(k) converges as t — 0o, we can proceed inductively. Suppose that

as t — oo. We can now apply the above result to recursion (6.6), setting a; = my(k), by = M, and

cy = my(k —1) (%&2) . This gives that mtt(k) converges as t — 00, and

converges

o mu(k) ¢
(k)= tll>nolo t + 2a+(;—a)k"

where

o= Jun fk 1 <2a+ (1—a)(k - 1))

2+ (1—a)(k—1)
2t )

=p(k—1)< 5

Therefore, we have

200+ (1 —a)(k -1
(k) = plh -1y | 20 E D

_ 2(1+72 )

[ 2«

=2 4+ k-1

11—«
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The above relation can be iterated to obtain
2a 2a 2a
(174_1) (17+j3)...<17+k_1>
242« 242« 242«
(17_}_:3) (174_3) (174_]{;)

The remainder of the argument consists of manipulating the above expression into a more intuitive form.
To this end, we can represent p(k) in terms of the gamma function® using the property I'(a) = (a—1)T'(a—1)
as follows:

p(k) = p(1)

P2 +k) T(3242)

(2 +1) (%20 k1)

p(k) = p(1)
Collecting the factors that do not depend on k into a single constant 5’ we obtain

p<k):6r(?j§}+k+1)'

We can now deduce the asymptotic behavior of p(k) using the following property of the gamma function:

for fixed y,
I'(x)

@)y
T(z +y)

Therefore, we conclude that

—(1 ﬁ )
p(k) ~ (' (k+ 20 > 3 )Nﬁ’k:_(“‘m).

l—«

This form shows that the probability mass function of F' decays as a power-law. It now follows easily
(see Exercise 8) that

Pk =Y o) ~ PO e,

J>k

which completes the proof. 0

6.4 Additional notes

Multiplicative processes are tightly tied to many generative models for heavy-tailed phenomena. The ob-
servation that the simple multiplicative process we consider has a LogNormal limit is quite classical; the
book by Aitchison and Brown [6] is an early reference. This idea has been used to claim the emergence
of the LogNormal distribution in several domains, including finance (see, for example, [48, 104]), basic

The gamma function, for non-negative z, is defined as I'(z) = oS @* e dux. It is easy to see that I'(0) = 1, and

I'(z + 1) = 2zI'(2). It thus follows that for n € N, I'(n 4+ 1) = n!. Thus, the gamma function may be interpreted as an extension
of the factorial function over the real line.

See Exercise 6.



150 CHAPTER 6: MULTIPLICATIVE PROCESSES

sciences like ecology, geology, and atmospheric science (see the edited volume [51]), and more recently,
communication networks (see, for example, [5, 103]).

The observation that multiplicative mechanisms with a lower barrier result in a power-law limiting distri-
bution was first made by Champernowne [42]. The additive noise variant was first studied by Kesten [110],
who analysed a multidimensional version of the processes we introduce in Section 6.2.2. Kesten’s result
has been extended and simplified during the past several decades, e.g., see [37,113,137]. A recent book
devoted to this subject is [38]. These mechanisms have been used to argue the emergence of power laws in
distributions of incomes [42], city sizes [81], and stock market returns [123], to name a few.

More generally, all of the multiplicative processes we consider in this chapter are special cases of a
general recursion of the form

Pn+1 = ‘I)n(Pn)>n > 07 (68)

with ®,,,n > 0 a sequence of i.i.d. random functions satisfying a linear growth condition, i.e., ®,,(z) =
Apx + o(z) as z — oo. Under certain conditions (especially on the distribution of the slope A,,), it has
been shown that power laws appear for processes of this form. A seminal paper on this topic is due to
Goldie, [89]. These results have further been extended to settings with branching mechanisms in [109].

To illustrate the application of multiplicative processes in a specific application setting, we discussed
the preferential attachment generative model for complex networks. This model has a long history and has
been reinvented under many guises. The model is usually credited to Yule, who used the model to study
biological taxa in 1925 [200]. However, Pélya actually used the same model a few years earlier in the study
of his celebrated urn model [64]. Later, Simon applied them to the modeling of the populations of cities and
the distribution of wealth in the 1950s [175]. In the 60s, Price applied the model to citation networks [160]
and, most recently, Barabdsi and Albert suggested that the model could be used more generally to study
complex networks such as the internet graph and the world wide web [22].

Our focus on preferential attachment should not suggest that it is the only (or even the most realis-
tic) generative model for complex networks that exhibits a heavy-tailed degree distribution. Heavy-tailed
degrees are only one of many salient features that have been observed in complex networks and the pref-
erential attachment mechanism does not generate networks that have other important properties, such as (i)
searchability, the ability for agents to find short paths quickly [111]; (ii) densification, the fact that com-
plex networks often become more dense as they grow [121]; and (iii) shrinking diameters, the fact that the
diameter of complex networks often shrinks as the network grows [121].

There are a wide variety of other probabilistic generative models that have been presented, e.g., the
configuration model [185], hyperbolic graphs [151], Kronecker graphs [118], the forest-fire model [120],
dot-product graphs [199], and many more. Nearly all of these can be tied to some form of multiplicative
process, as was the case for the preferential attachment model.

There are also many other classes of generative models that are used to provide explanations for heavy-
tailed phenomena in complex networks. One particularly important class of models is based on optimization
rather than randomness. This direction was pioneered by Mandelbrot, who argued that power-laws form a
sort of information-theoretic optimal for language [131]. In particular, Mandelbrot argued that power-law
frequency of word lengths optimizes the average amount of information per letter in a language such as
English. This idea was later adopted and extended to a variety of other settings, e.g., Carson and Doyle
suggest models for file sizes and forest fires [40] and Fabrikant et al. suggest an application to modeling the
internet graph [68].

Interestingly, Mandelbrot’s optimization-based model and Simon’s preferential attachment model were
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introduced around the same time and there was a heated debate between the two about the contrasting
assumptions and explanations of heavy-tailed behavior; see [132—134,176—178]. This was mirrored decades
later as there was again a heated debated between the preferential attachment model and optimization based
approaches in the early 2000s; see [125, 198].

6.5 Exercises

1. The goal of this exercise is to get a feel for the multiplicative mechanisms described in this chapter
using data. Let {Y;};>1 be a sequence of i.i.d. exponential random variables with mean 1/\. Figure
out how to set \ to make p = eFll0s(1)] < 1 (Jensen’s inequality should come in handy.) Also figure
out how to set \ to make p = e®Blos()] < 1,

(a) Simple multiplicative process: Set X such that p = B8V > 1. For some (large) fixed N,

p 1/VN
generate a large number of samples of (ﬁ) ,where Py =1, P, =P, 1-Y, forn > 1.

Does your data look LogNormal, as predicted by the multiplicative central limit theorem? You
might want to make a logarithmic transformation on your data to see this.

Repeat the above exercise by setting A such that p < 1.

(b) Multiplicative process process with a lower barrier: Set X such that p = eElos(¥1)] 1.

<
For some (large) fixed N, generate a large number of samples of Py, where Py = 1, P, =
max(P,_1 - Y,,1) forn > 1.
Plot the empirical c.c.d.f. of the data (i.e., the fraction of data points exceeding x as a function

of x) using a logarithmic scale on both axes. Is your visualization consistent with the conclusion
of Theorem 6.2?

(c) Multiplicative process process with additive noise: Set \ such that u = e < 1. For some
(large) fixed IV, generate a large number of samples of Py, where Py =1, P, = P,_1- Y, +Qn
for n > 1, where {Qy }n>1 is a sequence of i.i.d. uniform random variables taking values in
[0, 1]. Once again, plot the empirical c.c.d.f. of the data using a logarithmic scale on both axes.
Is your visualization consistent with the conclusion of Theorem 6.3?

Ellog(Y1)]

2. Show that the LogNormal distribution is stable under multiplication. Specifically, for n > 2, if
Y1,Ys, - --Y, are i.i.d. LogNormal random variables, show that there exist positive constants ¢, d > 0

such that .
[T £ e
i=1

3. Consider the simple multiplicative process defined in Section 6.1. Prove that

(a) If u > 1, then P, — oo almost surely as n — oo

(b) If p < 1, then P,, — 0 almost surely as n — oo

Now, construct an example where as n — oo, P, — 0 almost surely, but E [P,,] — oo. How can you
explain this phenomenon?
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4. The goal of this exercise is gain some experience in computing the power-law tail index s* that

emerges in the limit of a multiplication process with a lower barrier (Theorem 6.2) or with additive
noise (Theorem 6.3). Specifically, compute s* := {s > 0 | E[Y*] < 1} for the following examples
(you should also verify that these examples are consistent with assumptions of Theorems 6.2 and 6.3).

e Forp > 1/2,
1/2 wp.p
Y:
{ 2 wp.(1—p)

e Y ~ LogNormal(j,02), where y < 0

. The goal of this exercise is to get a feel for the preferential attachment model. For o € [0, 1], write

a program for generating a random graph with n nodes using the preferential attachment model pre-
sented in Section 6.3.

(a) Plot the graphs you obtain for n = 10, 100, 1000. Do you see the “rich get richer” phenomenon?

(b) For large enough n, plot the empirical c.c.d.f. of the in-degree distribution on‘a log-log scale. Is
your visualization consistent with the statement of Theorem 6.4?

For y € N, show that as © — oo,
L(z)

B S
Iz +y)

Note: The above statement also holds for all positive real y, though this is harder to prove.

. The goal of this exercise is to prove the following result, which was used in the proof of Theorem 6.4.

Consider a sequence {a, } that satisfies the recursion

b
Gp41 = ay <1 - ;) + ¢,

where lim; 500 by = b € (0, 00) and lim;_,» ¢; = ¢ € R. Prove that

Q¢ C

lim & = .
St 140

. The goal of this exercise is to prove the following result which was used in the proof of Theorem 6.4. It

shows that if a probability mass function is asymptotically power law, then the corresponding c.c.d.f.
is also asymptotically power law. Note that this may be viewed as a highly simplified Karamata
theorem.

Let px denote the probability mass function of a random variable X taking integer values. As k — oo,
if px (k) ~ ck~0+7) where ¢,y > 0, show that Fx (k) ~ Sk

Hint: You can bound ), . . m~ 0+ as follows.

/ T gy < 37 ) < / T 0 g
k+1

m>k k



Chapter 7

Extremal processes

Extreme events, the good and the bad, shape our lives dramatically. ‘Catastrophic events such as large
earthquakes, hurricanes, floods, and stock market crashes have huge societal tolls, and exhilarating events
such as world record breaking times at the Olympics leave a sense of amazement. Though such events
are almost always unexpected, as a society we must plan for them carefully — dams and dikes must be
built in anticipation of possible flooding, buildings must be built to withstand the largest earthquakes, and
insurance companies must be prepared for any number of catastrophic events. These situations motivate the
importance of understanding the behavior of extremal processes, which grow as the maximum (or minimum)
of a sequence of events. Further, as we illustrate in Part III of this book, extremal processes are crucial tools
for statistical analysis of heavy-tailed distributions. In particular, they are key to the analysis of procedures
for fitting the tail of heavy-tailed distributions.

Though extremal processes are more exotic than additive and multiplicative processes, we all have strong
intuition about their behavior based on our life experiences. In particular, most typically we think of extremal
processes as being analogous to the evolution of world record times. For example, consider the evolution
of the world record for the half marathon (Figures 7.1(a) and 7.1(b)). Initially, the world record dropped
quickly, sometimes by over a minute every few years, but recently the world record has tended to drop only
a minute per decade. A similar slowing of the progression of world record times is evident for other events
too, e.g. the 100m dash (Figures 7.1(c) and 7.1(d)). We see related phenomena in many other aspects of
our lives as well. Consider the progression of the size of the largest snowfall you have experienced or the
height of the tallest mountain you have climbed. Thus, it is natural to assume that extremal processes have
a decreasing rate of change and may even eventually asymptote to some limiting value — thus they seem to
be light-tailed.

This intuition leads to the view that heavy-tailed distributions are surprising curiosities in the context of
extremal processes. Of course, at this point in the book we have already seen how heavy-tailed distributions
can emerge in the context of both additive and multiplicative processes, and so it should not be surprising
that they are more than just curiosities here too. In particular, there are many places where extremes yield
heavy-tailed distributions, e.g., the progression of size of the largest stock market crashes, earthquakes, and
floods. As we show in Figure 7.2, these examples can exhibit very different behavior than the progression
of world records.

The goal of this chapter is to highlight why the emergence of heavy-tailed phenomena in the context
of extremal processes should not be surprising. Interestingly, the behavior of extremal processes closely

153
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Figure 7.1: Progression of world record as ratified by the International Association of Athletics Federa-
tions (IAAF).

parallels the behavior of additive processes, which we study in Chapter 5. Specifically, as we saw for additive
processes, extremal processes can yield either light-tailed limiting distributions or heavy-tailed limiting
distributions. In the following we introduce the “extremal central limit theorem”, which characterizes when
heavy-tailed distributions can emerge from extremal processes similarly to the characterization of additive
processes provided by the generalized central limit theorem. Further, analogously to the class of stable
distributions that we discussed in the context of additive processes, we highlight a class of max-stable
distributions that precisely characterizes which distributions can emerge as the limit of an extremal process.

Interestingly, though there are many parallels between additive and extremal processes, one important
distinction between the two relates to the emergence of heavy-tailed distributions. Heavy-tailed distributions
can emerge from additive processes, but only when one starts with infinite-variance heavy-tailed distribu-
tions. In contrast, under extremal processes, heavy-tailed distributions can emerge when starting from distri-
butions with finite variance. In fact, heavy-tailed distributions can emerge even when starting from bounded,
light-tailed distributions. Thus, like multiplicative processes, extremal processes can create heavy-tailed
distributions. However, extremal processes are not as closely connected with heavy-tailed distributions as
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Figure 7.2: Record of insurance loss due to catastrophies worldwide in millions of US Dollars (at 1992
prices) between 1970-1995 [163].

multiplicative processes and there are many situations where (extremely) light-tailed distributions can also
emerge from extremal processes.

7.1 A limit theorem for maxima

The study of extremal processes is typically referred to as “extreme value theory”, and has a long history.
Our focus in this chapter is on only a small piece of this theory. In particular, we focus on a generic one-
dimensional extremal process of the following form:

M,, = max(X1, Xa, -+, X,), where X; are i.i.d. with distribution F'.

This simple process corresponds to the evolution of the sample maxima; however it is straightforward to
translate our discussion into results for the evolution of the sample minima via the relation

min(Xl,XQ, e ,Xn) = —max(—Xl, —XQ, e ,—Xn).

Our goal in this chapter is to characterize the behavior of M,, as n — oo, and to use this simple process to
develop intuition about the connection between heavy tails and extremal processes. In some sense, studying
extremal processes is easier than studying additive or multiplicative processes. Unlike the cases of additive
and multiplicative processes, it is easy to explicitly write down the distribution of M, in a compact, closed
form:

Pr(M, <t)=Pr(X; <t ..., X, <t)=F(@)"

This highlights a simple, but important observation about the limiting distribution of M,,: extremes
happen only at the upper end of the distribution. In particular, define xr as the upper end of the support of
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F.,ie., zp =sup{z: F(z) < 1} and consider a fixed ¢. Then

lim Pr(M, <t)= lim F(t)" =

n—o0 n—o0

0, ift<uzp;
1, ift=uap.

This calculation illustrates that, if the distribution has a finite upper bound, e.g., the Uniform distribution,
then M,, converges with probability 1 to this upper bound. Similarly, if the distribution has no finite bound,
the above illustrates that for any finite value ¢, M,, is eventually larger than ¢ with probability 1.
Of course, one does not learn much about the behavior of the maxima from statements like the above.
In fact, those statements are no more informative than simply stating that the additive process S,, = X1 +
...+ X, approaches +/ — 0o as n — oo depending on whether X; has positive/negative mean. Just as the
law of large numbers and the central limit theorem tell us how S,, scales to +/ — oo, here we seek a similar
understanding of the behavior of M,,. Specifically, the goal is to obtain a more fine grained understanding of
the behavior of the M, e.g., by understanding the rate at which M,, grows with n and the typical deviations
of M, around this growth rate. Thus, as we did for additive and multiplicative processes, we are interested
in studying the centered and normalized maxima, deriving convergence results of the form
@ % 7 where a,, > 0, by € R. (7.1)
n
Clearly, this form parallels the form of the cental limit theorems for additive and multiplicative processes
we have discussed in the previous two chapters. Like in those cases, one can think of this form as providing
a second order approximation of M,, as

My 2 by, + anZ + o(an).

However, unlike in those cases, it is not easy to anticipate the proper choices of a,, and b,, nor the limiting
distribution of Z.

To obtain intuition for the behavior of the centered and normalized version of M, it is useful to consider
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Figure 7.3: Illustration of an extremal process. (a) shows five realizations of M, with X; ~ Exp(1).
The dotted line is the first order approximation log(n). (b) shows a histogram of the error M,, — log(n) of
the first first order approximation for n = 500 over 5000 realizations. The orange curve is the probability
distribution function of the Gumbel distribution.

a simple example. For this, let us consider the Exponential distribution.

Example: Exponential distribution
For the case of the Exponential distribution we have a sequence X; with F/(t) = 1 — e~ !, as illustrated in
Figure 7.3. In this case we can immediately write down the limit we’re interested in. This gives

Pr((My = bn)/an < t) = Flapt + by)" = (1 — e~ nt=bn)n,

It is not immediate to see‘how to choose a,, and b,, to obtain a meaningful limit, but with some foresight one
can see that a,, = 1 and b,, = log n is a natural choice to take advantage of the fact that (1 —1/n)™" — 1/e.
In particular, with these choices, we obtain

—t\ "
Pr(M, — B, <t) = F(t+logn)" = (1 — e t7logm)n — (1 — e) — e asn — .
n
This highlights that a limiting distribution for M,, does indeed emerge as n — oo and, though you may not
recognize this immediately, the limiting distribution is the Gumbel distribution I' (see Figure 7.3). The c.d.f.
of the Gumbel distribution, typically denoted by A, is defined by

Az)=e*" (z€R).

Note that to obtain this limiting distribution we chose b,, = log n, and so M,, = log(n)+Z-+o(1). This form
nicely aligns with the intuition we described at the start of the chapter, which suggests that extremes tend to
change quickly initially before eventually settling down. The connection with this intuition is strengthened
further by the fact that the Gumbel distribution is extremely light-tailed. In fact, the left tail of the Gumbel
decays as a double exponential, and the right tail decays exponentially: A(x) = =% + o(e™%) as x — oo.
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The emergence of the Gumbel distribution in the example above provides a candidate for the limiting
distribution of extremal processes more broadly than just the case of the Exponential distribution. To inves-
tigate this further, let us now repeat the calculation above starting with the Gumbel distribution instead of
the Exponential distribution.

neftflogn _e~t

—t—logn\ "
Pr(Mn—logngt):F(t+logn)”:(e_eHg) =e =e

Note that we again obtain the Gumbel distribution, and this time the equality holds for all finite n, not just
in the limit. This highlights that the Gumbel distribution is “stable” with respect to maxima, similarly to
the way that the Gaussian distribution is “stable” with respect to sums. Thus, it is natural to define a class
of “max-stable” distributions in a parallel manner to the class of stable distributions that we introduced for
additive processes in Chapter 5.

Definition 7.1. A distribution F is said to be max-stable if, for anyn > 2 i.i.d. random variables X1, Xo,--- , X,
with distribution F, there exist constants ¢, > 0 and d,, € R such that

max(X1, Xo, -+, Xp) < cn Xy +dy.

A random variable is said to be max-stable if its distribution function is max-stable.

Like the class of stable distributions, the class of max-stable distributions is difficult to understand from
the definition alone. We have seen that the Gumbel distribution is one example, but it is not immediately
clear which other distributions satisfy the definition. However, it is clear that the class of max-stable distri-
butions is tightly coupled to the form of the limit theorems for extremal processes that we are looking for,
i.e., to (7.1). In particular, it is easy to see that a max-stable distribution can occur as the limiting distribu-
tion in (7.1), and it turns out that max-stable distributions are the only non-degenerate distributions that can
appear in such a limit. More specifically, just like the class of stable distributions characterizes precisely
those distributions that can serve as the limiting distribution of additive processes; max-stable distributions
characterizes precisely those distributions that can serve as the limiting distribution of extremal processes.

Theorem 7.1.- A random variable Z is max-stable if and only if there exists an infinite sequence of i.i.d.
random variables X1, X, - - - , and deterministic sequences {ay}, {bn} (a,, > 0), such that

maX(Xl,Xg,--- ,Xn)—bn i}Z

Qn

In a sense, Theorem 7.1 gives a central limit theorem for extremal processes since it characterizes exactly
which limiting distributions can emerge. However, alone, it is quite vague and unsatisfying since it does not
provide insight into the properties of the limiting distributions or when different limiting distributions may
emerge. In this way, Theorem 7.1 for max-stable distributions exactly parallels Theorem 5.3 for stable
distributions. In fact, the parallels between the two theorems is more than just superficial — the proofs of the
two results parallel one another as well.

Proof sketch of Theorem 7.1. To prove Theorem 7.1, we first show that if F' is a max-stable distribution,
then it is the limit, in distribution, of a centered, normalized extremal process. To do this, let {X;}i>1
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denote an i.i.d. sequence of random variables with distribution F. By Definition 7.1, for any n > 2, there
exist constants ¢, > 0, d,, € R such that

max(X1, Xa, -+, Xp) % o X1 + dy.

In other words, for any n > 2,

max(Xq, Xo, -+, X,) —d, in

Cn
It therefore follows trivially that as n — oo,

maX(Xla X27 e 7Xn) - dn

Cn

d
— F.

Next, we show that if the distribution F' is the limit in distribution of a centered, normalized extremal
process, then F'is max-stable. Accordingly, suppose that

max(X1, Xo,- -+, Xy) — bp 4

an,

where {X;};>1 is an i.i.d. sequence of random variable, and {ay, }, {b,} are deterministic sequences satis-
fying a,, > 0. Now, fix integer k£ > 2, and define, for m = jk, j € N,
maX(Xl,Xg, y - ,Xm) 4 bm
Ym = I
am
maX(Xl,XQ, . ,Xm) — bj
Ay ’

L =

Consider the limit as m_— oo by taking j — oo. Clearly, Y;, % F. On the other hand, note that Z,, is

the maximum of % 1.1.d. random variables, each distributed as maX(Xl’Xjﬁ"' X)=b; Therefore, Z,, 4 gk,
Moreover, since Yy, and Z,, differ only via translation and scaling para;neters, it can be shown that their
limiting distributions also only differ via translation and scaling parameters. In other words, F* and F
differ only via translation and scaling parameters. Since this is true for all £ > 2, it then follows from
Definition 7.1 that F' is max-stable.

To formalize the above argument, one has to show that F' is neccesarily a continuous function, and
invoke a technical result relating the limits of sequences of random variables that are themselves related via
translation and scaling (see [65, Appendix A1.5]). The interested reader is referred to [65, Chapter 2] for
the details. O

While we have so far seen parallels between limits of additive and extremal processes, there there are
also some important differences. For additive processes, the generalized central limit theorem (Theorem 5.8)
states that a non-degenerate limiting distribution exists for most commonly encountered distributions of
the summands X; (with suitable normalization coefficients). In contrast, there are several commonly en-
countered distributions of X; for which no non-degenerate limiting distribution is possible for the extremal
process {M,, }, for any choice of normalization coefficients. For example, if X; has an atom at its right
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endpoint, or is geometric, or Poisson; see Exercises 3-5. In this sense, limits of extremal process are more
fragile than those of additive processes.

7.2 Understanding max-stable distributions

To this point, we have characterized the limiting distributions for extremal processes via the class of max-
stable distributions. But, beyond knowing that the Gumbel distribution is an example of a max-stable dis-
tribution, we do not yet understand much about max-stable distributions or about when different max-stable
distributions may emerge from extremal processes. So, in order to move toward a general statement of
the extremal central limit theorem, we need to first develop a more detailed understanding of the class of
max-stable distributions.'

In Chapter 5 we were able to characterize the class of stable distributions explicitly via their charac-
teristic functions using the representation in Theorem 5.4. The fact that the representation was in terms of
the characteristic function was natural given that stable distributions emerge from an additive process and
the sums of independent random variables can be cleanly represented as the product of their characteristic
functions. In the case of extremal processes, the maximum of independent random variables has a clean
representation in terms of the product of their distribution functions. Thus, it is natural for a representation
theorem to be in terms of the distribution function. Of course, this is appealing since it is much more di-
rect to infer distributional properties from the distribution function than from the characteristic function. In
particular, the class of max-stable distributions has a very concrete representation, given by the following
theorem.

Theorem 7.2. A non-degenerate random variable X is max-stable if and only if X 2wz + b where a > 0,
b € R, and the distribution function of Z is one of the following.

(i) Fréchet: ®q(x) = { gxp - J;Z: i ig (a > 0)
(ii) Weibull: Ug(x) = { ‘iXp{_(_w)a} ;Z:i § 8 (a > 0)

(iii) Gumbel: A(x) = exp{—e™"}.

This representation of max-stable distributions leads the Fréchet, Weibull, and Gumbel distributions
to be termed the “extreme value distributions.” Interestingly, these three distributions have quite different
properties, as is illustrated in Figure 7.4, which shows the p.d.f. of each. For example, while the Fréchet is a
heavy-tailed distribution, the Gumbel is a light-tailed distribution, and the Weibull can be either heavy-tailed
or light-tailed. Similarly, the supports of the three distributions also differ.

More specifically, the Fréchet distribution, denoted by ®,, is parameterized by a > 0, has support
[0, 00), and has a tail that satisfies

Pp(x)=1—(1—2“+o(z™) =2 %+ o(z™®).

"Degenerate distributions are trivially max-stable, but they are not particularly interesting to consider and so we focus on
non-degenerate distributions throughout this chapter.
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Figure 7.4: Probability density functions corresponding to the standard max-stable distributions

So, @, () ~ 7% as & — oo, and thus is a regularly varying distribution with index —a.

In contrast, the Weibull distribution, denoted by ¥, is parameterized by & > 0, and has support (—oo, 0].
Note that ¥, is actually the mirror image of the Weibull that we have typically discussed in this book. That
is, we have so far defined the Weibull distribution as having support [0, c0), and defined by F,, (7) = 1—e ™"
for x > 0. However, all the properties that we associate with the Weibull still hold true. Most importantly,
U, is heavy-tailed (to the left) when 0 < o < 1, and light-tailed (to the left) when o > 1.

Finally, the Gumbel distribution, A(x) has support over the full real line and, as we have already dis-
cussed, is light-tailed both to the right and to the left. Interestingly, the left tail decays doubly-exponentially
fast, i.e., A(—x) = e~¢", while the right tail decays exponentially, i.e., A(z) = 1 — (1 — e ® 4 o(e™®)) =
e T +o(e™).

Though the three extreme value distributions that make up the max-stable class behave very differently,
it turns out that they are actually quite connected. In particular, the following lemma highlights that the
Weibull and Gumbel distributions can be represented as simple functions of the Fréchet distribution. These
relationships play a crucial role in the proof of the extremal central limit theorem, which we sketch in the
next section.

Lemma 7.1. Consider a random variable X. The following statements are equivalent.
1. X has the Fréchet distribution ®,,
2. —1/X has the Weibull distribution ¥,
3. log(X®) has the Gumbel distribution A

We leave the proof of Lemma 7.1 as an exercise for the reader, see Exercise 6.
Finally, it is important to observe all three extreme value distributions can be represented in one para-
metric form via the following equation:

x— o\ ¢
H(z) =exp —(1—|—£ m > . (7.2)

This is often referred to as the generalized extreme value distribution. If £ > 0 this corresponds to the
Fréchet distribution (i.e., the regularly varying case, with £ = 1/«), while £ < 0 corresponds to the Weibull




162 CHAPTER 7: EXTREMAL PROCESSES

distribution. Using the fact that (14 fy)_l/ £ e Yasé — 0, we see that £ = 0 corresponds to the Gumbel
distribution. This representation is used heavily in Chapter 9 when applying extremal techniques to estimate
the tail behavior of a distribution from data.

7.3 The extremal central limit theorem

At this point we have seen that the class of max-stable distributions precisely corresponds to the limiting
distributions of extremal processes, and we have seen that the class of max-stable distributions is made up
of three families of distributions: the Fréchet, the Weibull, and the Gumbel. However, we have not yet
understood when each of these limiting distributions can emerge from extremal processes. Formally, just
like the generalized central limit theorem specifies the domain of attraction for stable distributions in the
context of additive processes, we would like to specify the maximum domain of attraction (MDA) for each
of the max-stable distributions. These results are provided by the following extremal central limit theorem.

Theorem 7.3 (Extremal central limit theorem). Consider an infinite sequence of i.i.d. random variables
X1, Xo, ... with distribution F. Let xp := sup{x : F(x) > 0} denote the right endpoint of F'. There exist
deterministic sequences {an}, {bn} (an > 0) such that

ma’X(XlaXQ) s 7Xn) - bn

Qn,

4a
if and only if G is max-stable. Further,

(i) G follows the Fréchet distribution ®,, if and only if F(x) = 2~*L(z), where L is slowly varying;

(ii) G follows the Weibull distribution W, if and only if xp < 0o, and F(zxp —1/x) = 2~“L(x), where L
is slowly varying;

(iii) G follows the Gumbel distribution A if and only if there exists z < xp, such that F satisfies F'(z) =
c(x)exp {— IF %dt}for x € (2,xp), where limgy,, c(x) = ¢ € (0,00), limgy,, B(z) =1, and g

z
is a positive, absolutely continuous function satisfying limgq, . ¢'(x) = 0.

See Figures 7.5, 7.6, and 7.7 for an illustration of the extremal central limit theorem under the three
regimes described in Theorem 7.3.

To some extent, the extremal central limit theorem takes on an expected form: for the heavy-tailed
Fréchet distribution to emerge, it must be that the X; are already heavy-tailed, specifically regularly vary-
ing. This is similar to the statement of the generalized central limit theorem, except that for additive pro-
cesses heavy-tailed distributions can emerge only from distributions that already have infinite variance, while
whether the variance is finite or infinite is irrelevant for extremal processes.

Another difference is that heavy-tailed distributions can emerge from extremal processes even in some
situations where the X; are light-tailed. In particular, the MDA for the Weibull distribution highlights that
a heavy-tailed distribution (¥, with o < 1) can emerge even when the X; have bounded support. Thus,
heavy-tailed distributions are, in some sense, more likely to emerge under extremal processes than under
additive processes.
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Figure 7.5: X; ~ Pareto (x,,, = 1, o = 2), which lies in the MDA of the Fréchet distribution
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Figure 7.6: X; ~ Uniform([0, 1]), which lies in the MDA of the Weibull distribution
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However, light-tailed distribution can also emerge under extremal processes. In fact, the MDA of the
Gumbel distribution highlights that a light-tailed distribution can emerge even when the X; are heavy-tailed,
as long as the tail decays faster than regularly varying tails. To see this, let us contrast the representation
given in case (iii) for zp = oo with the representation theorem for regularly varying functions (Theorem
2.6). The two have the same form except that in the representation for RV(p), 5(t) — p and g(t) = t.
But, since g(t) = o(t) for distributions in the the MDA of the Gumbel distribution, it follows that these
distributions have much lighter tails than regularly varying distributions; see Exercise 7.

To keep the statement of the extremal central limit theorem from becoming bloated, we have not de-
scribed explicitly how to define the scaling and centering sequences, {a,,} and {b,}, for each case. How-
ever, these can also be defined explicitly. To state them, we need to use the generalized inverse, F<~, which
is defined as F< (t) = inf{x € R | F(z) > t} fort € (0,1). Given this definition, we have that if F’
belongs to the MDA of the Fréchet distribution, @, then

_ M. 4
Fe(1—1/n) ¢

In contrast, if F' belongs to the MDA of the Weibull distribution, ¥, then

Mi—tr 4y
zp— F<(1=1/n) “

Finally, if F' belongs to the MDA of the Gumbel distribution, A, then

M, —F<(1-1/n) q
g F-(— 1)) ™

where g is defined as in Theorem 7.3, case (iii).

While the MDA of the Fréchet distribution is easy to understand, it is instructive to further explore MDA
of the Weibull and the Gumbel distribution.

The MDA of the Weibull distribution is intimately tied to that of the Fréchet distribution. Indeed, the
distribution F' with right endpoint x» < oo belongs to the MDA of the ¥, if and only if the distribution
G defined by G(z) = F(xr — 1/x) belongs to the the MDA of ®,,. This connection is consistent with the
relationship between W, and @, given in Lemma 7.1; see Exercise 8. The simplest example of a distribution
that belongs to the MDA of the Weibull distribution is the uniform distribution. If F' ~ Uniform([a, b]),
then F(z) = Zi—‘z for x € [a, b], which implies that for large enough z,

1

F(b—1/z) = ST

It follows that F' lies in the MDA of ¥y. Another common distribution in the MDA of the Weibull is the
beta distribution (see Exercise 9).

The MDA of the Gumbel distribution includes distributions with a finite right endpoint, as well as
distributions with x = oo that have lighter tails than regularly varying distributions. While we have already
contrasted the representation in case (iii) with the representation theorem for regularly varying distributions,
it is also instructive to contrast it with the the representation of the complementary c.c.d.f. in terms of the
hazard rate (see Equation (4.6) in Chapter 4). Setting c(-) = ¢, 5(-) = 1, we see that a(z) becomes the
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reciprocal of the hazard rate function ¢(x). It follows that a sufficient condition for F' to be in the MDA of
the Gumbel distribution is J )
lim —(——=) =0. 7.3
Py da <q<x>> )

For example, consider the (non-negative) Weibull distribution, characterized by the c.c.d.f. F'(z) = e #!",
for 3, > 0. In this case, it is not hard to see that ¢(z) = at*~! satisfies (7.3), which means that the class
of (non-negative) Weibull distributions belongs to the MDA of the Gumbel distribution. The condition (7.3)
is actually quite powerful — it can be used to show that a large class of distributions, including the Erlang,
the hyperexponential, the Gaussian, and the LogNormal, belong to the MDA of the Gumbel distribution
(see Exercises 10—13). Note that this MDA includes heavy-tailed as well as light-tailed distributions. For
an example of a distribution with a finite right endpoint that lies in the MDA of the Gumbel, consider the
distribution F' defined as: .
F(x)=e =r—= x € (—o0,zR),

where @ > 0. An elementary application of the condition (7.3) confirms that F' lies in the MDA of the
Gumbel. For an in-depth understanding of the relationship between (7.3) and the MDA of the Gumbel, we
refer the reader to [65, Chapter 3].

It is important to not get confused by the appearance of heavy-tailed distributions (like the LogNor-
mal) in the MDA of the Gumbel distribution, which is itself light-tailed. For example, taking X; in our
definition of an extremal process to be LogNormal, it follows from Lemma 4.4 that for any n, M, =
max(X1, Xo, -+, Xy) is long-tailed. On the other hand, we see that the limiting distribution of M,, (with
suitable centering and scaling) is light-tailed (specifically, Gumbel)! However, note that the former state-
ment holds for any fixed n, and characterizes the asymptotic behavior of Pr (M,, > t) as t — 00. On the
other hand, the latter statement involves the limit as n — oo for fixed ¢. In particular, for finite (but large) n,
the Gumbel approximation would apply to the body of M,,, whereas Lemma 4.4 provides an approximation
for its tail.

Finally, let us move to the proof of the extremal central limit theorem. As in the case of the generalized
central limit theorem, the full proof is too technical for inclusion here. However, a proof of a restricted
version of the theorem is possible using elementary techniques.

Sketch of the proof of Theorem 7.3. In what follows, we show that distributions that satisfy the conditions of
case (i) of Theorem 7.3 belong to the MDA of ®,,. Using similar aguments, it can be shown that distributions
that satisfy the conditions of case (ii) of Theorem 7.3 belong to the MDA of ¥, (see Exercise 8). It is harder
to prove the converse implications of the above, and to tackle the MDA of the Gumbel distribution. The
interested reader is referred to [65, 166] for the details.
Suppose that F' satisfies the condition F(x) = z~“L(x), with L slowly varying. To prove that F
belongs to the maximum domain of attraction of the Fréchet distribution @, it suffices to prove that
M,

-n D, (7.4)
Gnp

where a, := F*° (1 — 1/n). Note that a,, = inf{z € R | F(z) < n~'}, which implies that a,, — 0o
as n — oo. Moreover, it can be shown that F'(a,,) ~ n~! (this is trivial if F is continuous; proving this
statement for general F’ is the goal of Exercise 14).
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Forz > 0,

Pr (M" < x> = Flanz)" = (1— Flanz))".

an

Since F is regularly varying with index —«, F((a,z) ~ 2~*F(a,) ~ 2~*n~'. It then follows that

M —a
lim Pr <n < :c) =e 7 .
n—00 an,
For xz <0,
M, B n n
Pr{ — <z ) = F(apx)" < F(0)".

Qn

Since F'(0) < 1, it follows that

which completes the proof of (7.4).

7.4 An example: Extremes of random walks

Until this point in the chapter we have considered a generic extremal process and the results we have pre-
sented highlight that the behavior of extremal processes parallels the behavior of additive processes in the
sense that both light-tailed and heavy-tailed limiting distributions may emerge depending on the distribution
of the X;. However, unlike the case of an additive process, the results illustrate that heavy-tailed distributions
may emerge from extremal processes even when the X; are bounded, light-tailed distributions.

To end the chapter, we move from a generic extremal process to a specific example of an extremal
process that is important to a wide variety of disciplines. In particular, we return to the setting of random
walks and study the behavior of extremes of random walks.

Random walks are one of our favorite examples, and we have discussed them already in Section 3.4,
where we analyzed the probability that a random walk exhibits a large deviation from its expected value,
and in Section 5.5, where we focused on the return time of a symmetric random walk where the walker was
equally likely to take a unit step up or down at each time.

The random walks we have considered have been simple so far, but random walks come in a variety of
forms and, in general, random walks can be quite complex, e.g., they can be asymmetric; they can allow
steps to be of different sizes; and they can happen in more than one-dimension. In this section, we consider
a random walk that is asymmetric and allows arbitrary step sizes, but is still one-dimensional. In particular,
we consider a random walk in which a walker starts at 0 and takes a sequence of i.i.d. steps Xi,..., X,,.
The position of the walker at time n is thus simply the additive process

Sn=X1+Xo+...+X,, forn > 0and Sy = 0.

The first natural question to ask about such a random walk is “where will the walker be after n steps?”,
i.e., “what is the behavior of 5,7’ Since 5, is simply an additive process, our discussion in Chapter 5
provides the tools to address this question. However, this is only one of many questions one may ask about
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a random walk. Two other important questions that are often asked are “when will the walker first return to
its starting point?” and “what is the maximum position the walker visited?”. Since the focus of this chapter
is on extremal processes, it is the second of these that we focus on here. Note that we have discussed the
first of these already in Section 5.5.
It is important to begin by formalizing the question we are asking. To do this, denote the all time
maximum of the random walk by
Smaz = rggg{sn}-

Our goal will be to characterize the distribution of .S, 4. Note that while our earlier analyses in this chap-
ter focused on the maximum of i.i.d. random variables, .S, is the maximum of the positions S;, of the
random walk, which are neither independent, nor identically distributed. Because of this, a precise charac-
terization of .S,4, is beyond our reach, and we focus on understanding the behavior of the tail of Sy,44, i.€.,
Pr (Spae > ) as © — oo.

As a first step toward characterizing the maximum position of a random walk, consider the examples
shown in Figure 7.8. These highlight that understanding the maximum is simple if the random walk has
positive drift, i.e., if E [X;] > 0. In such cases, the random walk grows unboundedly with probability 1,
and so there is no finite maximum as we let n — oo. Thus, it makes sense to focus on random walks
with negative drift, i.e., with E [X;] < 0. In this case, the random walk approaches —oo as n — oo with
probability 1, which means that S,,,,, is well defined and finite with probability 1.

Another observation from the examples in Figure 7.8 is that there seems to be a distinction between
the behavior of S, under light-tailed X; and under heavy-tailed X;. This is not too surprising given
the results we have described already in the chapter. We have already seen that light-tailed or heavy-tailed
limiting distributions can emerge from extremal processes depending on the distributions of X;. Indeed a
similar phenomena happens here, and the behavior of \S),,., differs depending on the weight of the tail of
X;. So, in the following we treat these two cases separately:

Heavy-tailed step sizes

We start with the case where X; is heavy-tailed, specifically regularly varying. In this case, based on the
extremal central limit theorem, it is natural to expect the maximum of the random walk to also be heavy-
tailed. So, the more interesting component of the result that follows is the characterization of the tail itself.
In particular, it is interesting to see how the tail of S,,,,, relates to the tail of X;.

Theorem 7.4. Consider a one-dimensional random walk S, with heavy-tailed i.i.d. step sizes X; such that
E[X;] = —a < 0 and X; € RV(—«), where a > 1. Then, the all time maximum Sp,q; = max,>o{Sy}
satisfies

Pr(Smaz > ) ~ xPr(X; > ).

1
ala — 1)

The key point made by the result above is that the tail of S,,,, is one degree heavier than the tail of
X;. Thus, for example, if X; has an infinite variance and finite mean, then S,,,, has an infinite mean.
This highlights that the maximum of the random walk is significantly more variable than the step size. It
is interesting to observe that this result is in contrast to the extremal central limit theorem. Specifically, in
the case where X; € RV(—«), the extremal limit theorem gives that the scaled M,, converges to a Fréchet
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Figure 7.8: Illustrations contrasting the behavior of random walks with negative/positive drifts and light-
tailed/heavy-tailed increments.

distribution, @, which is regularly varying with the same index —«. Thus, the dependency inherent in .S,
is leading S, to have a heavier tail than predicted by the extremal central limit theorem.

Theorem 7.4 is proved by establishing asymptotically matching upper and lower bounds on Pr (S, > ) .
Below, we provide a proof of the lower bound, which confirms the insight that a large all time maximum
is most likely caused by a single big jump in the random walk. The proof of the matching upper bound is
more involved. Here, we only prove a weaker upper bound that is of the same order as the lower bound. In
other words, our upper bound is asymptotically within a constant factor of the lower bound. For a proof of
the precise upper bound, we refer the reader to [201].

Our upper bound is based on the following maximal inequality (see [155]).
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Theorem 7.5. Consider an independent sequence of random variables {Y; };>1, and the associated random
walk {W,}n>1, where Wy, := > | Y;. For a given m € N, if there exist constants C, q > 0 such that

Pr(Wp, —Wp>-C)>q Vke{l,2,--- ,m—1},
then

1
Pr< max Wi >:L‘> < -Pr(Wp, >z—-C) Vu.
q

1<k<m

Sketch of the proof of Theorem 7.4. We break the proof into two parts, first showing the lower bound and
then moving to the upper bound.

Lower Bound: The idea behind the lower bound is to make use of Karamata’s Theorem (Theorem 2.4)
to bound Pr (Sy,4; > ). A key step in accomplishing this is the following result, which is a consequence
of the weak law of large numbers: given €, > 0, there exists L >0 such that

Pr(S,>—-L—n(a+¢)>1-6 Vn=>0.

We leave the proof of this statement as an exercise for the reader (see Exercise 15).
Using this result, we can now bound Pr (Sy,4, > ) in terms of the running maximum of the random

walk, S,S’;)x = maxXo<k<n Sn, as follows.

Pr(Spmae > ) ZPr(Sﬁ?ame S+1>x)
>ZPr(ST(,TLLax§x, Su > —L—n(a+e), Xppy >z +Ltn(a+e)
—ZPr(ST%mSm, S =L —n(a+¢)) Fa+L+n(a+e))
zz(pr(sfggxgx)_5)F<m+L+n<a+e))

> (Pr (Smaa Sm)—é)iﬁ(m—l—L—i—n(a—l—e))

n=0
< — oo _
> Pr (Siae < ) 5/ F(s)ds
a+e z+L

Noting that Karamata’s theorem implies that [° F'(s) ~ zF(x), we obtain the lower bound:

lim inf Pr(SWiM > o) > Lo 5.
z—00 xF(z) a+e

The desired bound now follows letting €, § | 0.
Order-matching upper bound: The proof of a tight upper bound is quite technical, and so we prove a
weaker order-matching bound here. Additionally, we assume the increments X; have finite second moment
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in order to keep the argument simple and informative.

The key idea of the proof is to use the union bound to upper bound the probability that .S,,,, exceeds a
threshold x by a sum of probabilities of the random walk exceeding x within suitably chosen finite intervals.
We then invoke the maximal inequality of Theorem 7.5 to further upper bound the probability that the
random walk exceeds x over finite intervals.

We start with the following union bound.

Pr (Smaz > ) < ZPr
k>0

(
:ZPr( max (S, + na) >x—|—na)
(

max S, > x)

2k §n§2k+1

2k §n§2k+l

max (S, +na) >z + a2k>
2k§n§2k+l

< ZPr( max (S, +na) > x+a2k>

1<n<2k+1

Next, we rewrite the above using a change of variables. Define Y; = X; +a, W,, = Z?:l Y, = S, + na.
Thus,

1<n<2k+1

Pr (Spmaz > ) < ZPr( max W, > x+a2k>

Now, since Y; are zero mean and i.i.d., it follows from the central limit theorem that

n
1
. y 1
nh_}rrgoPr(EIE> U\/ﬁ) 25
1=

It now follows that there exists large enough D > 0 such that

Pr (ZYZ- > —D\/ﬁ> > % vn.
=1

Thus, we see that the conditions of Theorem 7.5 are satisfied, with C' = D+/m, and ¢ = 1/2. It therefore
follows that

< — .
Pr (1r<r}€a<>§n Wy, > y) < 2Pr (Wy, >y — Dv/m)

Taking m = 2¥+1 and y = 2 + a2 we obtain

Pr ( max W, >x+ a2k> < 2Pr (W2k+1 >z 4 a2k — D2(k+1)/2) .

1<n<2k+1
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For z large enough, one can find € € (0, 1) such that for all &,
Pr (WQkH >z + a2k — D2(k+1)/2> <Pr <W2k+1 > (z +a26)(1 - e)) .

Consequently,

Pr (Spmaz > ) < ZPr < max W, >ux+ a2k>

o 1<n<2k+1
<23 P (WQHI > (z + a2¥)(1 — e)) .
k>0

We now invoke (3.24) to further bound the sum in the above inequality. Specifically, it follows from (3.24)
that, given § > 0, there exists ng € N such that for n > ng,

Pr (W,, > t)

— 1| < 9.
nPr(Y1> t) <

sup
t: t>C/nlog(n)

a2F(1 — €) > Cy/2k+1 log(2k+1),

it follows that there exists kg € N such that for k > kg,

Since, for large enough k,

Pr (le > (z+a2¥)(1 — e)) < (1468)2"+1p (Yl > (z +a2")(1 - e)) :
For k < kg, it follows from Exercise 2.7 that for large enough z,
Pr (WQkH > (x4 a2F)(1 = e)) < (14 0)28pr (Y1 > (x +a28)(1 - e)) .
Finally, combining the bounds above, for large enough x, we have
Pr (Sas > @) < 2(1+6) Y 2F+1Pr (Y1 > (z+a2¥)(1 — e)) .
k>0

< ’)// Pr(Y; >1t)dt
z(1—¢)

W 4 xPr (Y1 > x)

@ A 2Pr(Xy > x),

for positive constants 7, 4. Note that the step (a) above follows from Karamata’s theorem (Theorem 2.4),
while (b) is a consequence of the long-tail property. 0
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Light-tailed step sizes

We now move from the case where X; is heavy-tailed to the case where X is light-tailed. In this setting it is
natural to expect the maximum position of the random walk to also be light-tailed, and the following result
highlights that this is indeed the case. Further, the result provides a precise description of the logarithmic
asymptotics of the tail of the maximum of the random walk.

Theorem 7.6. Consider a one-dimensional random walk S,, with light-tailed i.i.d. step sizes X; such that
E [X;] < 0. Then, the all time maximum Sy, q;; = max,>o{Sy} satisfies

) log Pr(Smaz > ) N
lim — =s,

T—00 €T

where s* = sup{s > 0 | E [e**i] < 1}.

The characterization of the tail of S,,,, in the above result is less precise than the characterization in
Theorem 7.4. In this case, only the logarithmic asymptotics of the tail are characterized, i.e., the asymptotics
of log Pr (Syae > ). However, this is already enough to provide some interesting information. In particu-
lar, we see that the tail decays approximately exponentially. This is similar to what the extremal central limit
theorem gives in the case of i.i.d. processes. In particular, the Gumbel distribution would be the emergent
distribution in this setting if the steps were independent, and the right-tail of the Gumbel distribution decays
exponentially. However, the specific decay rate of .S,,4, 1s more mysterious, though s* may appear familiar.
This familiarity is because we already applied this result in Chapter 6 in order to characterize the behavior
of multiplicative processes with a lower bound, and so the same s* appeared in Theorem 6.2.

Proof. For simplicity, we prove the result under the assumption that there exists s > 0 such that E [egXi] >
1. (For a proof of the result without this assumption, we refer the reader to [148].) Under this assumption,
E [e*Xi] < oo for all s €/(0,5) and moreover, there exists a unique s* € (0, 5) such that E [e¥ Xi] = 1,
E [e*Xi] < 1fors € (0,s*), and E [e*X¢] > 1for s € (s*,5).

The key idea behind the proof is that for any m € N,

Pr(Sy, > 2) < Pr(Spmas > ) < Y _Pr(S, > ) (7.5)
n>0

While the second inequality in (7.5) yields the desired upper bound on the tail of log Pr (Syez > ), the
matching lower bound is obtained by utilizing the first inequality of (7.5) with a carefully chosen value of m.
Indeed, our proof highlights that the all time maximum of the random walk is caused due to a ‘conspiracy’
between a large number of ‘larger than usual’ increments. Moreover, the proof reveals the most likely time
when the maximum occurs.

We first utilize the second inequality in (7.5) to obtain the asymptotic upper bound on log Pr (Sy,42 > ) .
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Let 89 = s* — § and write

Pr (21%{5”} > x) < ) Pr(Sy > 1)

m>0

= Z Pr (6555m > 656$>

m>0

< ety E[etn]”

m>0
5 1

—Ss'T

1—E[es’Xa]’
which is finite for any § > 0. Consequently,

“log P
lim juf — 08P (maxnz0{Sn} > 2) » (7.6)

T—00 x

Letting ¢ | 0, we obtain

“logP
lim inf 18P (maxnz0{Sn}t > 2) o 1.7)

T—r00 i

Next, we utilize the first inequality in (7.5) to obtain an asymptotically matching lower bound on
log Pr(Spaz > ). Leta = E [X 1eS*X1} and set m = z/a. Invoking Cramér’s theorem (see Theorem 3.4),
we obtain

08P (S > ) ~logPr (5, > ya)

lim = lim
T—>00 €T Y=—>00 ya
1
= —suplas — logE [esxl]]
a s>0
= 3* s
since s* solves this optimization problem. Consequently,
lim sup — log Pr (maxn>0{Sn} > ) < lim —logPr (Sx/a - m) = s*.
T—00 i T—00 x

7.5 A variation: The time between record breaking events

We started this chapter with a discussion of the progression of world records in the half marathon and the
100m dash (Figure 7.1). Given that these are such canonical examples of extremal processes, it is natural to
end by coming full circle back to these examples. As we already highlighted, at first glance it these world
record progressions shows a leveling off, and thus suggests a light-tailed limiting distribution. But, on a
second look, you may start to see that the time between improvements looks like it could be heavy-tailed.
Basically, there are lots of periods where the record changes frequently, but there are also others where the
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records go unchanged for long periods. In fact, this has been observed and tested empirically in a variety
of contexts, e.g., records for rainfall, earthquakes, and other extreme events (see, for example, [136, 140]).
Very commonly, the times between “records” seem to exhibit heavy-tailed behavior.

With this observation in mind, it is natural to ask “Why?” and, unfortunately, the results we have
discussed so far in the chapter do not provide an explanation. So, providing an explanation the goal of this
section.

To formalize the setting, let us consider the following. Suppose we observe a sequence {X; };>1 of i.i.d.
random variables, with distribution F. As before, define M,, := max (X7, Xo, -, X,,). Let Ly denote the
instant of the kth record, i.e., L1 = 1 and L1 = min{i > Ly | X; > M;_y} for k > 1. For k > 1, let
Ty := Liy1 — Ly denote the time between the k£ + 1st record and the kth record.

Then, we can prove the following theorem, which shows that the time between records is indeed heavy-
tailed, specifically regularly varying.

Theorem 7.7. Suppose that F is continuous. Then for any k > 1, T}, is heavy-tailed, with

2k—1

Note that this is a somewhat delicate situation that we are studying since 7}, is not stationary with
respect to k. Indeed, you expect that, as the record gets bigger, the time it takes to break it gets larger. Also,
a interesting observation about the theorem is that it is not required that F' have infinite support for T}, to be
heavy-tailed. So, looking at records can create heavy tails from things that are extremely light-tailed.

Proof. To begin the proof, we start by showing that we may assume that F' is exponentially distributed
with no loss of generality, since the distribution of T} does not depend on the distribution F. To do this,
we focus on the function Q(z) = — log F(x), which you should recall is the cumulative hazard function
corresponding to the distribution F' (see Chapter 4). The key step in this first part of the proof is to show
that the random variable QQ(X7) is exponentially distributed with mean 1. This follows easily from the fact
that U := F'(X}) is a uniform random variable over [0, 1] :

Pr(Q(Xy) > z) =Pr(=log(U) >z) =Pr(U <e *) =e ",

Let E; = Q(X;). Clearly, {E;} is an i:i.d. sequence of exponential random variables. Moreover, since
@ is non-decreasing, records of the sequence {X;} coincide with those of the sequence {E;}. Thus, for
the purpose of studying the time between records, we may assume without loss of generality that F' is an
exponential distribution with mean 1. We make this assumption in the remainder of this proof.

Next, we study the distribution of the records. Specifically, we show that the kth record M) := X,
has an Erlang distribution with shape parameter k and rate parameter 1 (i.e., My, is distributed as the sum
of k i.i.d. exponential random variables, each having mean 1). We proceed inductively as follows. Clearly,
the above claim is true for & = 1, since M(;) = X;. Assume that the claim is true for some & € N. Note
that for z > 0,

Pr (M(kJrl) > Mgy + x) =Pr (E > My + | E > M(k)) ,

where E is exponentially distributed with mean 1, and independent of ;). From the memoryless property
of the exponential distribution, it now follows that Pr (M(k+1) > My + :1:) = e~ %, which implies that

My 2 M, () T E. This proves our claim that M, , 1) has an Erlang distribution.
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We are now ready to analyze the tail of 7T},. Once again, we proceed inductively, and first consider the
case k = 1. Note that conditioned on the value of X, T} is a geometrically distributed with

Pr(Ty >n|Xi=2)=(1—-e")".

Therefore, unconditioning with respect to X1,
[e.9]
Pr(Ty >n)= / (1—e*)"e *dx.
0

Making the substitution y = e~ we get

1
n+1

1
Pr(T1>n):/0 (1—y)"dy =

It follows that Pr (T} > n) ~ L.

Next, we assume that, for some k& € N, Pr(T} >n) ~ 21%1 and analyze the tail of 7};. Recall
that Mz 1) 4 My + E, where E is exponentially distributed with mean 1, and independent of M ;.
Therefore, we can think of Ty, as the time until a new sample exceeds M) + E. Note that the time until a

new sample exceeds My is distributed as T}, Moreover, conditioned on a new sample X; exceeding My,
the probability that it exceeds M) + E equals

Pr (XZ > M(k;) + FE | X; > M(k)) = PI‘(XZ' > E) = 1/2.

The above calculation exploits the memoryless property of the exponential distribution, and the fact that
X; and E are i.i.d. Thus, when a new sample exceeds My, it also exceeds M) + E (and thus sets a
new record) with probability 1/2. Therefore, T} 1 is simply distributed as a geometric random sum of i.i.d.
random variables, each distributed as 7%, i.e.,

N
d .
Tk+1 = E Yk(l)7
=1

where {Y}(¢)} is an i.i.d. sequence of random variables with the same distribution as T}, and N is a
geometric random variable independent of {Y}(7)} with success probability 1/2.

Finally, since T}, is assumed to be regularly varying (and therefore subexponential), we may invoke
Theorem 3.1 to obtain the tail behavior of T ;. We therefore have

Pr(Ty11 >n) ~E[N]Pr (T >n) =2Pr (T > n),

which proves our desired induction step. O
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7.6 Additional notes

The focus in this chapter has been on a few examples of extremal processes and there is much more material
that the interested reader can consult in continuing their study of this important area. In particular, our
discussion of max-stable distributions and the extremal central limit theorem are only a brief introduction
into the area of extreme value theory, which is one of the main subdisciplines within probability theory
and statistics, and is still a very active area of research. There exist many papers and books with which
the interested reader can continue their study. Fisher and Tippett [74] is a classic in the field, as are the
works of Gnedenko [86], Gumbel [93] and the PhD thesis of De Haan [52]. Excellent textbooks include [8],
focusing on the phenomenology of large exceedances of dependent variables appearing in clumps, [117],
covering maxima of dependent Gaussian sequences, and books by Resnick [165, 166] exhibiting the deep
connections with regular variation and point processes. Embrechts covers many links with financial and
insurance models, and also the theory of order statistics in [65] .

An important note about the presentation here is that all of the processes we have considered have
a discrete time parameter. In the mathematical literature, it is common for a continuous-time process
M(t),t > 0, to be called an extremal process, if, for any non-decreasing sequence t1, ..., t,, the follow-
ing holds: there exist independent random variables U1, ..., U,, such that (M (¢y), ..., M (t,)) has the same
joint distribution as {Uy,U; + Us,--- ,U; + --- 4+ U, } and

Pr(U; <u) =Pr(M(t;—ti—1) <u).

Beyond the simple discrete extremal process that we consider in the chapter, we also focuses on ex-
amples related to all-time maxima random walks. This material is classical and can be found in many
textbooks, such as [14] and [15]. An important distinctive feature of the heavy-tailed and light-tailed exam-
ples this chapter is perhaps not so much where the ruin probability has an exponential tail, or a power tail,
but the behavior of the time until ruin, given ruin occurs. In particular, set 7(z) = inf{n : S, > z}. We
see that sup,,~o .S, > z if and only if 7(z) < co. We are interested in the time until ruin, given that ruin
occurs, i.e. in the behavior of 7(x), given 7(z) < co. It now turns out that, if the claim sizes are light-tailed,
7(x)/x, conditional on 7(x) < oo converges to a deterministic constant. This is in sharp contrast with the
case of power-law claim sizes, where 7(z)/z, conditional on 7(x) < oo, converges to a random variable
which is heavy-tailed in itself. This provides an interesting explanation of the unpredictability of so-called
“black swans” [182] and a rigorous proof can be found in [16].

A final note about this chapter is that we have not touched upon connections with statistical applications
at all. This will be the subject of the Part III of this book, where several of the results appearing in this
chapter will find application.

7.7 Exercises

For all the exercises in this chapter we will use the following notation: {X,, },>1 is an i.i.d. sequence with
distribution F, and M,, = max(X1, Xo, -, X,,) for n > 1. Also, we use x to denote the right endpoint

of the distribution F) i.e., zp = sup{z : F(x) > 0}.
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1. Prove that for a real sequence {x,,},>1 and 7 € [0, o],

lim nF(z,) =7 <=  lim Pr(M, <x,)=¢ .

n—oo n—oo
2. For deterministic sequences {a,} and {b,}, where a,, > 0, and a max-stable distribution G, prove
that
My — by, 4 . =
——— = G <= lim nF(apz+0b,) = —logG(z) Vo € R.

G, n—oo
Here — log G(x) should be interpreted as co when G(x) = 0.
Hint: Use the result of Exercise 1.
3. The goal of this exercise is to show that if F' has a jump at its right endpoint, then the corresponding

extremal process cannot have a non-degenerate limit under for any choice of translation and scaling
parameters.

Specifically, show that if x < oo and Pr (X; = xr) > 0 (or equivalently, F' has a jump discontinuity
at x ), then lim,,_,~ Pr (M,, < x,,) = 6 implies that 6 is either O or 1.

Hint: Use the result of Exercise 1.
4. In this exercise you will show that if F'is geometrically distributed, then the corresponding extremal
process cannot have a non-degenerate limit under for any choice of translation and scaling parameters.

Specifically, if F' is geometric with parameter p € (0, 1), show that lim,,_, ., Pr (M, < x,) = 6
implies that 6 is either O or 1.

Hint: You have to use the result of Exercise 1. Prove that if nF(z,) — 7 € (0,00), then that would
imply that x,, — 0o and F(xn)/F(x,—1)—1, which is not possible given that F is geometric.

5. Like the previous exercises, in this problem you will show that if F' is Poisson, then the corresponding
extremal process cannot have a non-degenerate limit under for any choice of translation and scaling
parameters. Specifically, if /" is Poisson with parameter A > 0, show that lim,,_, o, Pr (M,, < x,,) =6
implies that @ is either O or 1.

6. Prove Lemma 7.1.

7. The goal of this exercise is to show that distributions in the maximum domain of attraction of the
Gumbel distribution have lighter tails than regularly varying distributions.

Consider a distribution F' with xr = oo in the maximum domain of attraction of the Gumbel distri-
bution. Prove that if the distribution G is regularly varying with index —p, where p > 0, then

lim ]f’(a:)

=0.

Hint: Compare the representation of F' given by Theorem 7.3 with that for G by the Karamata rep-

resentation theorem (Theorem 2.6. Exploit the fact that the function g in the former representation

satisfies @ — 0ast — oo.
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10.

11.

12.

13.

. Suppose that the distribution F' satisfies the conditions of the case (ii) of Theorem 7.3. Prove that

Mi—or __ dy
rp— F<(1—1/n) “

Hint: From the result of Exercise 2, it suffices to show that nF(a,z + b,) — —log Vo () for xz <0,
where a,, and by, are the given normalization constants. Define G such that G(y) = F(xp — 1/y)
and ay, := G (1 — 1/n). Prove that a,, = 1/ay,. Finally, show that for x <0,

nE(anr + by) = nG (a,/z) = @f (1/7) = Yu (7).

The beta distribution has support [0, 1], and is characterized by the density function

f(a) = mwlu o (zefo.)).

where a, b > 0 and I'(-) denotes the gamma function. Prove that the beta distribution lies in the MDA
of \I/b.
Hint: Use Karamata’s theorem (Theorem 2.4) to show that F'(b — 1/x) is regularly varying with

index —b.

Recall that the Erlang distribution with parameters (k, 1), where k € N and 1 > 0, is associated with

the c.c.d.f.
X (ua)
_ —p >
Fz) = e EO f forz >0
1=
1 forz <0

Prove that the Erlang distribution belongs to the MDA of the Gumbel distribution.

Recall that the hyperexponential distribution is the mixture of independent exponentials. Specifically,
consider the hyperexponential distribution I’ defined by the c.c.d.f.

F(z) = Zp,-e_“"x (x >0).
i=1

Here, y; > O and p; > 0 for 1 < ¢ < n, with > ", p; = 1. Prove that the hyperexponential
distribution is belongs to the MDA of the Gumbel distribution.

Prove that the standard Gaussian belongs to the MDA of the Gumbel distribution.

You may want use the fact that qn(x) ~ x as x — oo, where qn denotes the hazard rate of the
standard Gaussian. This can be proved easily using L’Hospital’s rule.

Prove that the LogNormal distribution belongs to the MDA of the Gumbel distribution.

Hint: Use the result of Exercise 12.
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14. Suppose that the distribution F' is regularly varying. Define
an = inf{z € R | F(z) < n~'}.

Prove that F'(a,) ~n~1.

Hint: Use Karamata’s representation theorem (Theorem 2.6) to show that there exists a continuous
distribution G such that F(xz) ~ G(x) as x — 0.

15. Suppose that E [X;] = . Let Sy = 0, and S, = > | X; for n > 1. Prove that given ¢, § > 0, there
exists L > 0 such that
Pr(S,>n(p—¢€) —L)>1—-§ Vn=>D0.
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Given the mystique and excitement that surrounds the discovery of heavy-tailed phenom-
ena, the detection and estimation of heavy-tails in data is a task that is often (over)zealously
pursued. Discovery of heavy-tailed phenomena is often viewed with surprise and curiosity;
however, one must be careful in such pursuits since the estimation of heavy-tailed distri-
butions is fraught with pitfalls and booby traps. Many simple and intuitive approaches
that are commonly used for detection and estimation of heavy-tailed distributions can
be misleading. In fact, it is not uncommon for the misuse of statistical tools to result in
mistaken detections of heavy-tailed phenomena, which in turn leads to the controversy
surrounding heavy-tails that still exists today.

In Part III of this book we focus on providing an introduction to the statistical tools used for
the estimation of heavy-tailed phenomena. Unfortunately, there is no perfect recipe for how
to “properly” detect and estimate heavy-tailed distributions in data. Thus, our treatment
seeks to highlight a handful of important approaches, and to provide insight into when
each approach is appropriate and when each may be misleading. In particular, in Chapter 8
we focus on classical parametric approaches for estimating power-law distributions, such
as linear regression and maximum likelihood estimation. These approaches assume the
data come from a precise power-law distribution and can thus use data from the body of
the distribution to estimate the tail. However, often it is not the case that exact power-law
distributions are present in data; instead only power-law fails are present. When only
a power-law tail is present, classical parametric approaches can be misleading. Thus,
Chapter 9 focuses on semi-parametric statistical tools that are appropriate for detecting
power-law tails. These techniques provide a dramatic contrast to the classical approaches;
they tend to throw away large amounts of data about the body of the distribution, keeping
only data about the tail, i.e., the outliers. Finally, Chapter 10 focuses on the additional
challenges presented by estimating heavy-tailed phenomena in multivariate settings. Again,
in multivariate settings it is unusual to have precise heavy-tailed distributions present in
data; it is typically only the tails that are power-law. However, in the multivariate world,
the body is even less informative about the tail due to the fact that correlations between
variables are not parametric. This means that classical approaches can be even more
problematic than in the univariate case. However, by reparameterizing the data using polar
coordinates it is possible to estimate the tail directly using techniques that parallel what we
present in Chapter 9; thus obtaining reliable estimation tools.

Combined, these three chapters highlight a crucial point: one must proceed carefully when
seeking to estimate heavy-tailed phenomena in real-world data. In particular, it is typi-
cally naive to seek to estimate exact heavy-tailed distributions in data. Instead, the focus
should be on estimating the tail of heavy-tailed phenomena. However, even in doing this,
one should not rely on a single method for estimation. Instead, it is a necessity to build
confidence through the use of multiple, complementary estimation approaches. These are
important lessons to take to heart since there are many examples of top-notch researchers
enthusiastically reaching flawed conclusions about heavy-tailed phenomena as a result of
methodological mistakes.




Chapter 8

Estimating power-law distributions: Listen
to the body

The discovery of heavy-tailed phenomenon has a long history. One of the earliest (and most celebrated)
discoveries of heavy-tailed phenomena came in the early 1900s when Vilfredo Pareto observed that the
distribution of wealth tends to follow a power-law distribution [153]. Pareto’s study of wealth led to the
coining of the so-called Pareto Principle or 80/20 rule, which states that, for many phenomena, 80% of the
effects come from 20% of the causes. Specifically, Pareto observed that 80% of Italy’s land at the time was
owned by 20% of the population. Not surprisingly, this discovery was treated with curiosity and controversy
at the time. In fact, statistics of this form are still often met with surprise and consternation today, e.g.,
during the 2009 economic crisis in the US, observations that 1% of the population earned more than 30% of
the total US income became a rallying cry for the Occupy Wall Street movement.

Following Pareto’s initial observations about wealth, the observation of heavy-tailed phenomena in many
other social and economic contexts came quickly, e.g.; the population of cities [80, 145], word frequencies
[67,202], the number of copies of books sold [12,96], etc. before eventually spreading to other disciplines
across science and engineering more broadly, e.g., degree distribution of the web graph [34, 102], computer
file sizes [50, 130], the length of protein sequences in genomes [115, 129], earthquake magnitudes and and
the size of avalanches [95, 128], the returns of stocks [47,82], and more. Of course, this is just a short list
and an interested reader can find more examples by referring to [24, 145].

These discoveries have nearly always been met with a mixture of surprise and controversy. Even today,
despite the fact that over a century has passed since Pareto’s initial discovery of heavy-tailed phenomena,
observations of heavy tails are typically met with the same mix of surprise and controversy. Time after time,
when a new area first discovers an example of heavy-tailed phenomena, the discovery is viewed with ex-
citement because of the prevailing view of heavy-tailed distributions as strange anomalies. This excitement
then leads to a desire to seek out other cases where heavy-tailed phenomena are present. However, because
researchers in the new field are not trained in the statistical tools relevant for heavy-tailed distributions, this
enthusiastic pursuit tends to use simple, intuitive, and sometimes flawed statistical tools. As a result, the
tools used can give misleading, or simply wrong, conclusions about the existence of heavy-tailed phenom-
ena, which then leads to controversy: which, if any, of the supposedly heavy-tailed phenomena really are
heavy-tailed?

Of course, heavy-tailed phenomena should be expected to be common (as the mechanisms we study in

185



186 CHAPTER 8: ESTIMATING POWER-LAW DISTRIBUTIONS: LISTEN TO THE BODY

Part II of this book illustrate) and so, for the most part, these discoveries do in fact correspond to heavy-
tailed phenomena. Consequently, the controversies are eventually resolved as more appropriate statistical
tools find their way into the community, allowing validation and correction to occur. However, this process
can take decades.

A recent, and still ongoing, example of this unfortunate parable is in the field of network science. Heavy-
tailed phenomena in networks began to draw attention in the 1999 with the emergence of two separate papers
finding power-law degree distributions in the WWW graph [34,102] and the Internet [69]. These papers were
met with surprise and excitement, and in the span of just a few years so-called scale-free degree distributions
had been discovered in networks ranging from the power grid to metabolic networks. While Price had
identified power-law degree distributions in the citation network decades earlier [160], the time was right
since the large scale-networks that shape our lives today, such as the web and Facebook, were emerging.
However, it did not take long before controversy over these results had started to emerge. Researchers began
to question both the quality of the data and the statistical tools used in the initial studies identifying scale-
free degree distributions. The observation about heavy-tailed phenomena in the Internet graph was one of
the initial points of controversy. Papers emerged showing that the way the data was gathered (using a tool
called traceroute) could create the appearance of heavy-tailed phenomena when there was none [3]. Beyond
that, more careful statistical analysis of that data set and others seemed to weaken the evidence for the scale-
free conclusion further in many cases [46, 197]. It became clear that not all detections of power-law degree
distributions were correct and that many discoveries needed to be revisited. This controversy has remained
and nearly two decades later papers are being written with the goal of understanding which networks truly
exhibit power-law degrees and which do not [35, 187].

Unfortunately, the controversy surrounding the estimation of heavy-tailed phenomena in the network
science community is not an isolated occurrence; it is one of the more prominent recent examples, but other
examples can be found in a variety of areas, including computer science [61], biology [106], chemistry [143],
ecology [9], and astronomy [191].

However, there is no need for the estimation of heavy-tailed distributions to be consistently surrounded
by controversy. Just as Part I of this book illustrates that properties of heavy-tailed distributions need not be
mysterious and Part Il of this book illustrates that the emergence of heavy-tailed distributions need not be
surprising; in the coming chapters we show that the identification of heavy-tailed phenomena need not be
controversial. One simply needs to be careful with both the data being used and the application of statistical
techniques, building confidence through the use of multiple, complementary approaches and data sets.

The following three chapters provide an introduction to the statistical tools used for the estimation of
heavy-tailed phenomena. We highlight the strengths and weaknesses of the simple, intuitive approaches that
are commonly used and, in the process, motivate the need for more sophisticated approaches, as well as the
intuition behind them.

In this first chapter our focus is on the most classical and well-known approaches for estimating heavy-
tailed phenomena. In particular, we discuss approaches for parametric estimation based on regression and
maximum likelihood estimation, which are perhaps the most intuitive ways to estimate power-law distribu-
tions. These approaches work by “listening” to the body of the distribution, hence the tag-line of the chapter.
In particular, data from the body is less noisy than data from the tail and so, when the measurements come
from a parametric distribution, data about the body should be used to estimate the tail.

However, though simple and intuitive, these classical approaches have an enormous potential for misuse
and abuse. This is a result of the fact that such approaches are based on the assumption that the data comes
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Figure 8.1: Frequency plots a.k.a. histograms

from an exact, parametric power-law distribution; an assumption that is nearly always false. Instead, real-
world data typically only has a tail that is approximately power-law. Unfortunately, the classical approaches
we discuss in this chapter can be misleading in situations where only the tail of the observations is power-
law, since the use of data from the body to estimate the tail is inappropriate if the distribution is not of a
parametric form. Hence, while the classical approaches we study in this chapter are appropriate for the
estimation of parametric power-law distributions, different approaches must be used for the estimation of
power-law tails.

The above discussion highlights that, while we introduce classical approaches in this chapter we cover
them only to show why you typically should not use them in practice. We drive this point home in the next
chapter, where we illustrate the misleading conclusions that can result from these techniques when estimat-
ing power-law tails. Thus, we want to emphasize that all of the techniques for estimation that we discuss in
this chapter are informative in parametric settings, but they can be misleading if not used appropriately.

8.1 Parametric estimation of power-laws using linear regression

Perhaps the most common first step toward understanding the distribution underlying a set of observations
is to look at it graphically, and the natural visualization to begin with is the frequency plot, a.k.a., histogram.
To construct a histogram, the first step is to “bin” the data values by dividing up the range of values into a
series of smaller intervals. Then, the number of observations within each interval is counted and displayed
on the plot. Formally, throughout this section we consider a simple situation where we are given a set of
i.i.d. (scalar) observations X1, X, ..., X,, sampled from a Pareto distribution and we would like to estimate
the shape parameter « of the distribution. To define the histogram of this data, we consider a fixed number
of bins, k, defined by b = {[bo, b1), [b1,b2), ..., [bk—1,bx)}. The histogram plots points (b;, m;/n) where
bj = (bj+bj_1)/2andm; = > | I(X; € [bj—1,b;)). Thus, the histogram provides an empirical estimate
of the probability of taking values within each bin.

Figure 8.1 shows an example of histograms of samples from Gaussian, Uniform, Exponential, and Pareto
distributions. These are generated with 3000 of samples from each distribution using equal width bin sizes.!
These examples highlight that a simple histogram can already give you a lot of information about the p.d.f.

"Note that the size of the bin used can dramatically impact the historgram, and so it must be chosen carefully. We discuss the
use of logarithmic binning later in the chapter as an example of a more sophisticated approach. However, our recommendation is
to use procedures that do not require binning the data.
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Figure 8.3: Histograms on a log-log scale

of the underlying distribution the observations are sampled from. For example, when the underlying distri-
bution is Gaussian you see the distinctive bell curve (as in Figure 8.1(a)) and if the distribution is Uniform
you see a roughly ‘flat’ form (as in Figure 8.1(b)). However, in many cases, the histogram itself provides
very little information because the scaling hides much of the behavior. For example, from the histogram
alone it is impossible to distinguish which of Figures 8.1(c) and 8.1(d) decays exponentially and which
decays polynomially.

To distinguish properties of the tail of the distribution visually, the natural next step is to scale the
histogram to get a better look at the underlying behavior. Moving to log-linear and log-log versions of the
histogram is typical since these scalings can be used to identify distributions with exponential and power-
law tails, respectively. In particular, if the data comes from an Exponential distribution (or a distribution
with an exponential tail) then it will look linear on a log-linear plot since

~~

!

flz)=e" = logf(x)=—-p_x . (8.1)
————

/y/
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Figure 8.4: Histogram of 500 samples from an Exponential distribution (u = 1) plotted on a log-log scale,
along with the best fit regression line.

Similarly, if the data comes from a Pareto distribution, then it will look linear on a log-log plot since

«

fl@)=—% = logf(z)=log(a)+ alog(tm)+ (—a—1)log(z). (8.2)
T ———— 2NN
"y y-intercept slope e

Of course, this justification assumes that the bin widths are small, so that the probability of taking values in
the bin [b;_1, b;) is approximately (b; — bj_1) f(b;)-

While it was difficult to distinguish the tail behavior of the Exponential and Pareto distributions by look-
ing at the unscaled histograms in Figure 8.1, Figures 8.2 and 8.3 show how it becomes easy to distinguish
these differing tail behaviors when looking at the data on the log-linear and log-log scales. In particular,
the linear behavior of the Pareto data on the log-log plot is immediately clear, standing out starkly from
the sharp curve in the observations from the Exponential distribution. Similarly, the linear behavior of the
Exponential data on the log-linear scale is easily distinguished from the sharp curve in the Pareto data.

Without knowing what underlying distribution the observations are sampled from, looking at the linear
form of the data on a log-log scale in Figure 8.3(b) might tempt one to conclude that the data is from a Pareto
distribution: One might even be tempted to go further and attempt to estimate the scaling parameter o using
linear regression. In particular, (8.2) highlights that, if the data is coming from a Pareto distribution, the
slope of the line should provide an estimate of «.

Formally, we can define an estimator of « based on linear regression, &;, as follows. Let m* denote
the slope of the least squares regression line on the histogram data (on a log-log scale). This yields the
estimate ;s = —m™ — 1. We illustrate this procedure in Figure 8.3(b). In particular, the procedure yields
an estimate of G;; = 1.498, with coefficient of determination R? = 0.92. Note that even though R?, which
measures the goodness of fit of the regression line, is quite high, the estimate of the tail index we have
obtained is not that great — the correct value of « here is 2.

This illustrates that one should not place too much faith in conclusions from this sort of exploratory
analysis. While using linear regression in this way is simple and intuitive it is also quite unreliable. To
see this, consider Figure 8.4. Here, we show the same procedure, but with fewer data points. Again, the
data appears linear on a log-log scale. Further, when carrying out the regression, we obtain &;; = 0.4 with
R? = 0.84, which seems to be a strong signal about the quality of the fit. However, in this case we have
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Figure 8.5: Histogram of 3000 samples from a Pareto distribution with ©,, = 0.5 a = 2, using logarithmic
binning; each bin has width 10 times the width of the previous one, to create 40 bins over the interval
[0.1, 10]. Bin centers are chosen to be the geometric means of the bin boundaries.

been fooled. Here, it is not just that our estimate of « is off — the underlying distribution these observations
are sampled from is not Pareto. In fact, it is not even heavy-tailed — the observations are sampled from an
Exponential distribution!

What can be done to “fix’’ this approach? When trying to understand why the conclusions from applying
linear regression are so unreliable, the natural candidate for blame is the noise in the tail that is visible in all
of the histograms we have seen so far. Clearly, noise in the tail can hide the tail behavior that distinguishes
the Pareto distribution from light-tailed distributions like the Exponential.

Thus, one might hope that issues with this procedure can be fixed by improving the procedure for
binning used when creating the histogram. Optimistically, one might hope that by doing something more
sophisticated than equal-width binning it is be possible to reduce the noise and jaggedness in the tail of the
histogram and thus improve the statistical power of regression in this context. In fact, it is possible to reduce
the noise in the tail with such approaches and there are many sophisticated approaches for binning that have
been proposed.

Logarithmic binning. Logarithmic binning is the most common approach for binning in the context of
the identification of power-law phenomena. Logarithmic binning works by having the width of bins grow by
a fixed multiplicative factor a, e.g., with a = 2 the bins are of width 0.1, 0.2, 0.4, 0.8, . ... This is appealing
in the context of power-law identification because it yields bins that are equally spaced on the log-log scale
being considered.

Figure 8.5 highlights that logarithmic binning can lead to a significant reduction of the visible noise in
the tail of the histogram. As before, linear regression can be used to estimate the tail index, though in this
case, the slope of the best fit line gives an estimate of —« (as opposed to —(« + 1) when using constant bin
sizes) — the justification for this is left as an exercise for the reader (see Exercise 2). In our running example,
logarithmic binning leads to a much stronger linear fit and a better estimate of a, & = 1.67 with R? = 0.96.

While logarithmic binning is more robust than uniform binning, all histogram-based approaches have
certain limitations. First, the estimate depends critically on how the data is binned, and there is no structured
procedure to arrive at the best binning scheme. Second, histograms tend to be fairly noisy at estimating the
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Figure 8.7: Rank plots on a log-log scale

tail end of the underlying distribution, since there are (natually) fewer data points here. Indeed, bins far into
the tail are often empty, making any logarthmic transformation of the histogram problematic!

The rank plot. Our next approach throws out binning all together. The motivation for this is that no
matter how binning is performed, it loses significant information from the data. This is because all data
within a given bin are lumped together, which loses all information about the specific samples of data with
that range. The impact of this is dramatic under logarithmic binning because the tail uses increasingly large
bins, which leads to significant loss of information on the relative size of data within each bin.

While binning is necessary when one uses a histogram to visualize the empirical p.d.f. of the distribution,
binning can be avoided if one shows the empirical c.c.d.f. of the data instead. Recall the c.c.d.f. is F/(x) =
Pr (X > ), and so the empirical c.c.d.f. can be written as

n

Fo(x) = % SO I(X: > ).
=1

(8.3)
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Plots of the empirical c.c.d.f. are termed rank plots or frequency plots, and we show examples in the case of
the Exponential and Pareto distributions in Figures 8.6 and 8.7. Compared to the corresponding histograms
in Figures 8.2 and 8.3, notice the significant noise reduction in the rank plots.

Rank plots are appealing because they eliminate the need to bin the data, but enable exactly the same
procedure for estimating a Pareto distribution as the histogram. In particular, the c.c.d.f. of the Pareto
distribution is also linear on a log-log scale, just like the p.d.f. (though slope of the c.c.d.f. on a log-log scale
equals -«, whereas the p.d.f. has slope —(« + 1) on a log-log scale).

F(z) = <$—m>a = log F(z) = alogz,, + (—a)log () (8.4)
x —_——— o N —
Iy’ y-intercept slope gl

Thus, we can again identify a Pareto distribution by looking at the data on a log-log scaled rank plot and
estimate « using linear regression.

Figure 8.7(b) shows the impact of using the rank plot instead of the frequency plot for estimation of a.
This leads to a stronger linear fit and an improved estimate of a: & = 1.91 with R? = 0.99. However, one
should still view conclusions made using linear regression with skepticism, as we explain below.

The fundamental problem with using linear regression. The procedure outlined in the previous section
is simple and intuitive and, as such, it is frequently used when identifying power-law behavior. However,
we cannot emphasize enough that this approach provides very little certainty about its conclusions. In
fact, perhaps the most important message in this chapter is that this approach we have outlined so far is
fundamentally flawed and any conclusions about the existence of heavy-tailed phenomena reached via this
linear regression in this manner should be viewed with skepticism. It is a valuable exploratory tool, but
its conclusions should be tested more carefully (using the tools we introduce in Chapter 9) before being
accepted.

Perhaps the most fundamental issue underlying the failure of identification via linear regression on a log-
log scaled histogram is that, while it is true that one can reject the hypothesis that the data follows a power
law distribution by observing that the linear fit on a log-log scale is poor, the opposite is not true. More
specifically, a strong linear fit (high R?) does not provide any guarantee that the underlying distribution is a
Pareto. This is because, while it is indeed true that a Pareto histogram looks linear under a log-log scaling,
the Pareto distribution is not alone in this fact. In particular, while the p.d.f. of other distributions may not be
precisely linear on a log-log scale, many are nearly linear. For example, Figure 8.8 highlights that samples
from many different heavy-tailed distributions will have high R? values. However, the problem with using
linear regression to estimate power law distributions is more fundamental than this since, given the noise
present in samples, it not uncommon for even light-tailed distributions to yield data that appears to be linear
on a log-log scale (as we saw in Figure 8.4). Thus, while a low R? is informative, it is rarely observed in
practice and so the value of R? has little power to test the hypothesis that the underlying data is Pareto.

While switching from the histogram to the rank plot is a more robust method of detecting power laws, the
estimates obtained using linear regression on a log-log scaled rank plot can still be unreliable. Underlying
the lack of statistical power of linear regression in this context is that linear regression was not designed
for use in this setting and so the ordinary formulas for calculating the best fit regression line simply do not
apply. In particular, the underlying assumption behind least squares linear regression is that the noise in
the dependent variable for each value of the independent variable is independent and identically distributed.
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(Fig (b)) distribution. The least squares regression line has an R* of 0.92 in the case of the Weibull, and
0.94 in the case of the LogNormal

This certainly not true in this context of parametric estimation of power-laws; the noise in the rank plot is
not independent, and moreover the tail is far noisier than the body. This leads to large, systematic errors in
the estimate of the slope. Indeed, using a specific scheme of non-uniform weights for the errors between the
(log-log scaled) rank plot and regression line, which accounts for the non-uniformity in the noise on the rank
plot, results in considerably more robust estimators of the tail index for Pareto distributions, as we show in
Section 8.4.

8.2 Maximum likelihood estimation for power-law distributions

Given the issues with using linear regression for the estimation of power-law distributions, it is clear that a
different approach is needed. To that end, we now turn to a very different approach: maximum likelihood
estimation (MLE). Maximum likelihood estimation is a classical approach in parametric estimation that is
applicable well beyond the context of estimating Pareto distributions. The key idea of maximum likelihood
estimation is to assume that observations come from a particular distribution, in this case a Pareto, and then
find the specific parametrization of the distribution that maximizes the likelihood of the data. While this
approach is less visual than using linear regression, and thus less suitable for exploratory analysis; it is
appealing because it gives much more reliable estimates.

Maximum likelihood estimation is a rich area with many general results, and so we do not attempt to
provide a general treatment here; the interested reader is referred to [26,41, 162]. Instead, we focus only
on the context of Pareto distributions. In this context, the application of maximum likelihood estimation is
quite straightforward and we are able to provide a derivation of the maximum likelihood estimator of o and
prove quality guarantees about this estimator using only elementary tools.

To simplify the exposition, we focus on the case where the lower bound of the Pareto distribution, x,,,
is known and our goal is to estimate the shape parameter, o, from the data. We discuss the task of estimat-
ing =, at the end of the chapter in Section 8.5. As in the case of linear regression, we consider a simple
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situation where we are given a set of i.i.d. (scalar) observations X1, X, ..., X, sampled from a Pareto
distribution.

The starting point for maximum likelihood stimulation is, naturally, the likelihood function £(«; X7, ..., X,,),
which characterizes how “likely” the data X7, ..., X,, would have been if the underlying distribution had
shape parameter ««. Formally, £ is defined as follows

Lo X1,...,.Xpn) = f(X;0) f(Xosa) -+ f(Xn; ),

where f(z;a) = az®, /2T is the density function corresponding to the Pareto distribution.
Given the likelihood function, a maximum likelihood estimator for o, which we denote by &y, is a
value of « that maximizes the likelihood function (as the name implies). This can be written as

Qmie € argmax L(a; X1,..., Xp): (8.5)
aeR

From this characterization it is not hard to derive an explicit form for the maximum likelihood estimator by
solving the above optimization. We do exactly that to obtain the following theorem.

Theorem 8.1. The maximum likelihood estimator & of av is given by
1
X
% Z?:l IOg (xm) :

Proof. The most common approach for deriving a maximum likelihood estimator is to focus on the log-
arithm of the likelihood function instead of the likelihood function itself. Of course, optimizing log L is
equivalent to optimizing £. The reason for the change is that taking the logarithm yields a much simpler
optimization by converting the product to a summation. In particular, the log-likelihood function has the
following form:

Qmle =

log(£) =nlog(a) + nalog(xy,) — (o + 1) Z log(X;).
i=1

It is not hard to see that this function is concave with respect to .. Using this fact, we can maximize with
respect to o by simply setting its derivative to zero. In other words, &, satisfies

n

n

St nlog(xm,) — Zlog(Xi) =0.
i=1

It follows that n
é‘mle ==
X
Z?:l log <$m> 9
which matches the form of the estimator in the theorem statement. O

Given the form for &,,,;. in Theorem 8.1, we can immediately apply it to the running example we consid-
ered when discussing the use of linear regression—the MLE corresponding to the 3000 Pareto-distributed
(with tail index 2) samples we have been using works out to &, = 1.94. We show more empirical ex-
amples showing the use of &, (and some issues with it) later in this chapter. For now, note that, while
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there is a modest improvement in the accuracy of the estimate using MLE compared to that obtained from
regression on the log-log scaled rank plot, the real power of MLE lies in its statistical guarantees, which we
discuss next.

8.3 Properties of the maximum likelihood estimator

The form of the &, is perhaps a bit mysterious on first sight. However, there is strong intuition for why this
form should yield an accurate estimator. In particular, &.,,;. can be viewed as the reciprocal of the sample
average of n random variables F; = log(X;/x,).

To understand the power of this viewpoint, recall the following useful property, which we have used a
couple times already in this book: E; is exponentially distributed with parameter a.. To see why, observe

that b e
Pr <10g <Z> > t> =Pr (XZ- > a:met) = < xmt> =e (8.6)
Tm Ty €

This observation highlights that E [E;] = 1/«. Thus, a very natural way to estimate « is to use the inverse
of the sample average of F; = log(X;/x,,) — which is exactly what &,,;. does. That is,

n
Omle = ST/W/ where Sn = ZZ; E;.

This form not only provides intuition for &.,,; it also immediately yields an important property of &,je-
Since &y is the sample average of F;, which are i.i.d., we can apply the strong law of large numbers to

conclude that
1 as 1

Ymle = g T ' B[E]

Thus, with enough data, &, will yield an accurate estimate of o with probability 1. This property is termed
“strong consistency” and is an important first-order check on the quality of an estimator.

= Q.

Theorem 8.2. Assuming that {X; }1<;<n aredrawn from a Pareto(z,, o) distribution, the maximum likeli-
hood estimator Gy, of o is strongly consistent, i.e., Gupje ¥ wasn — oo.

However, it is important to note that strong consistency is a statement about the limiting behavior of &,
only. In fact, despite being accurate in the limit, &, is biased on finite samples. To see this, note that S,
is the sum of Exponential random variables, and thus follows a Gamma distribution. In particular, we can
write

E [Gmie] = E[n/Sy)

= n/oo 1Oéinzf”_le_wtdt

o n /OO L_1t"_26_0‘tahf
n—1/ )y (n—2)!

a(nﬁ1>_
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This calculation highlights that é,,; has a small and disappearing bias, n/(n — 1). Clearly, this bias can
be corrected for, if desired, by simply using the estimator & ;. = (n — 1)/.S, instead of .

The observation that .S, follows a Gamma distribution also lets us easily calculate the variance of &, e
and & ;.. We leave the details of the calculation as Exercise 3, and simply state the results here:

2 2
Var [Gmie] = a2 <(n - 1"2(n - 2)> ~ % (8.7)
2 2
Var [67,,] = (nci 5~ = (8.8)

Without a comparison, it is difficult to say whether this variance is large or small; however it turns out
that this is actually the smallest variance that is possible for any unbiased estimator. More specifically, the
following lemma, which follows from a Cramér-Rao inequality (the interested reader is referred to [41,159]),
provides a lower bound on the variance of any unbiased estimator.

Lemma 8.1. Assuming that {X;}1<i<n are drawn from a Pareto(x,, &) distribution, the variance of any

. . . . « 2
unbiased estimator & of « is bounded from below as Var(&) > .

*

This lemma highlights that variance of &, and & ;.

erty is termed asymptotic efficiency.

asymptotically match the lower bound; this prop-

Theorem 8.3. Assuming that {X; }1<i<n, are drawn from a Pareto(ay, ) distribution, the maximum likeli-
hood estimators Gy and &, of o are asymptotically efficient.

So far, we have seen that &,,;¢ and &, are asymptotically consistent and asymptotically efficient, but

we have not provided any characterization of the estimation errors. The interpretation of &, as the sample
average of F; gives us an easy way to provide such a characterization. In particular, if we apply the central
limit theorem to 5, in the same way we earlier applied the law of large numbers, we can see that ¢, is

: . N d . . .
asymptotically normal, i.e., \/n(&mie — @) — aZ, where Z is the standard Gaussian. This is powerful, not
just because it shows that the error is approximately Gaussian, but because it highlights that the estimation
errors decay as O(1/y/n), which is consistent with the calculation of the variance above.

Theorem 8.4. Assuming that {X;}1<i<p are drawn from a Pareto(x,,, ) distribution, the maximum like-

. . A . . . ~ d .
lihood estimator Gumie of o is asymptotically Gaussian. Formally, \/n(&mie — o) — aZ, where Z is the
standard Gaussian.

Asymptotic normality of maximum likelihood estimators can be established under fairly general condi-
tions (see [26]), so it is not surprising that it holds here. However, this case provides a elegant illustration
for why this property holds.

Proof. To start, recall that, since F; is exponentially distributed with parameter o, we have that E [E;] =
1/a, Var(E;) = 1/a?. As we discuss above, the key idea of the proof is to apply the central limit theorem
to S, = Y .=, E;. In particular, the central limit theorem implies that as n — oo,

S —
NG

QIS

d
—

)

N
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where NV is the standard Gaussian.

. . Sp—2 . . .
To use this to analyze &, let Y, := \/ﬁa . The estimator ¢&,,,;. can now be represented in terms of Y,
as follows.
n
Yn\/ﬁ = Sn -
«
n n R
= aY, — = vnla— =) = vn(a — dme)-
Sh Sn

a.s.

Now, since aY,, % 7 and Sin = « (by the strong law of large numbers), it follows that

Vn(a — Gme) LY aZ,

which completes the proof since the Gaussian is symmetric. Note that the last equation follows from the

more general fact that, for any two sequences of scalar random variables Y,, and Z,, if Y, KN Y, where

. . . 5. . d
Y is a continuous random variable, and Z,, “3 ¢, where ¢ # 0 is a constant, then Y, 7, — cY. (See

Exercise 7.) L]

8.4 Visualizing the MLE via regression

To this point we have discussed a number of important results highlighting the quality of the maximum
likelihood estimator &,,;.. Together with the numerical results we have seen so far, our discussion has
painted a very positive picture of the MLE. However, the MLE fails at some of the things that made linear
regression so appealing. Regression allowed a visual exploration of the data that could both identify if the
power-law hypothesis was appropriate and provide insight into the quality of the estimator provided. In
contrast, maximum likelihood estimation does not a way to accomplish either of these tasks. In particular,
the MLE is simply a number and so, without further exploration, it is unclear how much confidence one
should place in this estimate or whether the power-law hypothesis was appropriate in the first place.

While these drawbacks can be mitigated to some extent via goodness-of-fit tests (as we discuss in Section
8.5), the lack of a visual representation of the MLE is a serious drawback when one is performing exploratory
analysis of the data to understand if heavy-tailed phenomena are present. For example, consider our running
examples from Figure 8.7 of a Pareto distribution (&« = 2, z,,;, = 0.5) and an Exponential distribution
(. = 1). In both cases we can compute &,,;. and obtain an estimate—1.94 and 7.81 respectively. However,
these calculations do not give any indication about whether the data is truly from a Pareto distribution or not.
In fact, they provide no distinction between the two cases. Thus, maximum likelihood estimation cannot be
used for exploratory analysis and must be paired with other statistical tools (goodness-of-fit tests) in order
ensure that it is only applied in appropriate settings.

It turns out that there is a way around this concern too. In particular, there is a little-known connection
between the MLE and linear regression that provides a way to visualize the fit of the MLE. This may
be surprising since, so far, we have presented maximum likelihood estimation as a completely different
approach from linear regression. Indeed it is hard to see much, if any, relation between the two. However,
it is possible to reconcile these two approaches for estimation into a unified framework. In particular, by
choosing weights carefully, one can view maximum likelihood estimation as a form of weighted least squares
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regression. This view of maximum likelihood estimation is quite powerful because it both (i) provides
a visual interpretation of maximum likelihood estimation, allowing the MLE to be used for exploratory
analysis, and (ii) highlights why the estimates provided by (unweighted) linear regression are inaccurate.

To state the relationship between linear regression and maximum likelihood estimation more formally,
let us begin with a bit of notation. As previously, we index the samples in sorted, non-decreasing order, i.e.,
X1) < X(g) < -+ < X(p) so that the value of the empirical c.c.d.f. (ak.a., the rank plot defined in (8.3))
at X ;) is given by Fj,(X(;)) = 2=,

Using this notation, the weighted least-squares (WLS) estimate dv,,;s(w) of « given non-negative weights
w = (w;, 1 < n) is a minimizer of the weighted sum of the squared error between the rank plot and the
c.c.d.f. at the sample points on a logarithmic scale. That is,

Qs (w) := arg minZwi (log F(X()) — log (X33 oz))2
¢ =1
= arg minZwi (log <E1—Z> + alog (m)> . (8.9)
¢ =1 n Lm

From this formulation it is not hard to derive a closed form expression for é,;s(w). In particular, the
objective is convex; thus we can obtain the minimizer of h by setting its derivative to zero, i.e.,

- 1—i X X
0= 22?1% [log <n+2> + alog (ﬁ)] log <()>
i=1 n Zm Zm
- ne+1—i X " X
= QZwilog (T) log <#> +2a2wilog2 < xiﬂ))
i=1 ;

m

This gives us the following expression for the WLS estimate:

_q X
S o (25156 o ()

Im
Sor o w; log? (ﬂ)

Tm

OA‘wls (w) N

It is not immediately clear how the above expression for d,;s(w) relates to du,e; however the theorem
below highlights that, if the weights are chosen as

X171t
oo (5]
Tm

then A, can be recovered from é,;s(w). Formally, we have the following result.

N —1
Theorem 8.5. Suppose the weights w for éu,s(w) are defined as w; = (log (%)) forl <1 < n.
Then, as n — 00, Quys(W) ~ Gy, i.e., the duys(w) is asymptotically equivalent t0 Gipye.

The choice of weights in this theorem is interesting because it says how to “correct” the estimator given
by linear regression. In particular, it highlights that the errors in the regression estimator come from too
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® empirical c.c.d.f.
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Figure 8.9: Rank plot corresponding to 100 samples from a Pareto distribution with t,, = 0.5 and
a = 2, alongside the least squares and weighted least squares regression lines. Note that the least-squares
regression line is ‘swayed’ by the considerable tail noise in the rank plot. Clearly, the weighted least squares
estimate of the tail index is more accurate.

much weight being given to the data in the tail, and to little weight being given to the data in the body. This
makes sense intuitively because the data in the tail is much more noisy than data in the body. Given that a
parametric distribution is being estimated, fitting the body implies a fit of the tail, and so placing a higher
weight on the body, where the noise is smaller, is appropriate.

The contrast between the weighted and unweighted regression estimators can be quite striking visually,
as shown in Figure 8.9. It is easy to see the impact of the additional weight on data from the body of the
distribution in this case.

We now prove the connection between regression and the MLE estimators formally.

Proof of Theorem 8.5. Given our choice of weights, the expression for d.,;s(w) simplifies to
— 2y log (")
X, :
Zﬁﬂbg(ﬁf)
Recalling the expression for &, from Theorem 8.1, it suffices to prove that, as n — oo,

. <n+1—i>
— E log| ——— | ~n.
n

i=1

Oryls (w) >
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This follows from Stirling’s approximation as follows:?

" <n+1—i> (n”)
S hog (ML) L (M
P n n!

~los (W)

1
=n-3 log(2mn) ~ n.

8.5 A recipe for parametric estimation of power-law distributions

The connection to regression we prove in the previous section serves to address one of the biggest concerns
about the MLE, and to allow exploratory visualization of data that is statistically grounded. Combined with
the results in Section 8.3 showing that the MLE is a minimal variance unbiased estimator, it should be clear
by now that the MLE is a powerful tool for parametric estimation of power-law distributions. However, it
is important to realize that the MLE should not be used in isolation. It is not enough to perform estimation
with the MLE, one must also evaluate the quality of the fit and contrast the fit with what is possible using
other distributional models.

While our goal in this chapter is to focus on estimation tools, we would be remiss if we did not end
with a brief discussion of how the estimation tools we present fit into the broader statistical pipeline. To
that end, we provide a recipe for the whole pipeline below. Note that we make particular choices in this
recipe about goodness-of-fit tests, etc., and there are certainly alternatives that are possible. We make these
choices, which align with the presentation of [35,46], and to provide a concrete approach that is reliable in
general settings. However, we also discuss some potential alternatives to this recipe in the additional notes
at the end of the chapter.

1. Estimate the parameters x,, and . An estimate of o can be computed using the tools presented
in this chapter. To compute an estimate of x,,, it is typically sufficient to use the minimal observed
sample in the data. However, a more sophisticated approach is to estimate x,, using Kolmogorov-
Smirnov (KS) minimization [46]. In this approach, z,, is selected so as to minimize the maximum
difference between the cumulative empirical distribution on x > x,,, and the c.d.f. of the best fitting
Pareto distribution for those observations.

2. Calculate the goodness-of-fit between the data and the Pareto distribution using the Kolmogorov-
Smirnov (KS) statistic. To do this, we first compute the KS statistic for the fit of the estimated parame-
ters to the data. Then, a large number of synthetic data sets with parameters matching those estimated
from the data are generated. Each is individually fit to a Pareto distribution, using the tools in this
chapter, and then the KS statistic for the fit is computed. Finally, a p-value is calculated by computing
the fraction of the time that the KS statistic is larger than the value for the empirical data.

2Stirling’s approximation provides an asymptotic approximation of the factorial function: n! ~ v/27n (%)" .
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3. Compare the fit of the Pareto distribution to alternative distributions using a likelihood ratio test.
To contrast the fit of the Pareto distribution with other alternatives, e.g., the Exponential, Weibull,
or LogNormal distributions, the procedures in steps 1 and 2 above are repeated with the alternative
distributions. In each case, the log-likelihood of the best fit is computed and compared to that of
the Pareto fit. If the log-likelihood of the Pareto is higher, then the Pareto is a better fit than the
alternatives. However, because the log-likelihoods are random quantities, one must calculate a p-
value to test the null hypothesis that the log-likelihoods are the same. Details on how to compute the
p-values can be found in [46].

This is a very standard recipe that is used across a variety of fields and there is public code available to
run through the whole sequence, e.g., see [45]. It has been used successfully in a wide range of network
science settings. However, the recipe provides, perhaps, an undue sense of certainty. It is important to
remember that this recipe is only appropriate for parametric estimation when the data comes from a precise
power-law (Pareto) distribution. If this is not the case, e.g., if the only the fail comes from an approximate
power-law distribution, then one should be cautious with the approach above.

To emphasize the importance of this point, let us highlight an example from the field of network science.
As we discussed in Chapter 6, a celebrated result in network science is that many complex networks in the
world around us exhibit scale-free, power law degree distributions. In Section 6.3 we study one prominent,
simple mechanism that has been used to explain this phenomena — preferential attachment — and prove that
this mechanism yields power-law degree distributions. However, when one applies the recipe above in order
to estimate the tail of the degree distribution for a preferential attachment graph from data, it is likely to reject
the hypothesis of a power-law degree distribution, see [35, 187] for an example where this has happened.
This is surprising and troubling, but the reason behind it is simple: the recipe presented above only leads
to a consistent estimator when applied to samples from pure Pareto distributions and, potentially, a limited
class of regularly varying distributions. The degree distribution of preferential attachment graphs is more
complex. Given this, it is actually correct to reject the conclusion that preferential attachment yields a pure
power law degree distribution. However, that is not a reason to conclude that fail of the degree distribution
under preferential attachment is not a power law, which we have proven is true.

This example highlights how crucial it is to ensure that the appropriate statistical tool is used, and so we
end this chapter with the following important disclaimer:

Disclaimer. It is important to remember that all the results in this section assume the data is from a
precise, parametric Pareto distribution. The MLE is well-suited for this sort of parametric estimation. If
instead, just the tail of the distribution is power-law, the MLE is no longer appropriate and the techniques
in Chapter 9 should be applied.

8.6 Additional notes

We have focused our discussion in this chapter on understanding two of the most common techniques used
for estimating the parameters of Pareto distributions from data. We have provided an illustration of the
general approaches, their properties, and their limitations, but there are many details of the procedures that
have been studied carefully in the literature.
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For example, we have not focused in depth on the wide variety of approaches for binning data when
forming histograms of the empirical p.d.f. This is because we do not recommend using approaches that
require binning the data. Instead, using the rank plot of the empirical c.c.d.f. makes much better use of the
data. However, there is a large literature studying the impact of different approaches for determining bin
sizes that can be used to help guide choices if one needs to look directly at the empirical p.d.f.; see [189]
and the references therein.

To conclude the chapter, we commented briefly about how the estimation procedures we discuss fit into
the broader statistical pipeline for studying heavy-tailed phenomena. In particular, any estimate must be
validated using a goodness of fit test and then contrasted with alternative hypotheses using a likelihood
ratio test. Without these steps one cannot be confident in a fit to a Pareto distribution. We have suggested
a concrete approach for this based on the procedure in [35, 46]; however there are a variety of alternative
techniques related to evaluating goodness of fit. For example, interested readers can explore for a detailed
discussion of the topic [101].

Finally, we have focused this chapter entirely on estimating parameters of Pareto distribution. The intu-
ition and tools we have presented can be applied much more broadly. To illustrate this, Exercises 4, 5, and 6
task the reader with deriving the MLE for some common heavy-tailed distributions. When exploring other
heavy-tailed distributions using graphical tools, one should use the Quantile-Quantile (QQ) plot, instead of
the log-log plot. For a distribution, F', the quantiles of the distribution can be determined by the inverse
F~1, which is often referred to as the quantile function. Then, the QQ plotis constructed by plotting the
quantiles of the distribution versus the quantiles of the data points. Specifically, letting X ;) be the ith largest
of n samples, the QQ plot for F' and the data is generated by plotting

n—1i+1
Xa Bl ———= fori=1,...,n. 1
( (%) < n+1 >>7 or? y ey 1 (8.10)

If the data matches the distribution perfectly, its QQ plot is a line that follows the 45 degree line y = z. This
provides a valuable exploratory tool and then estimation can be done using the MLE for the distribution of
interest. Exercise 11 tasks the reader with exploring the use of QQ plots for heavy-tailed distributions. The
interested reader can refer to [164] for an introduction to statistical tools related to estimation and exploration

via QQ-plots.

8.7 Exercises

1. Consider a histogram obtained from i.i.d. Pareto-distributed samples, with tail index a.
(a) Show that, when using uniform bin sizes, the expected number of samples in any bin is eventu-
ally monotonically decreasing.
(b) Show that the monotonicity of the expected number of samples per bin in part (a) also holds

under logarithmic binning, assuming o > 1.

Note: This shows that the tail of the histogram is necessarily ‘noisier’ than the body, even under
logarithmic binning.
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2. Consider a histogram obtained from i.i.d. Pareto-distributed samples with tail index «, under loga-
rithmic binning. Taking the bin centers to be the geometric means of the bin boundaries, show that
the slope of the histogram on a log-log plot provides an estimate of —c.

3. Let X1, Xo,---, X, denote i.i.d. Pareto random variables with known minimum value x,, and un-
known tail index o. Let &y, denote the MLE of «, and let & ;. = %;IX denote its unbiased

=11

version. Prove that

2 2
n o
Var [& = a? ~—
ar [dmie] = o ((n —1)%(n — 2)) n’
2 2
. o o
Var [&).] = =) ~
4. Suppose that X1, Xo,--- , X,, denote i.i.d. samples from a LogNormal(y, o2) distribution, where

both 1 and o2 are unknown. Derive the MLE for . and a2 based on the available samples.

5. Suppose that X1, Xo,---, X, denote i.i.d. samples from a Weibull(«, 3) distribution, where both «
and 3 are unknown. Characterize the MLE of « and 3 based on the available samples.

Note: Unlike in the case of the LogNormal, you will not get a closed form for the MLE in this case.
However, you should be able to express Bp1e as a function of Gumie, which is in turn the unique positive
solution of a certain equation that can be solved numerically.

6. Suppose that X1, Xo,--- , X, denote i.i.d. samples from a heavy-tailed distribution having support
[0, 00), with a c.c.d.f. givenby F(z) = (1 + x)~“ for x > 0. (Note that this distribution is just a
special case of the family of Burr distributions we discussed in Chapter 1.) Derive the MLE of the tail
index o based on the available samples.

: . . d .
7. Consider two sequences of scalar random variables Y,, and Z,,. Asn — 00, ifY,, = Y, where Y is a
. . 5 . d
continuous random variable, and Z,, % ¢, where ¢ # 0 is a constant, then Y,,Z,, — cY.

8. In this exercise, we analyse an alternative moment-based estimator for the tail index of the Pareto

distribution. Recall that the mean of a Pareto(z;,, o) random variable X is given by E [X] = S*= for

«a > 1. This relation can be rewritten as o« = ELX]

Replacing the expectation with an empirical

. . E[X]—zm *
average yields an estimator of «.
Formally, suppose that X, Xo,--- , X, are i.i.d. samples from a Pareto(z,,, ) distribution, where
Ty, 1 known, but ¢ is unknown. The moment estimator &0, Of < is given by
1 n
n Zi:l Xi

Omom =

L\ :
7 21 Xi — Tm
Note that this estimator is only meaningful if o > 1.

(a) Assuming o > 1, prove that &,em, is strongly consistent.

(b) Assuming o > 2, prove that /n(Gmem — @) 4, \/o? + %5 Z, where Z is a standard Gaussian.
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(©)

Compare the asymptotic variance of &, to that of Gype.

9. Simulate 1000 samples from a Pareto distribution with z,, = 1, a = 3. Use the following different
techniques to estimate the tail parameter « from this data (assuming the value of x,,, is known to the
estimator if needed):

10.

11.

12.

Least squares regression on the histogram (on a log-log scale) using uniform bin sizes
Least squares regression on the histogram (on a log-log scale) using logarithmic bin sizes
Least squares regression on the rank plot (on a log-log scale)

Weighted least squares regression on the rank plot (on a log-log scale) using the weights specified
in Section 8.4

Maximum likelihood estimation

The moment-based method described in Exercise 8

Compare the accuracy of these methods by computing their mean square error averaged over several
simulation runs.

Simulate 2000 samples from a Pareto distribution with x,,, = 1, a = 2. Follow the recipe outlined
in Section 8.5 to estimate the minimum value x;,, and the tail index « from this data. For Step 3,
compare the fit of your Pareto hypothesis to the best LogNormal, Weibull and Exponential fits.

Visualize the goodness of fit between the data and your different hypotheses in Exercise 10 (the best
of Pareto, LogNormal, Weibull, and Exponential fits) using a QQ plot.

Repeat Exercise 10, but start with 2000 data points sampled from a LogNormal distribution having
unit mean and o = 4.
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